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OF A SYSTEM OF SCHRODER’S EQUATIONS
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Summary. We investigate simultaneous solutions of a system of Schroder’s functional
equations. Under certain assumptions these solutions are used in transformations of
functional-differential equations the initial set of which consists of the initial point only.

Keywords: functional equation, simultaneous solution, differential equation with delays,
global transformation

AMS classification: 39B05, 39B62; 34K05

The aim of this paper is to find a simultaneous solution ¢ of a system of Schroder’s
equations
) o(f(z)) = Asep(z) or'l I

©(9(®)) = Agep(z)
where Ay, A, ¢ {~1,0,1} are constants and f, g are given continuous bijections
mapping an interval I with endpoints a, b onto itself. For reasons that will be
mentioned later we wish to receive some reasonable conditions on f and g which
guarantee the existence of an n-times differentiable solution (rn > 1) with a positive
derivative on I.

Throughout this paper suppose that f™ means the n-th iterate of a function f for
positive integers n, fO is the identity function and f" is the (—n)-th iterate of the
inverse function f~! for negative integers n. Further, we say that f(z) = O{v(z)}
as x — z*, x* € I if there are positive constants K, £ such that

@I < Kl(z)]  forze(z” —e1" +e),
where ¢ is sufficiently small.
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Finally, define R* = [0,00) and R~ = (—o0,0].

Proposition 1. Let system (1) has a solution with ¢'(z) > 0 on I. Then each of
the functions f, g has at most one fixed point in I which is necessarily the same for
both the functions f and g.

Proof. Suppose on the contrary that there exist fixed points p, ¢ € I, p # q of
f and g, respectively. Then ¢(p) = ¢(g) = 0 which contradicts ¢/(z) >0onl. O

Remark 1. If bijections f, g have no fixed point in I then they are necessarily
increasing ones. Substituting then a(z) = logy(z), we convert system (1) into a
system of Abel’s equations

@ of@) =el)+er I
a(g(e)) = ofz) + ¢

where ¢y = log Ay, ¢, = log Ay are nonzero constants. Since simultaneous solutions
of system (2) were studied and fully described in [5] and [9], in the sequel we deal
with the case when the functions f, ¢ have a unique (necessarily the same) fixed
point in I.

The conditions which we must impose on f or g to ensure the existence of a solution
p € C™(I), ¢'(z) > 0 on I are known provided a single equation from system (1) is
considered (see [4] or [1]). To recapitulate them we introduce the set

VA ={feC"); f) =1, f(p) =p, f*(z) #aforz #p,
F@#0 1PN #1, &) = f )+ 0{(x —p)’} as z - p, 6 > 0},

where n > 1 and p € I. Note that the asymptotic property
f@)=f(P)+0{(z-p)Plasz—>p
is satisfied for any f € C™(I), n > 2.
Then we have
Theorem 1. Let f € V*(I) for some n > 1. Then Schrider’s equation

o(f(x)) = Are(z) onl,
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where A\; = f'(p), has a unique one parameter family of n-times differentiable solu-
tions, with a positive (Degative) derivative on I given by the formula

o ) -p
¢lz) = Ckk“?w /\?-k onl,

where v = sgn(log L,—,t;)—') and c is any positive (negative, respectively) real constant.
Moreover, if p=a (p = b, p € (a,b)) then ¢ is a bijection of I onto R* (R~, R,
respectively).

Proof. The proof was given in [1]. [m}

Now consider a function f € V*(I) for some n > 1 and let ¢ be a C"-
diffeomorphism on I such that

f@) =07 A=) onl,

where Ay = f'(p). Then denote by {f}} or {f*} the family of functions defined
respectively by the relation

fie) = 7 (M "e(x))  onl,
or

f2@) =7 (=As*e(@))  on,
where u € R. Note that for an increasing f the class {f}} is identical with the
continuous iteration group fulfilling f9(z) = « and fi(z) = f(z) for z € I. The

same is not true for the class {f*}; in fact we have f* o f* = f¥**. Since the
classes {f1}, {f*} involve functions generated by the same bijection ¢, we put

{f)} = {fE v {r}.
Proposition 2. Consider system (1), where f, g € V;*(I) for some n > 1. Then
(1) has a solution ¢ € C™(I) with ¢'(z) > 0 on I if and only if g € {f(p)}.
Proof. System (1) has a solution ¢ with the above stated properties if and

only if
F@ = Opplx)  onl
and
9(@) =9 Agp(z))  onl
Putting u = E%,Ll\ we can rewrite the last relation as
g(z) =0 (W Me(z))  on1,

where v = sgn A and vice versa. =]
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Lemma. Suppose f € V() for some n > 1 and denote & = {9 € C*(I);
g)=1,g0f=fog}. Then®;={f(p)}-

Proof. Let g€ {f(p)}, ie
9(z) = o (vIM sl 0(z))  ont

for a suitable C"-diffeomorphism ¢ on I and u € R, where y = sgng’(p). Then g is
obviously an n-times differentiable function mapping I onto itself and

fog(a) =7 (Arolg(@) = 07 (ArvAs1Me(2)) = 7 (1A [“0(f(2))) = g o f(z)

for every z € I, hence g € &;.
Further, suppose g € $;. Since there exists ¢ € C™(I), ¢'(z) > 0 on [ such that
the equation

o(f(z)) = Asep()

is fulfilled for every z € I, we have
(g0 f(2)) = o(f o g(z)) = Arplg(z)) onl

Thus we have obtained the same Schréder’s equation as above with the function pog
as a C™ solution having a nonzero derivative on I. Hence, due to Theorem 1

wlg(z)) =cp(z) onl

log ¢

must hold for a suitable real constant c¢. Put u = ToglAs

v =sgng'(p} and

. Then ¢ = v|As|*, where

9(@) = 7 (7Asl*e(e))  onl,
ie. g€ {f(o)} =}

Now we can summarize these results in the following statement giving a simple
necessary and sufficient condition which guarantees the existence of a solution ¢ of
system (1) with the required properties.

Proposition 3. Let f € V;(I) for somen > 1 and let g: I 28 I be a C™
function. Then system (1) has a solution ¢ € C™(I), ¢'(x) > 0 on I if and only if
fog=gofonl.

Example 1. Consider a system of Schroder’s equations

p(a") = re(z)
e(g(z)) = Ag(a),
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where 2 € (0,00), 7 € {-1,0,1} is a real constant and g is an infinitely smooth
function mapping the interval (0,00) onto itself. Then according to Proposition 3
this system has a solution ¢ € C*((0,00)), ¢'(z) > 0 on (0, 00) iff g(z") = (g(z))".
The only differentiable solutions of the above equation are functions g(z) = «°,
z € (0,00), s # 0 (see [4], p.121).

Remark 2. The previous statement can be easily generalized to the case when
simultaneous solutions of a system of m Schréder’s equations (m 2> 2) are investi-
gated.

Notation. Suppose that f, g € V;*(J) for some n > 1 are commuting func-
tions. Then for every z € I denote C(z) = {f* o g'(z); k,! € Z} and let I, be
an interval with endpoints a;, b, where a, = inf C(zx) and b, = supC(z). The
endpoints belong to I; provided they belong to I as well.

Corollary 1. Let f, g € V(1) for somen > 1 and fog = go f. Then the
following statements are equivalent:

(i) f* = ¢! for suitable nonzero integers k, I;
(i) (f'(p))* = (¢'(p))* for the same integers k, | as in (i) (if they exist);

(iit) C(z) is not dense in I, for any x € I, z # p.

Proof. Using Proposition 3 we get the relations

@) = o7 (' ) F ()
g'@) =7 (g ) elz))

where k, [ are integers and ¢ is a suitable C™-diffeomorphism on 7. This implies the
equivalences (i) and (ii).
Further, rewrite the previous relations as

o(C@) = {o(fF o d'(@)); k1€ 2} ={(Ff )P o) k1eT},

where z € I. Now we have to distinguish three cases with respect to the position of
p. First, e.g., let p be the left endpoint of I. In this case I, = [a,b), ¢(I;) = R
and therefore C(z) is dense in I, (z € (a,b)) if and only if the set {{f'(p))*(¢'(p))'t;
k,l € Z} is dense in Rt (¢ = @(z) > 0). This holds iff (f'(p))* # (¢'(p))* for any
couple of nonzero integers k, {.
The equivalence of (i) and (iii) can be similarly proved provided p € (a,b) or
p=b. a
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Corollary 2. Let f, g € V;'(I) for somen > 1, fog=go f and f'(p) = ¢'(p).
Then f =g.

Now we make two remarks in which the assumptions imposed on f and g in
Proposition 3 are weakened.

Remark 3. Assuming that the above considered C™ bijections f, g are con-
tinuous only we may expect only invertible continuous solutions of (1) instead of
smooth solutions with a nonzero derivative. As in the previous part we introduce
the set Vi)(I) which consists of all continuous bijections of I onto itself such that
£(0) = p, f2(z) # 2 for © # p and sgn(f*(e1) — 21) = sgn(es — f(x2)) for some
(then any) z; € (a,p), 2 € (p,b). Then we have

Proposition 4. Let f € Vf (I). Then there exists an invertible continuous solu-
tion ¢ of the equation

@) e(f(@)) =Asp(z)  onl,

Ay being a suitable real constant, which depends on an arbitrary function.

Proof. Take z* € I, z* # p and for the sake of simplicity let z* > p (i.e.
p # b). Assuming that f is an increasing bijection from V,?(I) we consider a positive
real constant Ay satisfying sgn(log As) = sgn(f(x*) — z*) and a continuous function
9 defined on [z*, f(z*)] or [f(z*),x"] such that ¥(f(z*)) = Asyp(z*). Then with
respect to [3], p.48 there exists a continuous solution ¢ of (3) fulfilling (z) = ()
on [z*, f(z*)] or [f(z*),z*]. Obviously, if ¥ is invertible then ¢ is invertible as well.

Provided a decreasing bijection f from V,(I) is considered we investigate the
equation

(@) = Ng' @) on .

Since f? is an increasing bijection from V;(I) we get an invertible continuous solution
¢* of this equation depending on an arbitrary function. Then it is easy to verify that
the function

(), forcel,z<p,
(z) = o1
Are*(f~Y (=), forzel, z>p,
where Ay = —, /X}, is an invertible continuous function satisfying (3).
The case p = b can be dealt with quite similarly. [m]

In the sequel we want to find conditions under which system (1) has an invertible
continuous solution. Consequently, in accordance with Proposition 3, we take into
our considerations commuting bijections f, g from V,?(I ). However, this property
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is now only a necessary, but not a sufficient condition for the existence of such a
solution. Indeed, consider functions f(z) = z* and

(@) = (6Vz - 8 for z € (22", 22"*‘},
n € Z and put g(1) = 1. Then even if £, g € V([L,0)) and
Fog@) = (6% -8/ = (6" VaT -8 = go f(a)

for every x € [1,00), system (1) has no invertible continuous solution on [1, 00). It is
a consequence of the relation f(22") = g(22") which is valid for any n € Z and which
contradicts the fact that if system (1) has an invertible continuous solution then f,
g have to fulfil precisely one of the following conditions:

(a) f* =g for suitable nonzero integers k, I,
(b) f*(z) # g'(z) for all nonzero integers k, { and all z € I, = # p.
Indeed, if f¥(z0) = g*(xo) for an zo € I, 7o # p then we get
@7 (Np(2o)) = ¢ (App(ao)),
hence with respect to ¢(zo) # 0,
PLED
Consequently,
@) = 97 (Me() = ¢ (Ne(a) = ¢'()

forallz e I, z #p.

In the sequel we denote by Ay the set of all Ay € R such that equation (3) has
an invertible continuous solution. Then we can formulate the following sufficient
condition for (1) to have an invertible continuous solution.

Proposition 5. Suppose that f, g € V(I), fog = go f and let hypothesis
(a) be fulfilled. Then system (1) has an invertible continuous solution for any reals
As € Ay, Ag € Ay such that N = )\;. Moreover, this solution depends on an arbitrary
function.

Proof. Assume that at least one of the functions f, g is decreasing. Let, e.g.,
f have this property. Since the functions f2, g2 are increasing bijections of I onto
itself satisfying f2* = g%, due to Theorem 3 in [8] there exists an increasing bijection
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h: I 28 I and integers r = ﬁ, s = ﬁ such that f2 = k", g> = h°. Obviously

h € V(I) and due to Proposition 4 the equation
@"(h(z)) = Mp*(x)  onl,

where A, is a suitable positive real constant, has an invertible continuous solution
¢* depending on an arbitrary function. Then the function ¢* is a solution of the
system

O (f2(2) = M (2),

0" (g*(2)) = Mp' ()
as well. Putting Ay = —/A} and Ay = v4/A; (v =1 or v = —1 for an increasing or
decreasing g, respectively) we can see that the function

n [

@) = ¥*(x), forzel z<p,
s Are*(f~Hg), forzel,z>p

is a solution of system (1) with the required properties.

Provided both f and g are increasing bijections from VI_?(I) it is enough to consider
functions f, g instead of f2, g in the previous part of the proof and put Ay = AL,
Ag = A} and p(z) = ¢*(x) on I. [w]

Remark 4. As mentioned above, functions f, g with different fixed points
cannot yield a solution ¢ of (1) with a positive derivative. In such a case we will
consider rather a more general system. As an example we show that the system

P(ha(z)) = Arp(2),
@lha(z)) = Aop(z) +w

where the bijections h; have a unique fixed point p; € I (i =1, 2), p1 # p2, can be,
under certain assumptions, fulfilled by a function ¢ having the required differential
properties. Note that by differentiating this system and putting z = p; we get
with respect to ¢'(z) > 0 on [ that A\; = hi(p;) (¢ = 1,2). If JAi(p;)| = 1 then the
only continuous solutions of the first equation from system (4) are constant functions.
Similarly, the latter equation from (4) has no required solution provided |5 (p2)| = 1.
That is why the functions h; must belong to the class V;:(I) (i = 1,2) if we wish
to obtain an n-times differentiable solution of (4) for some n > 1 with a positive
derivative on I.

(4)

Proposition 6. Let hy € V2(I), by = fog € V() for some n > 1, where g:
1% [ isa C™ function commuting with hy, and let for every z € I
2k _ g2k
i CHU@) = g (@)

ST e 7
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where v = sgn(log m). Then system (4) has a C™ solution with a positive
derivative on I if and only if \; = hi(p1), A2 = ho(p2) = ¢'(p1) and w = c.

Proof. Using Proposition 3 we can obtain the existence of a function ¢ € C™(I),
¢'(z) > 0 on I such that

w(h(z)) = Ap(z)

on I,
p(g(x)) = Aoep(z)

where \; = h{(p1) and X2 = ¢'(p1). Then according to the formula mentioned in
Theorem 1 we have

g*(f(@)) = ¢?*(x)

@) -p _ L 9 (@) ~m

€= kETm (9'(p1))%* =0 (g'(pr))?* krs0 (g (p1)2F
= p(f(x)) = ¢(z),
hence

w(ha(@)) = o(f(9(2))) = p(g(x)) + c = hap(z) +c.

Example 2. We investigate the system

w(z") = hp(z)
. on (0, 00),
plaz®) = hayp(z) +w

where a > 0, r, s ¢ {—1,0,1}. The functions hi(z) = 2" and ha(z) = az® are
C°° bijections of (0, c0) onto itself with unique fixed points p; = 1 and p2 = *} %,
respectively, lying in (0,00). The function h, can be expressed as the composition
fog, where f(z) = az and g(z) = z°. It is easy to check that all the assumptions
of Proposition 6 are satisfied. Particularly,

(az)SZL- Islk as?k

-1
lim = lim =lIna
k—y00 52k kmyoo  §2F 4

where ¥ = sgn(In|}). Then the system considered has a solution ¢(z) = Inz
provided A\; = h{(p1) =1, A2 = hj(p2) = s and w = Ina.

Now we give an application of the previous results to the theory of pointwise
transformations of differential equations with several delays (for similar situations
see [5], [6] and [1]).
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Consider an equation of the n-th order with delays m,...,7m

n—1 n—1 m
6 y™M@+ Y Py @ + YD 5@y P (r(2)) =0 on [zo,b).

i=0 i=0 j=1

The most general pointwise transformation converting any equation (5) into a linear
homogeneous differential equation of the same order with an independent variable
t € J, a dependant variable z and delays u;,. .., fi,, has the form

(6) 2(t) = g(t)y(h(t),

where h is a C™-diffeomorphism of J = A™!([z0,b)) onto [z0,b), K'(t) > 0 on J,
g€ C™(J), g(t) # 0 on J and '

(7) Tjoh=hopu; on J

for j = 1,...,m (see [7]). To be more precise, this transformation converts the
graph of every solution y(z) of (5) into a graph of a solution z(t) of the transformed
equation.

Then using (6) and (7) we can prove

Theorem 2. Consider equation (5) with pi, gi; € C%([zo, b)), Pn—1 € C™~!([z0, b)),
75 € V& ([0, 0)) for n = 1, 75 € V2 ([zo, b)) for n > 2, 75(x1) < 21 and 7}(z1) > 0

for some (then any) z1 € (z0,b) (i =0,...,n—1,j=1,...,m). If 7, o7}, = 15,075,
for all ji, ja € {1,...,m} then equation (5) can be transformed to the equation
n—2 . n—1 m .
(®) )+ 3 r®20@) + 30 5522 (At) =0 on R,
i=0 i=0 j=1

where 1;, s;; € CO(RY) and A; = Ti(@o) (=0,...,n=1,j=1,...,m).

Proof. Put u;(t) = Ast, where \; = 7}(20) and ¢ = h~! on J. Thus relation
(7) between 7; and g; can be rewritten as

@(r;(x)) = Ajp(z)  on h(J) = [z0,b),

j =1,...,m. Due to Proposition 3 and Remark 2 there exists a simultaneous solution
of this system which is (similarly as its inverse h) at least n-times differentiable and
has a positive derivative on the definition interval.
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Further, it was derived in [6] that putting

h(t) L
s =en{: [ pa@adeorF o,

the equation received from (5) by means of transformation (6) has a vanishing co-
efficient at the (n — 1)-st derivative of the unknown function z(¢). The form of the
transformed interval follows from the properties of the solution ¢ given in Theorem 1;
particularly ¢(z0) = 0 and mlj&]_(p(z) = oo provided xlij{l_rj(x) =bj=1,...,m

a

Remark 5. The form of equation (8) as well as of equation (5) is not uniquely
determined by its space of solutions. The form of (8) was chosen so that it corre-
sponds to the used transformation (6) substituted to the form of equation (5).

Corollary 3. Consider an equation
© Y@ +pE@y() + a(2)y(n(@) + @2(2)y(r(2)) =0 on [zo,b),

where p, g1, @2 € C%([z0,b)), 71, T2 € C*([%0,b)) are commuting bijections of the
interval [zo, b) onto itself, 7;(z) < & on (o,b), T}(z) > 0 on [zo,b) and Ti(wo) # 1,
j=1,2

Then transformation (6) with g(t) = exp{j':u(t) p(s)ds} and h = ¢!, p(z) =
lim (7] (20))7"(r{(z) — %o}, globally converts every solution of (9) into a solution of
the equation

2'(t) + s1(t)z(Mt) + 52(t)2z(Aat) =0 on R*,

where s;(t) = exp { f:;((t,z(t)) p(s) ds}g;(h(t))h'(t) on Rt and A; = (zo), § =1,2.

Proof. Substituting z(t) = g(t)y(h(t)) (with the above given g and A) into the

form of the transformed equation we get

) i (h(1))
Z’,g; exv{/h(t) p(S)ds}y(rj(h(t)))zo on R*,

2
¥R+
i=1

which compared with (9) gives the form of s; and s,. [m]

Remark 6. The problem of the transformation of a nonlinear differential equa-
tion with above introduced delays 7; into a differential equation with delays p;(t) =
Ajt leads again to finding a simultaneous solution of the system ¢(7;(z)) = Aje().
Then the change of the independent variable ¢ = ¢(z), ¢ being a sufficiently smooth
function with a positive derivative on the definition interval, enables us to carry out
such a transformation.
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Further, let us remark that the case when delays 7; intersect the identity function
at the initial point is usually refered to as the singular case (see [2]).

Example 3. The equation
¥'(@) + py(r) + @y(@™) + y(z*) =0 on [1,00),

where p, ¢1, ¢2 € R and a;, a; € (0,1) are constants, has a unique one-parameter
family of solutions y(z) defined on [1,00) (see, e.g. [2]). These solutions can be
converted to the functions z(t) = exp {p f;th ds}y(expt) which form the space of
solutions of the equation

2'(t) + s1(t)z(ant) + s2(t)z(azt) =0 on RY,

where s;(t) = g exp{t + pexpt — pexp(a;t)}, j = 1,2.
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