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ABSTRACT PERRON-STIELTJES INTEGRAL
STEFAN SCHWABIK, Praha

(Received December 2, 1995)

Summary. Fundamental results concerning Stieltjes integrals for functions with values
in Banach spaces are presented. The background of the theory is the Kurzweil approach
to integration, based on Riemann type integral sums (see e.g. {4]). It is known that the
Kurzweil theory leads to the (non-absolutely convergent) Perron-Stieltjes integral in the
finite dimensional case. In [3] Ch.S.Honig presented a Stieltjes integral for Banach space
valued functions. For Honig’s integral the Dushnik interior integral presents the background.

It should be mentioned that abstract Stieltjes integration was recently used by O.Diek-
mann, M. Gyllenberg and H. R. Thieme in {1] and [2] for describing the behaviour of some
evolutionary systems originating in problems concerning structured population dynamics.

Keywords: bilinear triple, Perron-Stieltjes integral

AMS classification: 28B05

BILINEAR TRIPLES

Assume that X, Y and Z arc Banach spaces and that there is a bilinear mapping
B: X xY — Z. We use the short notation zy = B(z,y) for the value of the bilinear
form B for z € X, y € Y and assume that

llzyllz < llzllxliylly-

By || - [lx the norm in the Banach space X is denoted (and similarly for the other
ones).

Triples of Banach spaces X, Y, Z with these properties are called bilinear triples
and they are denoted by B = (X, Y, Z) or shortly B.

This work was supported by the grant 201/94/1068 of the Grant Agency of the Czech
Republic.
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Examples. If X and Y are Banach spaces, let us denote by L(X,Y) the
Banach space of all bounded linear operators A: X — Y with the uniform operator
topology. Defining B(A,z) = Az € Y for A € L(X,Y) and z € X, we obtain in a
natural way the bilinear triple B = (L{X,Y), X,Y).

Similarly if X, ¥ and Z are Banach spaces, then B = (L(X,Y), L(Y, Z), L(X, Z))
forms a bilinear triple with the natural bilinear form given by the composition AB €
L(X, Z) of operators A € L(X,Y) and B € L(Y, Z).

The usual operator norm is used in both examples given above.

If X’ is the dual to the Banach space X then (X,X’,C) is a bilinear triple with
B(z,2') = a'(z) for z € X and 2’ € X'.

Also (R, X, X) and (X, R, X) are bilinear triples with the bilinear map B(r,z) =
rz and B(z,r) = rz, respectively, where r € R and z € X.

VARIATION OF FUNCTIONS WITH VALUES IN A BANACH SPACE

Assume that [a,b] C R is a bounded interval and that X is a Banach space. Given
z: [a,b] — X, the function  is of bounded variation on [a,b] if

&

vact(s) = sup { Y~ (o) ~ a(es-n)lx } < o
=1

where the supremum is taken over all finite partitions

Dia=ap<a; <...<ap1<a=0b

of the interval [a,b]. The set of all functions z: [a,b] — X with var}(z) < oo will be
denoted by BV ([a,b]; X) or shortly BV ([a,b]) if it is clear which Banach space X

we have in mind.
Assume now that B = (X,Y, Z) is a bilinear triple of Banach spaces.

For z: [a,b] =& X and a partition D of the interval [a, b] define

S

where the supremum is taken over all possible choices of ¥; € Y, j = 1,...,k with

Wmm=mﬂ

k
> lw(ay) — 2(e-1)lys
=1

llysll € 1 and set
(B) var®(z) = sup V! (z, D),
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where the supremum is taken over all finite partitions
Dia=aop<a;<...<ap_1<ap=2b

of the interval [a, b].
A function z: [a,b] = X with (B)var(z) < oo is called a function with bounded
B-variation on [a,b] (sometimes also a function of bounded semi-variation [2}, [3]).
For a given bilinear triple B = (X,Y, Z) the set of all functions z: [a,b] - X with
(B) vart () < oo will be denoted by (B)BV ([a,b}; X) or shortly by (B)BV ([a,b]) if
it is clear which bilinear triple (X,Y, Z) we have in mind.

1. Proposition. If B = (X,Y, Z) is a bilinear triple then
V(la,b]; X) C (B)BV ([a, b]; X)
and if z € BV ([a,b); X), then

(B) var?(z) < var®(z).

Proof. For a given function z: [a,b] - X with z € BV ([a,b]; X), a partition
D of [a,b] and arbitrary y; € Y, j =1,...,k with |ly;]] <1 we have

&
<Y llalas) = wla-)lixlwslly
j=1
k
<Y llatas) = alaj-1)lx < vari(a).

j=1

k
Zz(a, —x(a5-1))y

Passing to the suprema corresponding to the definition of (B)var®(z) in this in-
equality we immediately obtain the inclusion as well as the inequality claimed in the
statement. [m]

Remark. It is easy to show that if z: [a,b] & R and B = (R,R,R) then -
z € (B)BV ([a,b)]) if and only if z € BV ([a, b]).

Indeed, in this case we have

V2(z, D) —sup{ 2(0) = 2051y

1} - Z\zan—z% )l

because we can take y; = 1if 2(a;)—2{a;—1) 2 0and y; = —1if z(a;)—x(a;_1) < 0.

427



The same is true also if z: [a,b] & X and B = (X, R, X), where the Banach space
X is finite-dimensional.

This shows that the concept of B-variation of a function z: {a,b] — X is relevant
only for infinite-dimensional Banach spaces X.

REGULATED FUNCTIONS AND STEP FUNCTIONS WITH VALUES IN A BANACH SPACE

Assume that [a,b] C R is a bounded interval and that X is a Banach space. Given
z: [a,b] = X, the function z is called regulated on [a,b] if it has one-sided limits at
every point of [a,b], i.e. if for every s € [a,)) there is a value z(s+) € X such that

Jim Jl2(8) = a(s+)]x = 0
and if for every s € (a,b] there is a value z(s—) € X such that
Jim_l2(8) - 2(s—)llx = 0.

The set of all regulated functions z: [a,8] = X will be denoted by G([a,b]; X) or
shortly G([a,d)) if it is clear which Banach space X we have in mind.

Assume now that B = (X,Y, Z) is a bilinear triple of Banach spaces.

A function z: [a,b] & X is called B-regulated on [a,b] if for every y € Y, [lylly
< 1 the function zy: [a,b] = Z given by ¢t — z(t)y € Z for ¢ € [a,b] is regulated,
ie zy € G([a,b],Z) foreveryy € Y, |lylly € 1.

For a given bilinear triple B = (X,Y, Z) the set of all Bvregulated functions w:
[a,b] = X will be denoted by (B)G([a,b}; X) or shortly by (B)G([a,b]) if it is clear
which bilinear triple (X,Y, Z) we have in mind.

A function z: [a,b] — X is called a (finite) step function on [a,b] if there exists a
finite partition
Dia=ap<ay <...<agp1<ar=b

of the interval [a,b] such that z has a constant value on (aj_1,a;) for every j =
1,...,k.
The following result is well known for regulated functions.

2. Proposition. (see e.g. [3 Theorem 3.1, p. 16]) A function z: [a,b] = X is
regulated (z € G([a,b); X)) if and only if z is the uniform limit of step functions.

3. Proposition. If B = (X,Y, Z) is a bilinear triple and x € G([a,b]; X) then
z € (B)G([a,b]; X), i.e.

G([a, 8]; X) C (B)G([a,b]; X).
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Proof. Forany y €Y with |lylly <1 and s,t € [a,b] we have
ety ~ =(s)yllz < llz(t) - =()lxlylly < llz(t) - 2(s)llx

and this implies the statement (e.g. by the Bolzano-Cauchy condition for the exis-
tence of onesided limits of the function z). ]

Remark. If the bilinear triple B = (X, R, X), with a Banach space X is given,
then it is easy to check that a function z: [a,b] — X is B-regulated if and only if it
is regulated, the bilinear form B(z,r) is given by the product zr.

STIELTJES INTEGRATION OF VECTOR VALUED FUNCTIONS
A finite system of points
{ao, T, 1,72, . Qm1, T, Qi }
such that

a=ap< o <...<ap1<ap=b

and

7; € lajo1,05] for j=1,...k

is called a P-partition of the interval [a, b].

Any positive function 6: [a,b] = (0,00) is called a gauge on [a,d] .

For a given gauge ¢ on [a, b] a P-partition {ao, 71, a1,72,. .., k-1, Tk, ok } Of [a,b]
is called d-fine if

loj-1,05] C (15 = 8(5), 75 + 6(73)) for j = 1,... k.

4. Cousin’s Lemma. Given an arbitrary gauge ¢ on [a,b] there is a §-fine P-
partition of [a, b].

(See e.g. [4].)

5. Definition. Assume that B = (X,Y, Z) is a bilinear triple and that functions
z: [a,b] & X and y: [a,b] - Y are given.
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We say that the Stieltjes integral f: d[z(s)]y(s) exists if there is an element ] € Z

such that to every > 0 there is a gauge ¢ on {a, b] such that for
k
S(dz,y,D) = 3" [a(ay) — a(as-0)]w(r3)
=1
we have
||S(d:c,y,D) - IHZ <e

provided D is a é-fine P-partition of [a, b]. We denote I = f: d[z(s)]y(s). For the case
a = b it is convenient to set f: d[z(s)]y(s) = 0 and if b < a, then f: dlz(s)]y(s) =
= Ji dlz(s)ly(s).

Similarly we can define the Stieltjes integral f: z(s) d[y(s)] using Stieltjes integral
sums of the form

.

3
S(z, dy, D) = 3 _ 2(7;)[y(e;) — y(e;-1)]-
j=1
Remark. Note that Cousin’s Lemma 4 is essential for this definition. The
Stieltjes integral introduced in this way is determined uniquely and has the following
elementary properties.

6. Proposition. Assume that B = (X,Y, Z) is a bilinear triple and that functions
z: [a,b] = X and y;: [a,b] = Y are such that the Stieltjes integrals f: d[z(s)]yi(s),
i =1,2 exist.

Then for every c1,c2 € R the integral f: dfz(s)](c1y1(s) + coya(s)) exists and

b b b
/ ()] (11 (5) + cava(s)) = e / dz(s)]us (5) + €2 / da(s)lya(s).

If functions ;: [a,b] - X and y: [a,b] = Y are such that the Stieltjes integrals
f: d[zi(s)]y(s), i = 1,2 exist then for every c1,c2 € R the integral f: dlerzi(s) +
coz2(8)]y(s) exists and

b b b
/a dlerz1(s) + caza(s)]y(s) = 01/ dlz1(s)]y(s) + 52/ d[za(s)]y(s)-

Proof. The statements are easy consequences of the equalities holding for the
corresponding integral sums, i.e.

S(dz,ciy1 + coya, D) = ¢1S(dz, y1, D) + c25(dz, y2, D)

and
S(d(c1zy + c222),y, D) = c1.S(dxy,y, D) + c25(daa,y, D).
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7. Proposition. (Bolzano-Cauchy condition) Assume that B = (X,Y,Z) is a
bilinear triple and that functions z: [a,b] = X and y: [a,b] = Y are given.

Then the Stieltjes integral j: d[z(s)]y(s) exists if and only if for every € > 0 there
is a gauge & on [a,b] such that

(BC) IS(da,y,D1) - S(dz,y, Do), < £

provided Dy, Dy are §-fine P-partitions of [a, b].

Proof. Clearly, if the integral in question exists, the Bolzano-Cauchy condition
is satisfied.

Assume on the contrary that the Bolzano-Cauchy condition (BC) holds. For a
certain £ > 0 define

I(e) = {S(dz,y, D); D an arbitrary 6-fine P-partition of [a,b]} C Z

where § = 4. is the corresponding gauge. By Cousin’s Lemma 4 the set I(¢) is
nonempty. By the condition (BC) we have

diam I(g) < e

and also
I(e1) C I(e2)
for €1 < e2. Hence the intersection

NIE={};Iez

e>0

consists of a single point because the space Z is complete (I(¢) denotes the closure
of I(¢) in Z). Therefore for an arbitrary é-fine P-partition D of [a, b] we get

||S(dz,y, D) —I|| < e.
I
8. Proposition. Assume that B = (X,Y, Z) is a bilinear triple and that functions

z: [a,b] = X and y: [a,b] = Y are given. If the Stieltjes integral f: d[z(s)]y(s)
exists, then for every interval [c,d] C [a, ] the integral j:i d[z(s)}y(s) exists.

Proof. Given ¢ > 0 assume that 4 is the gauge on [a, b] such that
[|S(dz,y, D) - S(dz,y, D) ; < €
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provided Dy, D are §-fine P-partitions of [a, b] (see the Bolzano-Cauchy condition
for the existence of the integral).

Assume that D}, D} are arbitrary é-fine P-partitions of [c,d]. Let D~ be a §-fine
P-partition of [a,c] and D a é-fine P-partition of [d,b]. The union of D_, D} and
D, forms a partition D of [a,b] and similarly D_, D3 and D, gives a partition Dy
of [a,b] and both partitions Dy and D, are é-fine. It is easy to check that

S(dz,y, Dy) — S(dz,y, D) = S(dz,y, D7) — 5(dz,y, D3).

Hence
|1S(dz,y,D}) - S(de,y. D5)|| , <€

and by the Bolzano-Cauchy condition the integral fcd d[z(s)]y(s) exists. ]

9. Proposition. Assume that B = (X,Y, Z) is a bilinear triple and that functions
z: [a,b = X and y: [a,b] = Y are such that for ¢ € {a,b] the Stieltjes integrals
S5 d[=(s)]y(s) and fb d[,z s)]y(s) exist.

Then the integral f d[z(s)]y(s) exists and

/: dlz(s)ly(s) / Ay / (o)l

Proof If ¢ = a or ¢ = b then the statement is clear because we have
f d[z(s)] = 0 by definition. Assume therefore that ¢ € (a,b).

For every € > 0 there exist gauges §_ and &, on [a,c] and [c, b] respectively such
that by the definition we have

“S( dz,y,D / dlz(s)]y(s) < €
provided D_ is a _-fine P-partition of [a,c] and
b
HS(dz,y, D)= [ deluto) <
c z

provided D, is a 6,-fine P-partition of [c, b].
Let us choose a gauge d on [a, b] such that

0 < §(s) < min (5_(s), dist(s, ¢)) for s € [a,c),
0 < 6(s) < min (64 (s),dist(s, c)) for s € (¢, b]
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and
0 < §(c) < min (8- (c), 64(c)).-

Let us assume that D = {ao, 71,01, 72, ...,Qk-1, Tk, ax } is a 6-fine P-partition of the
interval [a, ). It is easy to check that by the choice of the gauge  there is an index

L€ {1,...,k} such that 7, = ¢ and that D_ = {ao, 7y, 1,72,--.,Q-1,T1 = 0y = ¢}
ay} are 6_- and d,-fine P-

and Dy = {¢ = i = 71, Qg1 Ti41y- - Qhe1, Tk
partitions of [a, ] and [c, b], respectively. Then we have S(dz,y, D) = S(dz,y, D_)+

S(dz,y,D4) and

c b
MS(dx,y,D)— [ o) - [ st
= )‘S(dz,y,n_) +5(dnp,04) - [ daolu(o) - [ ’ da(s)ly(s) ]

4 ”sm,y, D~ [ " de(s)lu(s)

, < 2e.
z

< “S(dz,y, D_)- /l dfz(s)]y(s)

This inequality yields by definition the existence of the integral f: dfz(8)]y(s) as well
as the equality

b c b
[ o) = [ datele + [ dstslute).

Remark. In the opposite direction we evidently have:

If ¢ € [a,b] and the integral f: d{z(s)]y(s) exists, then the Stieltjes integrals
J2 dlz(s)]y(s) and f: d[z(s)]y(s) exist and

b c b
[ e = [ e + [ diatel)
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FURTHER PROPERTIES OF THE STIELTJES INTEGRAL
OF VECTOR VALUED FUNCTIONS

10. Proposition. Assume that B = (X,Y, Z) is a bilinear triple and that func-
tionsx: [a,b] - X and y: [a,b] - Y are given. If the Stieltjes integral fab d[z(s)jy(s)
exists and (B) var®(z) < co then

< sup [ly(s)lly-(B) varg(x).
z s€la,b]

b
[ detou)

Proof. Assume that £ > 0 is given. Since the integral f: d[z(s)]y(s) exists,
there is a gauge & on [a, b] such that we have

<e
z

k b
Yole(a) - s(ag-0lutm) - [ dia(olluts)

j=1

provided
D = {00, 71,01, T2, -+ @1, Thy Ok }

is a 0-fine P-partition of [a,b]. Hence

| [ dt=tome

z

+
z

k
S le(ay) - wlag-0)y(rs)
=1

z

b k
< | [ dtotonnts) - St - stas-lvtr)
. 2

<e+

k
2_lea) = ales-1)ly(r)|

Further we have

Z=“ ij [2(e;) — {ey—1)]u()

y(75)#0

k
> lm(ay) = 2(ey)y(ry)

i=1

z

L -
=] & e - st K|

= lty(illy
irj)z0
5 y{(75) var®
< szl[tl,’b] lly(s)ly - ’ ’:Z] [e(e;) - I(Hj—l)]m 5 < SZ\[;I"!’] lly(s)lly -(B) varg (2)-

TR0
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This yields the inequality

I/ " o))

<e+ sup [ly(s)lly.(B) varl(z)
z s€fa,b)]

and the statement is proved because ¢ > 0 can be arbitrarily small.

[m]

11. Uniform convergence theorem. Assume that B = (X,Y, Z) is a bilinear

triple and that functions z: [a,b] = X and y, ¥ [a,b]) > Y, n =1,2,... are given.
If (B) var’(z) < oo, the Stieltjes integrals f: d[z(s)]yn(s) exist and the sequence yn,

converges on [a, b] uniformly toy, i.e.
Hm |lya(s) — y(s)lly = 0 uniformly on [a, b},
n-rc0
then the integral f: dfz(s)}y(s) exists and
b b
[ atete = tim [ dfetolunts)

Proof. Lete > 0 be given arbitrarily.

Since the sequence y,, converges on [a, b] uniformly to y, there is a positive integer

ng such that for any n > ng and s € [a, b] we have

€

lly=(s) = y(s)lly < (B var(x) 1 1)

Hence for any m,n > ng and s € [a,b] we have

flyn(s) = ym(s)ly < Hlynls) — y(SHly + llym(s) —y(s)lly
< 2e _ £
6((B) vart(z) +1)  3((B)vart(z) +1)

By Proposition 10 we get

- H / " () (5) — ym(5)

(B) vart(z) .
3((B)vat(z) + 1) ° 3

b b
[ ateleua() = [ d(6lym(s)

12’

< sup |lya(s) — ym(s)lly (B) varh(z) <
€la,b]

i

for m,n > ng. Since Z is a Banach space this inequality implies that the limit

tin [ dw e =€ 2
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exists. Let n; € N be such that for m > no we have

Let now m > nz = max(no,n;) be fixed. Since the integral f: d[z(s)]ym(s) exists,
there is a gauge 6 on [a, b] such that

[ 1] <

k b
S le(os) — w(as—1)lym(rs) — / dle(s)lum(s)]| <
i= o z
provided D = {0, T1,01,72, ..., Qk—1,Tk, 0} is a é-fine P-partition of [a, b].
For such a partition we have
k
15(dz,9, D) ~ Iz = | S leta) ~ zlag-0)ly(rs) ~ I"Z
J=1
k
< || Ylatey) ~ 2lo5-1))(w(75) = ym(7)) ,
i=1
i . ,
+| S - s(@s-0lum) - [ diz(elyn (o
i=1 a Z
b
d m(s) = Il
+ l [ dletellymto \}Z
k
<%+ | Sles) - alas-))@(r) - vmlr) L‘
=1
We have further
k
S la(es) =~ 2(eg-1))((73) = ym(73)) )
i=1

k
:“ > e - alas )6 ~wm)|
m,]_,’,’.,‘.i.(r,-)

k
= H Y b - el ST () — wm ()l

=1
ey Avm T

B) var®
< max 19(75) = Ym(r3)lly - (B) vark (2) < grisptiiyy < § <

z

wilo
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Therefore we get

k

> ele) = 2(as-nly(r) - )
zZ

j=1

IS(dz,y, D) — Il|z =

and this means that the integral [ : d[z(s)]y(s) exists and

b b
[ dlatno) =1= tim [ atolluats):
m]

12. Lemma. Assume that B = (X,Y,Z) is a bilinear triple and that z: [a,b] —
X is B-regulated on [a,b} (z € (B)G([a,b], X)). Let y* € Y be a given fixed element
inY.

For c € [a, b] let us define a function y: [a,b] — Y such that y(c) = y* and y(t) =0
fort € [a,b], t # c. Then the integral f: d[z(s)]y(s) exists and

b

[ doluts) = lim, 2" - st@” ite=a,
b

[ delus) = atow” - Jim aty ite=b

/ ' diz(s)ly(s) = lim z(t)y" — lim (t)y” ifc€ (a,d).

Proof. By the assumption we have z € (B)G([a,b], X) and therefore the
onesided limits :I_XE? z(t)y* = Zc*'#‘l_i,‘:‘_ z{t)y* = 27 of the function t - z(t)y* € Z
exist if ¢ € [a,b) or ¢ € (a,b].

Note that if the assumption z € (B)G([a, b], X) is replaced by the stronger require-
ment z € G([a, b}, X) then the limit tl_i}:l)rx(t) = z(c+) € X exists and t£?+ z(t)y* =
z(c+)y" and similarly also the limit ll_i'lev z(t) = z{c—) € X exists and Lﬁlﬁ z(t)y* =
z(c—-)y*

We will show the result for the case ¢ € (a, b) only; the proof for the cases c = a
and ¢ = b is similar.

Let € > 0 be given and let A > 0 be such that

le@®)y” -2 1z <e forte(c—4,c)
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and
llz(t)y* - Z:’”z <e fort€(c,c+A).

Define a gauge § such that 0 < §(c) < A and 0 < 8(¢) < [t —c| for t € [a,b], t # c.
Assume that D = {ao, 71,1, 72,...,0k-1,Tk,x} is a 8-fine P-partition of [a, b].
From the properties of the gauge given above it follows that there is an index | €
{1,...,k} such that = c and
c-A<og 1 <m=c<aq<ct+A.

For the integral sum S(dz,y, D) we have by the properties of the function y and of
the partition D the equality

$(dz,y, D) = [w(au) - wlau-1)ly(n) = [#(en) — #(es-1)y"
and

|S(de,y, D) = zF + 2 (12 = ll[w(oa) = 2(ou-1)ly* = (zF = 20)llz
< llzlany™ = 2F ||z + lla(eu-1)y* — 27 ||z < 2e.

Hence the integral f: d[z(s)]y(s) exists and

b
— .t o = i * _ 13 *
[ deolluts) = 2 = 22 = Jim sl - Jim a(0)y".
m]

13. Lemma. Assume that B = (X,Y, Z) is a bilinear triple and that z: [a,b] —
X is B-regulated on [a,b] (x € (B)G([a,b],X)). Let y* € Y be a given fixed element
inY.

For ¢,d € [a,b], ¢ < d let us define the function y: {a,b] - Y such that y(t) = y*
fort € (c,d) and y(t) = 0 for t € [a,b]\ (¢,d). Then the integral f: d[z(s)]y(s) exists
and

b
Proof. Lete > 0 be given and let A > 0 be such that
fz(t)y* — lim z(®)y*llz <e forte (d—A,d)
t—d-—-

and
llz(@®)y* = lim 2(@)y*llz <e fort € (c,c+ A).
t—rct
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Define a gauge § such that 0 < 6(c) < A, 0 < §(d) < A and 0 < () < min(J¢ — ¢},
|t —d}) for t € [a,d], t #c,t #d.

Assume that D = {ao,71,01,72,--.,Qk—1,Tk, @k} is a d-fine P-partition of [a,b].
From the properties of the gauge § it follows that there are indices {,m € {1,...,k)}
such that 7, = ¢, 7,,, = d and

n=c<q<ct+A,

d— A< tmn-1<Tm =d.

Since y(t) = 0 for ¢t < c and t 2 d we have for the integral sum $(dz,y, D)

k
5(de,y, D) = Y [w(as) ~ wlej-1)ly(r;)
j=1
m—1
= 3 [#(ay) - wle;-1ly()
j=l+1
m-—1
= 3 [5(0y) - 2(o5-1)ly* = [w(em—1) - z(a)ly*
=41
and therefore
|S(dz,y, D) - (fim z(t)y" ~ lim a(t)y*)ll 2
= |lz(am-1) sy’ = (lim ()" - lim 2(2)y")]

< Jlz(om-1)y* - Lljﬁl_ w(t}y'”z + [lz(ar)y” ~ lim a;(t)y"“z < 2.

t—ct

Hence the integral ff dz(s)]y(s) exists and

b
[ e @lts) = tim a0y - Jim o0y
a

14. Proposition. Assume that B = (X,Y,Z) is a bilinear triple and that z:
[a,b] = X is B-regulated on [a,b] (z € (B)G([a,b], X)). Let y: [a,b] = Y be a step
function, i.e. there is a finite partition

a=po<Bi<...<fr-1 <Pr=b

of the interval [a,b] such that y has a constant value y; € Y on (8j~1,5;) for every
i=1... .k
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Then the integral [° d[z(s)]y(s) exists and

b
[ dsoluts) = Jim, 2(0w(@) = a(aia
k=1
_ +Z{¢§g_* L 2 O(8) = dim_2(t)y(6;)] + 2(By(b) - lim z(t)y(b)
]=1 el ¥ t—b~

k
i tyr — i ¥
+ 2Lt o005 - _im <000}

Proof. Every step function y: [a,b] = Y is clearly a finite linear combination
of functions of the type given in Lemma 12 and 13.

Hence the existence of the integral f: d[z(s)]y{s) easily follows from the linearity of
the integral and from Lemmas 12 and 13. The value of the integral can be calculated
by the values of integrals given in those lemmas. a

15. Proposition. Assume that B = (X,Y, Z) is a bilinear triple and that x:
la,b] = X is B-regulated on [a,b] (z € (B)G([a,}], X)) and (B) vari(z) < co. Let y:
la,b] = Y be a regulated function.

Then the integral f: d[z(s)]y(s) exists.

Proof. Since y: [a,b] = Y is assumed to be a regulated function, it is the
uniform limit of a sequence y, of Y-valued step functions (see Proposition 2). By
Proposition 14 the integrals f: d[z(s)]yn(s) exist and the existence of the integral
i) : d[z(s)]y(s) immediately follows from the Uniform Convergence Theorem 11. O

The following statement provides an operative tool in the theory of generalized
Perron integral. Its original version belongs to S. Saks and it was formulated for
generalized integrals using Riemann-like sums by R. Henstock.

16. Lemma (Saks-Henstock). Assume that B = (X,Y, Z) is a bilinear triple and
that functions z: [a,b] - X and y: [a,b] = Y are such that the Stieltjes integral
f: d[z(s)]y(s) exists.

Given € > 0 assume that the gauge § on [a,b] is such that

k b
3le(a) = elas-ly(n) - [ dleel(s)] <e
=1 a z

for every 6-fine P-partition D = {ag, 7y, 01,...,ax—1,Tk, ax} Of [a,b].
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If{(fj,[ﬁj,"/j])y j=1,...,m} is a §-fine system, i.e.
a<hSHEENMECAhLESLS. S <tn<m S

and
& €851 C &6 - 86).6+6E)], i=1,..m

|

Proof. Without any loss of generality it can be assumed that §; < ; for every
j=1,...,m. Denote 7 = a and Bm+1 = b. If v; < Bj+1 for some 7 = 0,1,...,m
then Proposition 8 yields the existence of the integral fz’ ** d[z(s)]y(s) and therefore
for every > 0 there exists a gauge 6; on [y;,f;+1] such that &;(7) < &(r) for
T € [¥;,B5+1] and for every &;-fine partition D7 of [;, 8j+1] we have

then

<e.
z

> [{x(m —2(B)ly(&) - /H d[x(s)]y(s)]

=1

N
2 < s

) Bi+1
Sdz, 0 - [ dolu)
Joyj

If v; = Bj+1 then we set S(dz,y, D7) =0.
The expression

[w(3) - 2(Blu(€) + 3. S(da.y, DY)
=1

=1

J
represents an integral sum which corresponds to a certain 4-fine P-partition of [a, b)
and consequently

m m b
> le(s) - a56) + Y- S(ae,y, ) = [ dlatelyto)| <
j=t J=1 a
Hence
m Yi
3 )~ a(pts) - /ﬂ el
m i ,
< | k) - 2(8lv(&) + 3 S(az5, 09 - [ afelolute)
j= j=1 a z
Jml . ﬁj-:
+3_[|5(dz, %, D7) —/ de(ys)|; <+ mA+D)hr=e+n.
= i

Since this inequality holds for every 7 > 0 we immediately obtain the inequality from

the statement. o
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17. Theorem. Assume that B = (X,Y,Z) is a bilinear triple and that functions
z: [a,b) = X and y: [a,b] - Y are such that the Stieltjes integral [ d[z(s)]y(s)
exists for every c € [a,b) and let the limit

@ Jim [/t dlz(s)]y(s) + [z(b) — z(d)]y(b)J =lez
exist. Then the integral f: d[z(s)]y(s) exists and
b
/ d[z(s)ly(s) = 1.

Proof. Assume that ¢ > 0 is given. By (1) for every € > 0 we can find a
B € [a,b) such that for every ¢ € [B,b) the inequality

@ “ / dlz(s)]y(s) + [(b) = =()ly(t) - 1”2 <

is satisfied. Assume that a =cp < ¢1 < ... < b with pli{go ¢p = b. By the assumption
the integral

f:“ d[z(s)]y(s) exists for every p = 1,2,... and therefore for every p = 1,2,...
there exists a gauge d,: [a,cp] = (0, +00) such that for any é,-fine P-partition D of
[a, cp] we have

@) “5( dz,y, D) — A dla(s)]y(s) 1,2,....

< £ p=
»
9p+1

For any 7 € [a,b) there is exactly one p(r) = 1,2,... for which 7 € [¢p(r)-y, pr))-
Given 7 € [a,b) let us choose 3(r) > 0 such that 3(7) < &,(-)(7) and

[r = 8(r), 7+ 81N [a,b) C [a,ep0)-
Assume that ¢ € [a,b) is given and that
D= {ao,my @1, ks o1, -1}

is a &-fine P-partition of [a,c]. If p(r;) = p then [aj1, ;] C [1; = 3(r3), 7 +8(r;)] €
fa,cp] and also [ay1,a5] € [7; ~ 6y(7;), 7 + (). Let

k=1 o
S [t - stesooto - [ atlues)
orp o
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be the sum of those terms in the corresponding “total” sum

Zl [0 = ates-lutr - | ae(o)ly(s)]

j=

for which the tags 7; satisfy the relation 7; € [cp,—1,¢p). Since (3) holds we obtain
by the Saks-Henstock Lemma 16 the inequality

k=1 o
d €
S [ites) - sta-lutm - [7 adatolso]| <
and finally
k—
Z sla5) = alas-lo(r) ~ [ dlolu(s)
k=1 a
[1e) ~ ates-lvte) - [~ oo
j=1 @jo1
oo g k= o
<Y Z [x(a]) — a(ey_)ly(ry) —/ dlx(e)ly( } I 2p+1 =e.
p=t =t -
Define now a gauge 4 on the interval [a, 8] as follows. For € [a,b) set
0 < 6(r) < min{b - 7,8(r)},
while
0<5(b)<b-B.
If D = {ao,71,,...,0k_1,Tk, e} is an arbitrary J-fine P-partition of [a,b] then
by the choice of the gauge d we have 7, = a; = b and ax—; € (B,b). Using (2) we
get
k-
15(dz,y, D)~ Illz = Z = o)1) + falew) — wlow—1)y(me) = 1
— Z.

(05) ~ (o) - [ de(@lyte)|

+H / d[z(s)]y(s) +[r(b)~:v(ak—1)]y(b)_1“2

zm ~ s(ag- i) - | " die)lys) .

<e+

443



Since ax_; < b and D = {ao, 71,01, .., Qk_2,Tk~1,Qk—1 } iS @ 5-fine partition of
[a, @x_1], the second term on the right hand side of the last inequality can be esimated
by € as above. In this way we finally obtain

IIS(dz,y, D) —I" < 2

and this yields the existence of the integral | : dfz(s)]y(s) as well as the equality

b
[ izt =1

0

18, Remark. The “left endpoint” analog of Theorem 17 can be proved in a
completely similar manner:

Assume that B = (X,Y, Z) is a bilinear triple and that functions z: [a,b] - X
and y: [a,b) = Y are such that the Stieltjes integral f: dlz(s)]y(s) exists for every
c € (a,b] and let the limit

. .
Jim [ delye) + 500 = a(@lv(a)] = 1€ 2
egist. Then the integral f: d[z(s)]y(s) exists and

/b dlz(s)y(s) = 1.

'19. Theorem. Assume that B = (X,Y, Z) is a bilinear triple and that functions
z: (0,0 = X and y: [a,b] = Y are such that the Stieltjes integral f: dfz(s)}y(s)
exists and ¢ € [a,b}. Then

i [ [ dienwo)+ 1200 - 2000)] = [ dtonues

réfe,t) Lo

Proof. Lete > 0 be given and let J be a gauge on [a, b] which corresponds to
& by the definition of the integral f: dfz(s)]y(s), i.e. the inequality

<e

“S(dr,y,D) - / " deolu(s)
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holds for every §-fine P-partition D of [a,b]. If r € [c—8(c),c+8(c)] N [a, b] then the
Saks-Henstock lemma 16 yields

) ~2(elv(e) - [ dlatellto)| <=
that is
| dteouter + o0 - sevto) - [ alatoe
=] [ o) - w) - stenmea)] <
and this yields the relation given in the statement. o

20. Remark. Theorem 19 shows that the function given by
»
r € [a,b] r—>/ d[z(s)]y(s) € Z,
o

i.e. the indefinite Stieltjes integral is not continuous in general. The indefinite integral
is continuous at a point ¢ € [a, b] if and only if li_x"n[a:(c) —z(r)]y(c) =0.

21. Corollary. Assume that B = (X,Y, Z) is a bilinear triple and that functions
z: [a,b] = X and y: [a,b] = Y are such that the Stieltjes integral f: d[z(s)]y(s)
exists and c € [a,b]. If z € (B)G([a,}], X), then

Jim / " dlas)lo(s) = Jim [o(r) = 2(6)ly(6) + / " de(s)

= tim, () = 2(w(@) + [ el (o)

Proof. Since z € (B)G([a,d], X) is assumed, the limits Iim+ z(r)u exist for
r—ret

every u € Y and therefore also the limits lim+ #(r)y(c) exist. The equality given in
roe

the statement is now a consequence of the equality given in Theorem 19. a

22. Proposition. Assume that X,Y are Banach spaces and consider the bi-
linear triple B = (L(X,Y),X,Y). If A: [a,b] = L(X,Y) is B-regulated (A €
(B)G([a, b}, L(X,Y))) then for every c € [a,b) there exists A(c+) € L(X,Y) such
that ,ETJ, A(t)r = A(c+)z for every z € X and for every ¢ € (a,b] there exists
A(c-) € L(X,Y) such that tl_i)!gl\ A(t)z = A(e-)z foreveryz € X.
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Proof. If AisB-regulated then for every z € X the limit tl_i)r:l+ A(t)x = yey () €
Y exists and by A(c+)z = ye4+(2) a linear operator from X to Y is defined. By the
Banach-Steinhaus theorem (see e.g. [5]) the operator A(c+) is bounded, i.e. A(c+) €
L(X,Y). A similar argument holds for A(c—), too. [m]

23. Remark. In the special case considered in Proposition 22 the formulae
given in Lemma 12, 13 and Proposition 14 can be written in a more explicit form.

For example Proposition 14 assumes the following form.

Assume that X and Y are Banach spaces and consider the bilinear triple B =
(L(X,Y), X, Y).

If z: [a,b] - L(X,Y) is B-regulated on [a,b] (z € (B)G([a,b], L(X,Y))) and y:
[a,b] = X is a step function, i.e. there is a finite partition

a=fo <P <. . <Pr1<Br=b

of the interval [a, b] such that y has a constant value y} € X on (8;-1,8;) for every
j=1,...,k, then the integral f: d[z(s)]y(s) exists and

b
[ ol = slatiyta) - =@t

k=1

+ 3 [e(B;+)y(B5) — 2(B;-)u(B)] + £(b)y(b) — 2(b=)y(®)
i=1 .

+ 3 (B -)y) — = (Bi-1+)])
i=1

where for z(c+) € L(X,Y),c € [a,b), z(c—) € L(X,Y),c € (a,b] is given by
rlix& z(r)y = z(c+)y, 'Er?_ z(r)y = z(c-)y,
respectively.

24. Corollary. Assume that X,Y are Banach spaces and consider the bilinear
triple B = (L(X,Y),X,Y). Suppose that functions z: [a,b] — L(X,Y) and y:
la,b] = X are such that the Stieltjes integral f: d[z(s)]y(s) exists and let c € [a, b].
If z € (B)G([a,b), L(X,Y)) then

tim [ dz(o)ly(s) = [e(ch) — 2(@y(e) + / dla()y(s)
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where z(ct) € L(X,Y) is given by the relation

lim z(r)y = z(ct)y.
r—ct

25. Remark. In the situation of Corollary 24, i.e. if z € (B)G([a,b], L(X,Y))
and y: [a,b] - X is such a function that the Stieltjes integral f: d[z(s)]y(s) exists,
the indefinite integral given by

F(r) = /' dlz(s)y(s) for r € [a,b]

is a function F: [a,b] = Y which is regulated, i.e. F € G([a,}],Y).
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