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ON THE FIXED POINTS IN AN w-LIMIT SET
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Summary. Let M and K be closed subsets of [0, 1] with K a subset of the limit points of
M. Necessary and sufficient conditions are found for the existence of a continuous function
f: [0,1] — [0,1] such that M is an w-limit set for f and K is the set of fixed points of f
in M.
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AMS classification: 26A18

In [1] it was proven that a nonvoid subset M of [0,1] = I is an w-limit set for
some continuous self map of I if and only if either M is closed and nowhere dense
or M is the union of finitely many non-degenerate closed intervals. In [2] a simpler
proof of the main part of this result was given, one which, however, gives much less
information on the possible fixed points of the function. For example, as shown in
[1], a countable closed set can be realized as an w-limit set for a continuous function
for which all the limit points are fixed. The same is true for an uncountable closed
nowhere dense set provided the perfect part is a subset of the set of limit points
of the countable part. On the other hand [2] shows that for “mast” sets the set of
fixed points can be empty. Moreover, there are various examples in the literature of
functions realizing the Cantor set as an w-limit set for which there are an arbitrary
finite number of fixed points in the Cantor set.

These possibilities then give rise to the following question: Given a closed subset
M of I and K a subsetl of the limit points of M what are necessary and sufficient
conditions on M and K for the ezistence of a contlinuous function realizing M as an
w-limit set and having K as ils set of fired points in M ?

When M is an w-limit set which is not nowhere dense the question has an obvious
answer: In case M is a closed interval the set of fixed points K can be any compact
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nowhere dense subset. In case M is a union of two or more closed intervals K must
be empty.

First of all one necessary condition is, in view of the [1] theorem, that M be
nowhere dense or a union of finitely many nondegenerate closed intervals. Another
necessary condition, which is easy to establish, is that K be closed and nowhere
dense in M.

We give a set of necessary and sufficient conditions in Theorem 2. As a prehmmary
result we give necessary and sufficient conditions when the additional requirement is
imposed that each point of M is eventually fixed.

The proofs of both Theorem 1 and Theorem 2 depend heavily on the results a.nd
techniques of both [1] and [2] and will be developed in the sequel. First we present
the necessary preliminaries.

Notation and Terminology. The symbol I will denote the unit interval [0, 1].
For f: I — I and z € I we define f°(z) = z; and f*+!(z) = f(f"(z)) for each
natural number n. By the orbit of z under f we mean the set y(z, f) = {f"(z):
n € wo}, where wy is the set of natural numbers.

The notation {z,}3%, denotes the sequence as a function whereas {z,: n € wo}
is the range of the function. The cluster set of {z,}3%, is the set of subsequential
limit points of {z,}3%,.

Let f be a continuous function. The w-limit set w (z, f) (some authors use the
term “attractor set”) is defined to be the cluster set of {f™(z)}3%,. A point z is a
fized point for f if f(z) = z. A point is eventually fized if there is an n for which
f*(z) is fixed. A finite set of distinct points {z1,...,z¢}, k > 1, is a cycle for f if
f‘(z.-) = z.-.,.l(mod k).

Let A’ or D(A) denote the set of limit points of a set A. If A C I we may define
inductively sets D,(A). for each ordinal @ < wj, the first uncountable ordinal, as
follows:

Do(A) =
Da41(A) = D(Da(A))
Dx(A) = [ {Da(A): a < A} when ) is a limit ordinal.

When A is compact in I we define the order of A, g(A), as follows: If card A = w,
(or ¢), put ¢(A) = w;. If A is countable, there exists a smallest 3 such Dg(A) =
Moreover, 8 = a + 1 for some & by compactness. We define g(A) = a. If 4 is any
set and z € A, the order of z in A, denoted by g4(z) (or in short by ¢(z)), is the
smallest o such that z € Da(A). '
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Note that if A is countable and compact with g(A) = a then Dq(A) consist of
finitely (nonzero) many points of order a. We will say that z € A is a point of highest
order if there are no other points at A of higher order than g(z).

Our first result is Lemma 13 of (3]

Lemma O (3]). If f: I — I is continuous, zo € I and a is countable, then

Da(w(zo, f)) = f[Da(w(o, f))]-

Lemma 1. Let M be a nonempty closed nowhere dense subset of I and K be a
nonempty closed subset of M which is nowhere dense in M.

If M — K consists of isolated points, then there exists a homeomorph N of M in
(0, 1) satisfying the following property (x): if G is any component of I — N' with
right hand end point b, then (GN N)' = {b} when b€ N.

Proof. Case 1: K is countable. We show the existence of such a set N by
induction on the order of K. It is obviously true when ¢(K) = 1. Now assume
that the assertion is true for any ordinal o less than a specific countable ordinal
B. Suppose ¢(K) = 8. Then ¢~ !(B8) = {z1,...,zx} and we can find disjoint open
intervals I, ..., Iy such that z; € I; for each i and M C ij I;. It then follows that
there exists a sequence of ordinals {8,}3%, with 8, < b-}or each n and for each
1 < i < k a sequence of open sets {W;,,}3%, such that W, NW; = @ when n # i,
Win C Ii—{z:} and o(Win N\ M) = B for each i and n and (M —{z:)NL € ) Win
for each i. n=

Now pick distinct points i, ..., yx in (0,1) and for each i a sequence of open
intervals {Sin}2%,; in (0,1) — {¥1,...,yx} converging to y; from the left such that
Sin N Sjm = 0 whenever (i,n) # (j, m).

By inductive hypothesis we can find a subset N;, of S;, and a homeomorphism
hin from M N W;, onto N, such that property (*) holds. Now define N = [J{Nin :
j i<k, m2> 1} and define h = hi, on M NW;, and h(z;) = y; for each i. Then
clearly h is a homeomorphism from M onto N and property (*) is satisfied.

Case 2: K is uncountable. Then K = P U C where P is a Cantor set and C
is a countable set disjoint from P. Without loss of generality we may assume that
K C (0,1); otherwise we may shrink it by a linear map to be in (0,1). Let G be
the set of components of [o,sup P] — P. Let us enumerate G as {(an,b,)}3%;. If
(an,bs) N M is infinite, put E, = M N (an,bs). If (an,bs) N M is finite pick an
isolated point e, of (an,bs) = NM and put E, = {ep}. Put E = Gl E,. Then since

n=s

K is nowhere dense in M we must have £ = P.
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By lemma 8 of [1] (and its proof) there exists a set D missing M such that
((an,0n) N D)' = {b,} for each n and a homeomorphism hq from P U E onto PU D
which is the identity of P.

Let T = {n € wo: (an, bs) N M is infinite }. For n € T put H, = (an,ba) N (M —
E,). Let Ty = {n € I': a, < inf H,} For each n € I'; we can apply case 1 (where
Hp and H,N K play the role of M and K respectively) to obtain a set N C (an, bn)
and homeomorphism h, of H, onto N, satisfying property (). Moreover, we may
choose N, so that N, N D = 0 and a, < inf N, and sup H, = sup N,, for each n.

Next let S consist of all components of I —(M UD). Then foreachn € 2 ='-T
we can find a sequence {Snr}f2, in S such that

SnkNSmj =0  when (n,k) # (m, )
sup Snk < a, for each k
diam(Sni U {an}) <2°* foreachneT,

For each n € I'; pick a sequence {7}, of mutually disjoint open intervals on
(an, bs) decreasing to a, such that

sup Tno < bn
if cn = sup(M N (an,bn) < bn, then ¢, € Tno
each T.eNM #0

00
U (Tue " M) = M N (an,sup Tpo)
k=0

By case 1 it follows that there exists a subset N, of S,x and a homeomorphism
hni from T N M onto Ny either satisfying property (#) for each n € I'; and k € wg
or such that T,,; N M is finite.

For n € T'; define h, on H, as follows: h,(z) = Hnp if £ € Thr N M; otherwise

hn(z) = z. Put N, = h,.(H,,)

Put N=PUDU U Ny, and h = U hn. It is easily verified that A is a homeo-

n=1 n=0
morphism from M onto N and property (*) is satisfied.

Now w2 can prove the following special case of Theorem 1. a

Lemma 2. Let M be a nonempty, closed, nowhere dense subset of I and K be a
nonempty, closed subset of M which is nowhere dense in M.

If M — K consists of xsolated points, then there exists zo € I and a continuous g:
I = I such that

(1) w(zo,9)=M
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(2) K is the set of fixed points of g in M
(3) each member of M is eventually fixed.

Proof. Apply Lemnma | to obtain a set N C (0,1) and a homeomorphism h
from M onto N such that property (*) holds. Lemma 6 of [1] and its proof shows
that if N is infinite, closed and nowhere dense and has property (*) than there
exists zo € I and a continuous f such that w(zo, f) = N and N’ is the set of fixed
points of f in N and‘each point of N is eventually fixed. Lemmas 2 and 4 of (1]
show that the function hfh~! can be extended to a continuous g: I — I such that
M = w(h=(20), g) and K is the set of fixed points of g in M. Moreover, it is easy
to see that since pomts of N are eventually fixed by f, points of M are eventually
fixed by g.

The following is well-know and part of its proof is sketched in [2]. a

Lemma 3. Suppose A and B are nonempty, closed, nowhere dense subsets of
I. There is a continuous function f mapping A onto B if any one of the following
conditions hold

(1) A is uncountable

(2) A and B are countable and o(B) < ¢(A)

(3) A and B are countgble and ¢(B) = ¢(B) and B has exactly one point of
highest order

The next lemma is distilled from the proof of Theorem 1 of [2].

Lemma 4 [2]. Let M be a closed nowhere dense subset of I. Let g: I — I be
continuous such that g(M) = M and for each ¢ € M and neighborhood W of z,
g(W) is a neighborhood of g(z).

If there exists a countable dense subset D of M such that for each z, y € M and
connected compact neighborhood H of z there exists n and a compact interval J
such that J C H and y € g"(J), then there exists z such that M = w(z,g).

Now we are ready to prove the characterization of those sets K which form the
possible sets of fixed points of continuous functions which realize M as their w-limit
sets such that all points in M are eventually fixed.

Although the union of finitely many non-degenerate closed intervals can be an
w-limit set we did not incorporate this possibility in the statement of Theorem 1.
This is because K = 0 is the only option since such a set would have to contain an
orbit point and orbit points can’t be eventually fixed.

Theorem 1. Let M be a nonempty, closed, nowhere dense subset of I and K be
a closed subset of M which is nowhere dense in M. Then, there exists a contuinuous
g: I — I and zo € ¥ such that
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(1) w(zo,9)=M

(2) K consists of the fixed points of g in M

(3) when K # @ each point of M is eventually fixed
if and only if one of the following hold

(a) K =0 and there is more than one point of highest order in M

(b) K #0, M — K is countable and the set {y € M — K : o(y) > ¢(z)} is infinite
whenever z € M — K

(¢) K #0, M — K is uncountable and M — K has a c-limit point in K.

Proof. Part 1: The Necessily. Suppose conditions (1), (2) and (3) hold. Then
we have three cases.

Case 1: K = 0. Let H(M) denote the set of points of highest order. If H(M) = {z}
for some z, then M must be countable. By Lemma 0 H(M) C g(H(M)). Hence
{z} C 9({z}) and g(z) = z, a contradiction. Hence, card H(M)> 1.

Case 2: K # 0 and M — K is countable. Suppose zo € M — K and g(zo) = 8
By Lemma 1 there exists a sequence {zn}3%o in M such that o(zn41) > o(zn) > B
and g(zn41) = z, for all n. Clearly each z, € M — K. If z,4m = =, for some m,
then {zo,..., 2z} forms a cycle. Since g'(zo) € K for some i, this forces zo € K, a
contradiction. Hence, {zn: n € wo} is infinite.

Case 3: K # 0 and M — K is uncountable. Let us show that M — K has a c-limit
point in K. Suppose the contrary. Then for each z € K there exists an open set
W (z) containing z such that W N M — K is countable. Using the compactness of
K there exists an open W such that K C W and W N M — K is countable. Then
M — W is closed and uncountable, so there exists a nonempty perfect set P and a
countable set E such that M W=PUE.

Let Q=(M-W) - U F~"(M NnW). Since each f~"(M N W) is open, Q is
closed and f(Q) cQ. If Q = @, then by compactness there would exist a k such
that M — W C U F (M NW). Let m be the greatest i < k such that f~(M NW)

i=1
is countable. Let T = ("'U'(f-"(M nw) - K)u( O sMn W)). Then
i=1 i=m+1

T is countable and since f(M) = M it follows that f~™(M N W) C f(T) so that
f~™(M N W) is countable, a contradiction.

Hence, Q # 0 and f"(Q) C Q for all n. This violates condition (3). Therefore,
condition (c) is valid.

Part 2: The Sufficiency. First suppose (a) holds, that is, K = @ and there exist
points a and b in M of highest order. According to [2] there exists zo € I and a
continuous g: I — I for which M = w(%0, 9), 9(a) = b, a = g(b) and for each z € M
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there exists n such that g"(z) = a. Hence, there are no fixed points and conditions
(1), (2) and (3) are satisfied.

Let us now consider the case when K # 0. Without loss of generality we may
assume K is infinite. Enumerate the one sided limit points of K as {en}3%,. By
induction we may pick sequences {ent}§>, in M — K such that e,y — e, and
enk # eni, whenever (n,k) # (m,j). Also we may pick these sequences so that the
following hold: (1) if e; € (inf K,sup K), then e;; € (inf K,sup K) for all K and (2)
if e; = inf K and e; € [M N (0,¢;)), then e;; < e; for all k. Similarly for the case
when ¢; =sup K. :

Now put M; = KU {epr: n, k € wo, kiseven} and M = M — M;. Then
K = M{ N Mj and both M; and M are infinite.

Now apply Lemma 2 to M; to get zo € I and continuous h: I — I such that
w(zoh) = M; and K is the set of fixed points of h in M; and each point of M is
eventually fixed. Moreover, by Lemma 1 of [1] we can assume that y(zo,A)N M = 0.

Let us define a section to be any non-empty closed F' of M, which can be expressed
as M, N J where J is open set disjoint from K and either F is uncountable or F is
countable and has exactly one point of highest order.

The sufficiency of condition (b). Suppose K # @, M — K is countable and for each
z €M — K the set {y € M — K: o(y) > o(z)} is infinite.

First it is clear that we can find a family H of mutually disjoint open intervals
having end points in I — M with the properties that (i) if J is any closed interval
inside some component of I — K, then J intersects only finitely many members of ‘H
and (ii) (/] - K)nM CUH.

For each H € H, My N'H is closed and is either empty or has a finite number of
points of highest order. It follows that each M, N H is empty or a union of finitely
many mutually disjoint sections. Hence M3 is the union of a family A of mutually
disjoint sections. From the assumptions it follows that for each A € A, {C € C:
o(C) > e(A)} is infinite. ‘

Let B be the set of all z € M such that there exists a sequence {7,,}3%, in A
such that diam({z}) UT,) — 0. By the construction ® # B C K. Without loss
of generality we may assume B is infinite. For each b € B let £(b) = g.(b) where
C = {b} U(UA). For b € B and a sequence {Cn}%_q of closed sets we write
Cr — b if (i) diam({b}) U Cn) — 0 (ii) (Cm) < @(Cm+1) for each m and (iii)
2(Cm) — &(b) whenever £(b) is a limit ordinal and ¢(Cy,) is eventually equal to a
whenever £(b) = a + 1.

Now enumerate A as {An}3%o. For each n define A, to be the point in the closed
set {b € B: §(b) > o(An)} closest to A,,. Put e, = diam({A,} U 4,).

Then €, — 0. To show this assume the contrary. Then there exists a subsequence
{ni}s=0, € > 0 and A, p in I for which diam({\n,} U An,) 2 €, &(An,) 2 &(An,),
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An, — ) and diam(A,, U {u}) — 0. From the definitions it follows that eventually
u < o(An,). But since diam(An, U {s}) — 0 we also have ¢(An,) < p eventually, a
contradiction. '
" Next let Co = {An: An = Ao} and 6 = diam({Ao} U (IJCo)). Since ¢, — 0 we
must have 8§ = ex, = max{e,: An € Co}. Let Wy be the §p-neighborhood of Ao.
Then we may find a sequence {Som}%_, of mutually disjoint sections in. Wy such

o)
that Som — Ao and UC € U Som. To show this we first pick a subsequence

m=0
{An, )22, in Wy such that Ap, 2 Xo. If Co — {An,: k € wp} is finite we can clearly
enumerate CoU{An, : k € wo} as {Som }$= in such a way that So, — Ao. If, on the
other hand, Cp — {Aqn, : k € wo} = B is infinite then Ag is a limit point of | JB. Then
clearly we can form a sequence of sections {Som }3%, made up of members of {A,, :
k € wo} union a finite number of members of C; in such a way that Som — Aq.

As the next step let n be the first member of wo — {n: A\; = Ao}. Let C; = {An:
An = An,} and 8; = diam({An, }sup(lJC1)). Then 6; = ex, = max{en: A, € C1}.
Let Wi be the 6;-neighborhood of A,,. Then as before we can find a sequence
{Sim}3%, of sections in W) such that S;n, 2 .. Moreover, we can choose the
sections S, to be disjoint from the So; sections.

If we continue in this way by induction we obtain a sequence {bn}5%, in B and
for each n a sequence of sections {Snm}35=o such that

Sam N Sij =0 whenever (n,m) # (4,5)
diam({b,} U Spym) = 0 for each n
0(Snm) < o(Snm+1) for each m, n

M2 = D D Snm *
n=0m=0
diam ({b,.} U ( U s,,,,,)) -0
m=0

The latter convergence follows from the facts that (JA = G Cn, €n — 0and é, =
max{em : Am € Cn}. "=
Define f on M U+(zo, h) as follows:
Sen(2) ifz €Sk andn>1
f(z) =< b if z € Sk,
| h(z)  if 2 € My Uv(zo,h)
Then f(M) = M and it is easy to verify that f is continuous on its domain,

M (V) 7(t0o h)
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By Lemma 1 of [2] we may extend f to a continuous g: I — I such that g(W) is
a neighborhood of g(z) whenever W is a neighborhood of z and z € M U ¥(zo, h).
Then g(M) = M and conditions (2) and (3) are obviously satisfied. It remains to
find zo such that w(z0,g) = M. For this we must invoke Lemma 4.

Let us verify the hypothesis of Lemma 4. Let z and y belong to M — K which
in dense in M. Let H be any connected compact neighborhood of z (i.e. a closed
interval having z in its interior). First there exists n such that ¢"(z) = e € K
and ¢g"(H) is a connected compact neighborhood of e. Since int(¢”(H)) contains
an orbit point h/(zo) and there are orbit points of the form hi*+™(z,) arbitrarily
close to inf M; and sup M; and hit™(zo) = g™(k(z0) € intg™+"(H) it follows

[e 2]
that (inf My,sup M;) C |J int(¢™(H)) and each int(¢™(H)) for m > n is an open

. .. m=n
interval containing e.

Next we will show that there exists a such that y € g*(H). If y € (inf M;,sup M;)
this is immediate. There remain two cases. ’

Case 1: y € My. Then y € Sip for some i and m. Consider b;. If b; = inf K
(or sup K) then by construction of M, si¢ C (inf My, sup M;) for some € > m. The
same is true when b; € (inf M;,sup M;). Moreover we can assume that S is entirely
on one side of e. Hence for some v, Si¢ C intg"(H) and y € Sim = g™ ¢(Si¢) C
gt (H).

Case 2: y € M; — K and y = inf M; or supM;. We have ¢ = h on M; and
(M; - K) C g(M; — K) C g*(M; — K). So there exist z and w such that y = g(z) =
g%(w). Clearly y, z and w are all distinct. Hence, z or w lies in (inf M;,sup M,).
For example, if w € (inf M;,sup M;) then w € inf g™ (H) for some m so that y €
gm+2(H).

Now applying Lemma 4 the sufficiency of (b) is proven.

The sufficiency of (c): Assume K # @, M — K is uncountable and at least one
point of K is a c-limit point of M — K.

Let A consist of the section$ in M, as constructed in the sufficiency-of-(b) part. Let
A\ consist of all those uncountable members of A. Let A3 = A—A;. By assumption
and the construction of A we have that A, is infinite. Let B be the set of all z € K
for each there exists a sequence {Jn}3%, in A, such that diam(J, U{z}) — 0. Then
0 # B C K. Without loss of generality we may suppose B is infinite. -

Now carrying out a simplified version of the argument in the sufficiency-of-part-b
proof, we can find a sequence {bn}3%, in B and for each n a sequence of uncountable
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sections {Ty,m}50=o such that

Tam NTij =0 whenever (n,m) # (ij)
diam({6n} UTym — 0 for each n

UA1=U UTnm

n=0m=0

2]
diam ({b,.} §] ( U T,,m)) —0
m=0

If A, is finite put Cp = A2 and By = . If A; is infinite, then either (1) there is no
member of highest order in A, of highest order in A2 in which case we put B; = A2
and C; = 0 or (2) there exists a member of A3 of highest order aj.

In case (2) let C; consists of all members of A; of order a;. Consider Az — C;. If
Az — C; is finite put C; = A2 and B; = 0. If A; — C; is infinite then either (1) there
is no member if highest order of A, — C; in which case we put B; = A; — C; and
Cy = C; or (2) there is a member of Az — C; of highest order as.

In case (2) we have @2 < a; and we may continue the argument on A, — C;. Since
there is no decreasing sequence of ordinals, this process must stop at a finite stage
and for some k, A; = By UC; where C; is finite and disjoint from By which, if it is
not empty, has the property that for all A € B, {B € Bi: ¢(B) > o(A)} is infinite.

Since C; is finite we may order it by increasing order and incorporate it as an initial
segment of the sequence {7}, }$2 , so that o(Tni) < @(Tnk+1) for each k and n.

If Be # 0 we may carry out the construction in the sufficiency-of-(b) proof to
obtain a sequence {e,}32, and for each n a sequence {Snm}%_, of sections such
that

SnmNS;; =0 whenever (n,m) # (i, j)
diam({ex} U Sp;m) — 0 for each n
0(Sam) € 6(Snm41) foreach m, n

UB&= D DSnm

n=0m=0
diém ({e,.} U ("Qosnm)) -0

Moreover’ Snm NTij '= @ whenever (n,m) # (i,7) and

M, :.U,A = D U (Tam US,,,")

n=0m=0
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Let fin be a continuous function mapping Snk+1 onto Spi and gni be a continuous
function mapping Thi41 onto Ty, using Lemma 3. Define f as follows

( far(z) fz€Snrifk>1

€n if z E Sno
f2)={ gnr(z) ifz€Tnpifk>1
bn ifze€Th

| h(z) if z € My Uy(z0,h)
The rest of the proof is identical with that of the sufficiency-of(b) part. This

completes the proof of the sufficiency of condition (c) and consequently finishes the
proof of Theorem 1. a

Now we present several lemmas which culminate in Theorem 2.

Lemma 5 [1]. Let M be a closed nowhere dense set. Suppose {zn}3%, is a
sequence of distinct points not in M but whose set of subsequential limit points is
M. Then there exists a continuous f: I — I and zo € I such that w(zo,f) = M
provided the following condition is fulfilled:

For all numbers o and 3, and A € M and subsequences {n¢}§2, and {m;}5,,
a = 3 whenever klingo(zn,‘,zn,.,.l) = (A @) and kl_i_.r{.xo(zm,‘,zmk.,.l) =(A, p).

Lemma 6. Let M and N be countable closed nonempty subsets of I and let «
be a countable ordinal. If M and N each have exactly one point of order a, then M
and N are homeomorphic.

Proof. We will prove it by induction on w;. It is obviously true when a = 0.
Now assume it is true for all 8 < a.

Let first take the case when o is a limit ordinal. Let {an}3%, be a strictly in-
creasing sequence of ordinals having limit a. Let z € M such that ¢(z) = a. Pick
m, € M with g(m,) = a,. Then we must have m,, — z. We may then choose a
sequence {J,}3%, of mutually disjoint open intervals with end points in I — M such

that the only point of order a, which J,, contains is m,,. Put J = U Jn. Choose a
=1
sequence {Fn}3, of mutually disjoint closed intervals having end pomts inl-M

such that Z, = F,N(M - J) # O for each n and M — J — {2} = U Zy. Since

¢(Z,) < a for each n we may pick by induction a subsequence {au,,_},,_l such that
o(Zn) < a, and ap < agyn < ai,,, for each n.
Put Wy, = J, U Z,, if ag, = m. Otherwise put Wy, = Jp. Then Wn N W,. =0

when m # n and z ¢ W, for each m. Moreover, M — {z} C U W and o(Wp,) =

a, and W,, contains a single point of order ay,.
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- Finally let 2* € N with g(2*) = a and construct a similar sequence of open
intervals {W, }55_, relative to N. By the inductive hypothesis there exists a home-

0o
omorphism hy, from W,, " M onto W, " M. Then h = {(2,2*)} U ( U hm) will
m=1

be a homeomorphism from M onto N. a

Lemma 7. Suppose M is a nowhere dense closed set for which M = w(zo,9)
and there exist mutually disjoint open sets W, Wy, ..., W,, where n 2> 2 such that

MCWu ( U W;) and Wi41 N M is homeomorphic to W; N M (mod n).
i=1

Then there exists a continuous h: I — I such that M = w(zo,h), h(W; N M) =
Wit1 N M (modn) for each i and for ¢ € M, h(z) = z if and only if g(z) = z and

¢

Proof. Let {z,:n € wo} = ¥(z0,9). Lemma 1 of [I] we may assume that
n

zo € W and y(zo,9) C (W u ( U W.-)) — M. Let h; be a homeomorphism from
i=1

(¥(x0,9) U M) N W; onto (y(zo, 9)UM)NW;y41 (modn). Since isolated points map
into isolated points it follows that h;(W; N M) = W31 N M (modn) for each .

If 2 € W we put z; = zi. If 2, € W; we put 2, = hi(zx) (modn). We will show
that {2,}¢2 , satisfies the hypothesis of Lemma 5. Clearly z; ¢ M for all k and M
is the cluster set of {2x}§%,. It remains to show that if (2,,,zn,+1) — (A, B) then
B is uniquely determined by A, g and the h; functions. There are numerous cases
depending on which pair of sets among W, Wy, ..., W, X and 8 belong to. Each
case is similar.

For example, suppose A € W; and # € W3. Then eventually z,, € W; and 2,41 €
Wa. By construction z,, € W, and zn,4+1 € W;. Hence, hy(zn,) = 24, — A and
hy(€ny+1) = Zny4+1 — B. Therefore, z,, — h;!()) and zn,41 — h;'(a). However,
Zno41 = 9(2n,) — g(h7' () so that gh;'(X) = hT'(B) and B = high;!()). As
another example if A € W and 8 € W, then z,, is eventually in W and we proceed
in a similar manner as above.

By Lemma 5 there exists a continuous h: I — I such that A"(z¢) = 2z, and
w(zo,h) = M. It is clear that h(W; N M) = Wi41 N M (mod n for each ¢. It is also

n
obvious that if z € M, then h(z) =z iff g(z) =z and z ¢ |J Wi.
i=1

The next result is a special case of Theorem 1 of [2]. a

Lemma 8 [2]. Let c € I and {P:}$%, be a sequence of mutually disjoint nowhere
dense perfect sets in I — {c} such that diam (PxU{c}) — 0. Then, there exists zo € I

o0
and a continuous h: I — I such that w(zg,h) = {c} U ( U Pg) and h(P;) = {c}
; k=1
and h(Pk.H) = Py for all k.
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The next two lemmas are out of logic sequence because they assume Theorem 2
part (b). They will be only used to prove part (c) of Theorem 2.

Lemma 9. Suppose M, N and K are nowhere dense closed sets such that K is a
nowhere dense subset of M, M — K is countable and nonvoid, N is uncountable and
has isolated N points, and M N N = ¢. Moreover suppose it is not the case that g
has an absolute maximum on M — K occuring at only one point. ,

Then there exists 2o € I and a continuous h: I — I such that w(zo,h) = MUN
and the set of fixed points of hin MUN is K. ‘

Proof. Let W and V be open sets separating M and N. We may decompose
N as PU D where P is perfect and D is a non-void countable set. Put C = M — K.

By Theorem 2 part (b) pick a continuous f: I — I and zq € I such that w(zo, f) =
K UC and the set of fixed points of f in K UC is K. Moreover, by Lemma 1 of [1]
we can assume ¥(zo, f) = {zn: n Ewo} C W— (K UC). By Theorem 1 we may find
Yo € I and a continuous g: I — I such that w(y0,9) = P U D and g has no fixed
points in P U D. Moreover, we may assume ¥(¥0,9) = {yn: n €wo} C V - (PUD).

Choose a to be an isolated point of C such that g(c) =b € KUC. Let U be an
open interval such that (U N (K UC))’ = {a}. Let {zm, }so = U N7(xo, f) and put
@n = Zm,. Choose s to be an isolated point in D and put ¢ = g(d). Choose S to be
a neighborhood of d such that g(S)N S = ¢.

Let us symbolically represent the orbit y(zo, g) by

Tp—T) =Ty — ... =Tk = T4l —

we will define a new “orbit” by inserting entries from ¥(yo,9) in between ik and
Zk+1 Whenever z; = a,, for some m. By induction suppose we have made insertions
in between all pairs ay — b; where k < n. Then insert Ya, Ya41), - - ) Ya4g 38

an"'ya“’ya+1"’---"’ya+ﬁ"’bn

where yq—; is the last previously picked point (if n = 1 then y, = yo) and 3 is the
first integer such that yo4s € S.

Let {z,}3%, be the concatenation of the z; points together with the above insertion
of the y; points. We will show that {2, }5% satisfies the hypothesis of Lemma 5.

First of all 2, ¢ (M U N) for all n. Secondly it is obvious that the cluster set
of {24}3%, is M U N. Finally suppose (zn,,2n,y,) = (A, @). We need to shoe a is
uniquely determined. We have several cases.

Case 1: A = a. Then {z,,}2, is eventually in {an: n € Wo} so that "M+l = You
where Ya,_, € S- Since ap — 00, aq,_, — d and zn,41 = You = 9(d) =
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Case 22 A € W — {a}. Then eventually (zn,,2n,41) = (ZmsrTm,+1) for some
{ma}g0 and @ = f(3).

Case 3: A = d. Then {zn,}§2, is eventually in S so that zn, = Ya, for some a;
with zn,41 = Ba, for some f;. Since bg, — b we have a = b.

Case 4: A € V — {d}. Then eventually zn, & S so that z,, = Ya, Where z,,41 =
Yar+1. Then Yo, 41 = g(ya, — g()) s0 that a = g(A). :

Applying Lemma 5 we obtain a continuous h such that w(z0,h) = M UN. It is
clear that the set of fixed points of hin M UN is K. ]

Lemma 10. Suppose ¢ € I and {P;}2, is a sequence of mutually disjoint
nowhere dense perfect sets in I — {c} such that diam (P, N {c}) — 0.
Suppose M is a nowhere dense closed set and K is a closed set which is nowhere

dense in M with M — K countable. Suppose NN M = ¢ where N = {c}U (kij PI,).
. =1

Moreover, suppose it is not the case that ¢ has an absolute maximum on M- K
occuring at only one point.

Then, there exists zo € I and a continuous h: I — I such that M U N = w(zo, h)
and the set of fixed points of h in M U N is K U {c}.

Proof. The proof is similar to that of Lemma 9. Let W and V be open sets
separating M and N. By Theorem 2 pick a continuous f: I — I and zp € I such
that w(zo, f) = M and the set of f fixed points of in M is K and y(zo,f) C W - M.

By Lemma 8 choose yo € I and g: I — I such that w(yo,9) = N; g(P) = ¢
and g(Pr+1) = P for all k and 4(yo,y) C V — N. Pick mutually disjoint open sets

{Sn}3%, such that P, C S, C V — {c} for each n with ¥(yo,9) C U Sn.
Let a be an isolated point of M such that f(a) = b€ M. Let U be an open interval

of a such that (U N M)’ = {a}. Let {z,,,.}3%¢ = U Nv(zo, f) and put ap = zy,,,.
Following the proof of Lemma 9 we insert yo, Ya41, - - - Yat+p 38

aﬂ"’ya"’ya+l""---'—'ya+ﬂ—'bn

where yo-1 is the last previously picked point (if n = 1, yo = y0o) and B is the first
integer such that yo4p € S;.
The rest of the proof parallels that of Lemma 9, and will be omitted. 0

Theorem 2. Let M be a non-empty closed nowhere dense subset of I and K be
a closed subset of M which is nowhere dense in M.

Then, there exists a continuous g: I — I and zo € I such that w(zo,9) = M and
K consists of the fixed points of g in M if and only if one of the following hold

(1) K = ¢ and there is more than one point of highest order in M.
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(2) K # ¢, M — K is countable and it is not the case that ¢ has an absolute
maximum on M — K occuring only at one point.
(3) K # ¢ and M — K is uncountable.

Proof. The Necessity. Suppose M = w(zo,9)) and K is the set of fixed points
of g in M. Then be have 3 cases: (a) K = ¢; (b) K # ¢ and M — K is countable;
and (c) K # ¢ and M — K is uncountable.

In case (a) Theorem 1 applies and there is more than one point of highest order
in M.

For case (b) suppose M = w(zo,g) where K is the set of fixed points of g in M.
Suppose that ¢ has an absolute maximum on M — K occuring at a single point 2.
Let o(z) = a. Then since M — K is countable a is countable. By Lemma 1 there
is a y such that ¢o(y) > o and g(y) = 2. If o(y) > o, theny € K and g(y) =y = 2
and z € K, a contradiction. Hence, ¢(y) = a and y = z so that g(2) = z and z € K,
again a contradiction.

The sufficiency. Case (a): Theorem 1 gives the conclusion.

Case (b): If g has no absolute maximum on M — K then for each z € M — K{y €
M—-K: o(y) 2 o(z)} is infinite. Hence by Theorem 1 there is a continuous g realizing
M with K as its fixed points in M.

If ¢ has an absolute maximumon M — K of a > 1, then A= (M — K)Ng~(a)
consists of more than one point. If A is infinite, then again for allz € M — K{y €
M — K: o(y) 2 e(z)} is infinite and Theorem 1 does the job.

Hence we can assume A is finite and has at least two points. Let K3 = K U A.
Then clearly for each z € M — K;, {y € M — K;: o(y) > ¢(z)} is infinite. Applying
Theorem 1, part b, there exists a continuous g which realizes M with K U A as its
set of fixed points in M. Suppose A = {z1,...,z,}. Pick open intervals W; i = 1,
..., n such that z; € W; C I — K, o(M NW;) = a, the end points of W; are not in
Mand W;nW; =pfori#j. Put W=1- U W;. Now apply Lemmas 6 and 7
to finish the sufficiency of part (b). o

Case (c): Assume K # ¢ and M — K is uncountable. If M — K has a c-limit point
in K we may apply Theorem 1 to get the desired result. So let us assume M — K
has no ¢-limit point in K. Then we may find two disjoint open sets W and V such
that WN M = M; = K UC where C is countable and nonvoid and VN M = PUD
where P is nonvoid perfect set and D is countable.

Now we can find an open U C W such that U N M = ¢ and it is not the case that
¢ has an absolute maximum on M{ — K at only one point, where M* = M —U. We
show this as follows: suppose g has an absolute maximum a; occuring at a single
21 in My — K. Choose an open U; such that 2; € Uy C W and Unk = . Next
consider p on Ms — K where My = M; — U;. If ¢ has no single absolute maximum
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on M; — K we are finished. Otherwise suppose ¢ has an absolute maximum a;
occuring at a single point 25 in My — K. Then a3 < a. Choose open U, such that
22 €Us C W and U; N K = ¢. Consider g on M3 — K where M3 = M, — U;. And
continue the argument. Since there is no decreasing sequence of ordinals the process
must stop at a stage where ¢ has no single absolute maximum on some M,, — K and
the construction of the desired U is clear.

Now we can adjoin U N C to D so we can without loss of generality assume that
¢ has no single absolute maximum on M; — K.

We then have two cases to consider:

Case 1: D # ¢. Apply Lemma 9 where M = M; and N = PU D to get desired
result.

Case 2: D = . Then let ¢; and c; be the inf a sup of P. Then we may
decompose P — {1, ¢z} into two sequences of mutually disjoint Cantor sets { PL}§2,
and {P?}{2, satisfying the conditions of the hypothesis of Lemma 10. It is clear
that we can extend Lemma 10 to apply to both of these sequences in the obvious
way and we obtain o € I and h: I — I such that w(zo, h) = M and the set of fixed

points of h in M is K U {¢;,¢c2}. Now since {c;} U ( U P}) ) of homeomorphic to

{c2} U ( U Pk) we can apply Lemma 7 to get h*: i — I and Wy € I such that

w(Wo, h* ) = M and the set of fixed points of A* in M is K, finishing the proof of
Theorem 2. O
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