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Summary. A sharpening of a discrete case of Wirtinger’s inequality is given. It is then.
used to sharpen the isoperimetric inequality for polygons.
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Let us recall the sharpening of the continuous Wirtinger’s inequality, which was
established by Z. Nadenik [3]:
Let f(z) denote a function with period 2r, f' € Ly and fo f(z)dz = 0. Then

ORE / f(e)da > / £(@)dz + 5 (£0) + F)’,
. .o 0 .
with the equality holding only for .

f(z) = Acosz+Bsmz+C(— - |smz|) AB,C= cbnét.

We will give a sharpening of a discrete case of Wirtinger’s inequality, which is
analogous to (1). See also J. Novotna [4]. The main result is as follows:

- Theorem 1. Let & = Ag, Ay, ..., An-1 be a closed n-gon in RN with its centroid
at the origin of the coordinate system, let n be even, i.e. n = 2m. Then for allp =0,
,2,..,n-1

(2) ZIAM A,? > 4sin’ —ZlA.|’+nam -IAp+A,+mI’

v=0 v=0
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Equality in (2) is attained if and only if
A, =Acosv &t- + Bsinv-z—n + C[Zcotan I Isin(u - p)zfn ,
n n n n n

v=0,1,..,n-1, A, B, C = const.

To prove Theorem 1 we need the following lemma:

Lemma. Let n = 2m. Then

mz-:l wa = 1 __ Isinu —l
= sin®j 2 —sin’ £~ sin’ %  sin2X ’
where wk = w** = exp(ivk - 2n/n).
Proof. It suffices to prove
. 2n 1, 2n'& cos2ju
3) Ism u-';-l = —sin— ,z;) oin? g sm’] 2"

One proves (3) expressing | sin v % in terms of complex trigonometric polynomials
in the same way as |sin z| is expressed by a Fourier series. a

Proof of Theorem 1. Wesee that it suffices to prove it for the case N = 2.
To simplify the proof, we may suppose p = 0.

We shall express vertices Ao, Ay, ..., An—1 of the n-gon & in the form of complex

trigonometric polynomials (I. J. Schoenberg [5] called them Fourier polynomials).
n—-1

There exist numbers Jg, 93, ..., Un—; such that A, = ¥k, v=0,1,...,n-1.
k=0

A discrete analog of Parseval’s relation of completeness gives

n-1 n-1
2 |4,1* =n Z Wel?, Y 1Aver— AP =n 3 [9elor - 112,
v=0 v=0 k=0

[Ao + Am|* = 4

we may write

-1
mE 193‘,' The condition 2 A, = 0 implies 9o = 0. Instead of (2)
k=0

v=0

Zldblz(sm k—-—sln —-) sin? = Zdn ;

k=1
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We will show that even

m-1

4) Z [92e|? (sm k 2— — sin —) > sin? —

k=1

n-1

E I

2

holds.
In order to prove (4) we start with the inequality

-1

1 1
(5) Z 3,—|s,-o,,- — S| >0
:.k-l k

where

. 2n
S, = sin® r == — sin?
n

In view of the equality

ST
= S; ~ sin ;’:—’

(5) implies the inequality (4).
The sign of equality occurs in (2) if and only if 9y =0 for k=3, 5, ..., n—3 and,

according to (5),

sin? = _ gin? &

Vak = "2-
sin? k 3"!‘- —sin® 2
By virtue of the lemma we have

22
n(sin? 2% — gin? £
Ay =i +9n_1w)_y + 92 ( o o [— cotan%:-— |smv—-|]
sin <&
n

Separating the real and imaginary parts of the complex numbers we get our state-
- ment. a

Remark. By the Mean Value Theorem it is easy to show that (2) is a discrete "
analog of (1). See K. Fan, O. Taussky, J. Todd [2].

Now we will establish a sharpening of the isoperimetric inequality for polygons.
We will prove :

Theorem 2. Let & = Ao, A, ...,v A,._l. denote a plane closed n-gon of area F
and perimeter L, let n = 2m. Then for allp=0,1,...,n-1,

-1
n R
(6) ZlAu+1—AuI ~4tan —F > 2 tan? 2|4, + Apim[’,

v=0
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with the equality holding only for the regular n-gon.
Proof. Denote A, = [z,,5], v =0, 1, ..., n — 1. We may suppose that
n-1 n-1 ‘
E A, =0and 4F = Eol(zu-i-l + zv)(yv-l-l - yv) - (zl'+1 - 3v)(llv+l + y")]' In
V=

=0
virtue of (2) we have

n-1 n-1

R l n 2
Z 'AWH - Aylz ~4tan—-F = 3 E [(=v+1 + zu) tan = — (Yo41 — yy)]
v=0 n v=0 n
1 = R 2
+ 3 ‘go [(yv+1 +yy)tan - + (241 — ,,)]
+'1'"2_:l[(z 1-2,) = (Zvp1+2 )ztanzﬁ]
2 por vt v v+ v n
‘*‘lg[(!l 1= )7 = Woa1 + ) tan? 2| > 2 tan? T|Ap + Apym?
2 v=0 "+ ’ ve T nl”® 2 n'r p+m|

It is easy to prove that the sign of equality occurs in (6) only for the regular n-gon.
a

Corollary. Let & = Aq, Ay, ..., An—1 denote a plane equilateral closed n-gon of
area F' and perimeter L. Let n = 2m. Let us denote by d; the distance of the center
of A;Ai+m and the centroid of of. Then

) L? —4ntan %F > 2n? tan? %df

with the equality holding only for the regular n-gon.

Remark. The continuous case of inequality (7) was investigated by L. Bo&ek [1].
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