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Summary. In the paper the singular Cauchy-Nicoletti problem for the system of two
ordinary differential equations is considered. New sufficient conditions for solvability of this
problem are proved. In the proofs the topological method is applied. Some comparisons
with known results are also given in the paper.
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1. INTRODUCTION

Consider the following singular Cauchy-Nicoletti problem for the system of two
ordinary differential equations

yl = fl(zvyl)m)1

) vy = fa(z, 11, 12)
and

yl(a+) = A,
@ () = B,

where a, b, A, B are constants and a < b. Concerning the functions f;(z,y1,¥2),
i = 1, 2 we assume that they are continuous and satisfy a local Lipschitz condition
in the variables y1, y2 in an open bounded region G such that the set {(z,y1,¥2) €
G;z = z*} # 0 for each z* € (a,b). Under these conditions the solutions of the
system (1) are in G uniquely determined by their initial data but forz =aorz =15
this need not be the case.
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We define the solution of the problem (1), (2) as a vector-function y(z) = (y1(z),
y2(z)) € C'(a,b) which on (a,bd) satisfies the system (1), (z,y1(z),y2(z)) C G on
(a,5) and y1(a*) = 4,1(b”) = B.

The Cauchy-Nicoletti problems, the generalized Cauchy problems or the boundary
value problems for systems of ordinary differential equations have been considered
by many authors (e.g. [6-8], [10-11], [13-15]). Singular problems of such types have
been studied e.g. in works [1], [3-4], [7-9], [12] and [16-17].

In the present paper we obtain new sufficient conditions for solvability of the
problem (1), (2) in the above mentioned sense. Moreover, some estimates for the
components of solutions will be given. Certain results are formulated for more con-
crete right-hand sides of the system (1). Some comparisons with known results will
be given in the paper.

2. MAIN RESULTS

We will consider real functions p;(z), ¥i(z), ¢ = 1, 2 which satisfy the following
conditions (I):

vi(z), vi(z) € Cla,b), C'(a,b), i=1,2;
p1(z) < p2(z) if z € (a,b], ¥1(z) < ¥2(z) if z € [a,b);
zl—ioT"‘ <p.-(3:) = A’:l_if?_ 'pi(z) =B, i=12.

The functions ¢;(z), ¥i(z), § = 1, 2 are said to satisfy the conditions (II) if the
conditions (I) hold and, moreover, p;(z), ¥i(z) € C%(a,b).
Further we need the following auxiliary functions:
i) W1 =Wi(z, 1) = (11— e1(2)) (01 — ¢2()),
Wi = Wa(z, y2) = (2 — ¥1(2))(y2 — ¥2(2)),
which are defined for (z,y;) € [a,b] x R or (z,y2) € [a,d] x R, respectively;
ii) ®i(z,y2) = —vi(z) + fi(z, vi(z), y2),
‘Pi(z) yl) = —¢:(a:) + f2(27 Y, 1/),-(1)),
which are defined for (z,y2) € G or (z,¥1) € G, respectively, and where ¢ = 1,
2 and p;(z), ¥i(z) satisfy the conditions (I); if, moreover, p;(z), ¥i(z) satisfy
(I1) and f;(z,y1,¥2) € CY(G) for i = 1, 2, we write
l“) in(zr y2) = _‘p:"(z) + f{:(t, <Pi(-"?), y2) + f{y;(zs ‘Pi(z)’ y2)f1 (.’L‘, ‘Pi(z); y2)+
+f{yz(x) SO,‘(-’L'), y2)f2(15, <P‘(z)1 y2)7
D¥;(z,y1) = —v¥!'(z) + fr2(2, 41, %i(2)) + fay, (2, 11, %i(2)) iz, 1, ¥i(x))+
+f29, (2, 11, ¥i(2)) f2(2, 11, ¥i(2)),
which are defined for (z,y2) € G or (z,y1) € G, respectively.
Finally, by Q we denote the domain

Q= {(z,y1,¥2): a < z < b,Wi(z,1n) <0, Wa(z,y2) < 0}
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and we wil suppose that Q C G.
The following three theorems represent the main results of the paper.

Theorem 1. Let functions ¢i(z), ¥i(z), § = 1, 2 satisfy the conditions (I), let
®1(z,y2)®2(z,y2) < 0 for each z € (a,b) and y2 € [¥1(z), ¥2(z)] and ¥1(z,1) x
W3(z,11) < 0 for each z € (a,b) and y1 € [p;(z), p2(z)]. Then there is at least one
solution y(z) = (y1(z), ya(z)) of the problem (1), (2) such that (z,y:1(z),y2(z)) C @
ifz € (a,d).

Theorem 2. Let functions vi(z), ¥i(z), i = 1, 2 satisfy the conditions (II),
fi(z,11,12) € CY(G), i = 1, 2; for each fixed z € (a,d) let the functions ®;(z,ys),
¥;(z,y1), i = 1, 2 be strong monotone with respect to yz on the interval [1(z), ¥3(z)]
and with respect to y;, on the interval [p)(z), pa(z)]. Further, on (a,b) let

3) ®i(z, ¥1(2))®i(z, ¥3(2)) < 0,
4) ¥i(z,¢1(2))¥i(z, pa(z)) < 0.
If, moreover,

(5) D®y(z,¥2) <0, D®a(z,y2) >0
on (a,b) x (¥1(z), ¥2(z)) and

(6) D\Ill(a',y]) <0, D\Ilg(z, yl) >0

on (a,4) x (p1(z), ¥2(z))
then there is at least one solution y(z) = (y1(z), y2(z)) of the problem (1), (2) such
that (z,y1(z),y2(z)) C Q if z € (a,b).

Existence of a solution of the problem (1), (2) can be established even if some
of the assumptions of Theorem 1 are combined with some of the assumptions of
Theorem 2. One of the possible cases is presented in the following theorem.

Theorem 3. Let functions ¢i(z), i = 1, 2 satisfy the conditions (I), let functions
¥i(z), i = 1, 2 satisfy the conditions (II), f2(z,y1,y2) € C*(G), ®1(z, y2)®2(z, y2) <
0 on (a,b) x [¥1(z),¥a(z)]; for each fixed z € (a,b) let the functions ¥;(z,y1),
i =1, 2 be strong monotone with respect to y1 on [p1(z), p2(z)] and ¥;(z, ¢1(z)) x
¥i(z, p2(z)) < 0 on (a,bd). If, moreover,

(7) D¥,(z,1) <0, D¥3(z,1n)>0

on (a,b) x (p1(z), p2(z)) then there is at least one solution y(z) = (y1(z), ya(z)) of
the problem (1), (2) such that (z,y1(z), y2(z)) C Q if z € (a,b).
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Proof of Theorem 1. As follows from (3), (4) the following cases are possible
for the signs of ®;, ®; and ¥;, ¥; on the corresponding domains:
(i) ¢;<0,03>0,\I'1<Oand\lvg>0;
(ii) ® >0,9,<0,¥; >0and ¥; <0;
(iii) ®1 <0, %3 >0, ¥; >0and ¥3 <0;
(lv) $:>0,$3<0,¥; <0and ¥; >0.
I. consider the case (i). It is easy to verify that each point M* = (z*,4},43) of
the set

= {(z,4,12) € 09,z € (a,b)}

is a point of strict egres of 2, that is 2, = Q,. with respect to the corresponding
solution of (1), because the derivatives of the functions Wi(z,), ¢ = 1, 2 along
solutions of the system (1) are positive. (The definitions of points of strict egress
and of the other notions which we will use can be found e.g. in [5].) Indeed, if
M*e Ql and

a) Wi(z*,y7) =0 then

ﬂ%lm = [(f1(z, 11, 12) = ¢1(2)) (01 — p2(2))+

+ (1 — e1(2))(f1(z, 11, ¥2) — #2(2))] | -
As y} = p1(2*) or y} = p2(z*), we have

ivﬁ%lm- = ®1(z*, ya)(p1(z*) — a(2*)) > 0

or
dW,(z, . . .
I‘Sz y) IM' = (p2(2*) — p1(2*))®2(z*, 32) > 0;
B) Wa(z*y3) = 0 then, as above, we obtain

sz(Z, y?)

M- >0

Obviously, the set of the egress points 2, of Q coincides with the set Q,.. Let {z;}
be a decreasing sequence of numbers such that z; € (a,)) and lim z; = a. Let the
$—+00
index i be fixed. Denote S; = {(z,y1,¥3) € Q,z = z;}. Then the set S; N Q. is a
retract of the set 2, because the mapping
71 (2,91,¥2) € Qe — (24,97, 43) € Si N,
where
(i) — p1(2:)
= p1(zi) + (1 — p1(z)) —————=,
un ‘Pl( ') (yl vl( )) <p2(z)—-<p1(a:)

s = ¥1(z:i) + (v2 — '1’1(”))%
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is continuous, identical on S; N2, ; however, it is not a retract of S; since the bound-
ary of a sphere is not its retract ([2]). As follows from the topological method
of T. Wazewski (e.g. [5], [18]), there is a nonempty set M;r C S; N Q such that
if (z:,4%;,¥3;) € Mis then for the corresponding solution of the system (1) g(z) =
(11i(2), y2i(z)) starting from the point (z;, yJ;, y3;) the relation (z, y1i(z), ai(z)) C N
holds on its right-hand maximal interval of existence. This interval is equal to [z;, )
because the set Q is bounded. The set M;y is closed (including the case when M;;
consists of one point only) since in the opposite case we get a contradiction with the
continuous dependence of solutions of the system (1) upon their initial data. Let
x{Mir, [z:,b)} be the set of all solutions of (1) with the initial data from the set M;;
on the interval [z;,b). Obviously M{; C M;; where

M = {(z,y1,42): 2 = 21,51 = n1(21), 13 = wa(23),
(v1(2), va(2)) € x{Mir, [2i,5)}}
and, if i > 2 then M{; C M]_, ;. Since the sets M{;,i =1, 2, ... are compact there is
a nonempty set Mooy = ﬁ M/;. X (21, Y100, ¥200) € Moor then for the corresponding

i=1
solution Yoo () = (Y100(Z), Y200 (z)) We have (2, Y100(Z), Yy200(2)) C N if z € (a, ) and
this yields the conclusion of Theorem 1 as lim y100(z) = A and lir{n Y200(z) = B.
z—a E 2ad 2
In the case (ii) we have
dWi(z, ) dWs(z, 1)
e A L

and the proof can proceed by analogy if, applying the topological method, we reverse
the orientation of the axis z.

II. Let the conditions (iii) hold. Then the set €2, of all points of agress of 2 with
respect to the system (1) is equal to the set §2,, of all points of strict egress, that is

Qe = Qu = {(31 N, y?): a<z< bv,Wl(z’ yl) = 0:”2 € ['/31(2), '/’2(3)]} C Q1-

Indeed, if M* = (z*,y1,y3) € Q., then as above we obtain %ﬂzm. > 0 and in
the case when M* € Q; and W3(z*,y3) = 0 we have

sz(Z, y?)
dz

In the next part of the proof we will proceed by analogy with part I. Let {z;} be
a decreasing sequence of numbers with the above mentioned properties. We denote

|pe <0

Si(Cs) = {(z,41,¥2): z = zi, 51 € [p1(2), p2(2)], 42 = C2},

i=1,2,... where C3 = const and C; € [¥1(z;), ¥2(z;)]. The set S;(C3) N Q. isa
retract of the set §1. as the mapping

71r: (2,1, %2) € Qe — (24,47, C2) € Si(C2) N Qe
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where

2)) £2(2) = 1(=:)
1 = e1(2) + (1 - (<)) p2(z) - p1(2)

is continuous, identical on S;(C3) N 2.; however it is not a retract of the set S;(C3).
Then there is a nonempty set M;(C3) C S;(C3) such that if (zi, y1i, y2i) € Mi(C2)
then, for the corresponding solution y;(z) = (y1i(z), yai(z)) of the system (1), the
relation (z,1i(z), y2i(z)) € Q holds if z € [2;,)). Varying C; on the interval
[¥1(z:), ¥2(2i)), we construct the closed set M; rr = |JM;(C;). Now we consider -
the set x{M; 11,(zi,5)}. We have M;,;; C M; 11 where M ;1 = {(z,y1,42): 2 =
z1, y1 = n(21), ¥2 = va(=1), (W1(2),2(2)) € x{Mi 11,[2i,b)}}, and if § > 2 then

M|

a1 C M_l 17 and M{ 1,11 is compact. Consequently, the set M 17 = ﬂ M

contains at least one point and as above the conclusion of the theorem holds
In the case (iv) the proof is analogous. 0

Proof of Theorem 2. We consider only one case as the remaining cases may
be proved analogously. Let e.g. the functions &;(z,ys), i = 1, 2 be decreasing with
respect to yz on the interval [¢1(z), ¥2(z)], and let the functions ¥;(z,31),i =1, 2
be increasing with respect to ) on the interval [p1(z), p2(z)]. Then (3), (4) imply

Q,-(z, ¢1(2)) > 0,@.’(3,1"2(3)) < 0)

(8 ¥i(z,¢1(2)) < 0, ¥i(z, p2(2)) > 0

on (a,bd) for { = 1, 2. From the conditions of the theorem and from (8) we conclude
that the equations

(9) ®i(z,Y2) =0, ¥i(z,Y)=0, i=1,2
have unique solutions
Y2 = Yai(z) € C'(a,8), Yii=Yi(z) €C'(a,d), i=1,2
such that on (a,b)
¥1(2) < Y2i(2) < ¥a2(2),  91(2) < Y1i(2) < po(2).
For (z,41,¥2) € G we define functions

Wa(z,y1,¥2) = (11 — p2(z))(y2 — Y (2))+
+ (11 — 1(2))(¥2 — Yaa(2)),

Wa(z, 11, ¥2) = (y2 — ¥2(2)) (11 — Yu(z))+
+ (2 — ¥1(2)) (1 — Yi2(2))
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and introduce sets

Wit ={(z,n,1) € Q:a<z<b, Wi(z, 1) =0, Ws(z,41,¥2) < 0},
Wi = {(z,41,1) €Q: a < z < b,Wi(z,1) =0, Wa(z, 11, 11) > 0},
WY = {(z,11,1) €Q: a <z < b,Wi(z,41) =0, Ws(z, 11, 3) = 0}

and

Wi = {(z,v1,1) €Q: a < z < b, Wi(z, 1) =0, Wa(z, 11, 12) > 0},
Wy = {(z,5,1) € Q:a <z <bWaz,y) =0, Wa(z,5,1) <0},
Wg = {(z,!lhlh) € n: a<z< b, Wﬁ(z)W) = O»Wc(-",!ll,!h) = 0}°

As above we may verify that, along a solution of (1),

+1 if M} e W,

. dw, z, . . -
sign ——g—z-yL)[M‘, =¢ -1 if M} € Wy,
0 if MP e WP
and
W +1 if Mj € Wi,
sign —’d(—:@ wy = -1 i M5 Wy,

0 if Mj € WJ.
The points of the sets W?, i = 1, 2 are the points of exterior tangency of the
Wi (s .y <
corresponding integral curves. Indeed, we verify that ‘—lngm > 0, where M €

|aez
W? and i = 1, 2. Direct computations yield

d’W;i:’ yl) — 2[fl(z) 0, yZ) - ¢’1(3)][f1 (13, ¥, m) -— w’z(z)]_*,

+ [fie(z, y1,12) + A1y, (2, 91, 1) fi(z, 01, a)+

+ fiya(Z, 91, 12) fa(2, 11, 92) — Y (2))(11 — pa(2))+
+ [fiz(z, 11, 12) + f1y, (2, 91, W) fi(z, 11, 1)+

+ flya(Z, 41, 1) fa(2, 11, 12) — #1(2))(n — #1(2))

and in view of the conditions (5) we have

D&;(z, Ya:(=))(2(2) - ¢1(2))
W (2, W - if g1 = p2(2), 2 = Ya2(2)
dz? M;

D®,(z, Yai(z))(p1(2) — w2(2))
if 11 = p1(2), 12 = Yar(2)
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d’W‘ Z,¥1 3 . .
and, consequently, ﬁ;(;ﬂ—ll M; > 0. By analogy with the previous computations
(in view of the conditions (6)) we obtain

d2W2 (z ) y?)
—dzi ;>0
Then the set €2, is equal to the set Q,, and Q. = Q,, = Wl'" U W-f. Let {z;} be the

sequence as above. Let an index i be fixed. Denote S; = {(z,¥1,¥2) € QUR., z = z;}.
Then the set S; NS, is a retract of the set 2, because the mapping -

xrr: (2,91,¥2) € Qe — (zi,33,43) € SiNQ,

where

¥ = pr(es), 88 = Yar(ea) +(va - Yzl(z))% if g1 =p1(2);

B = palen), 18 = ) + (1 — a(a) LTI iy, o)

¥ = er(e:) + (3 — w(a:))%, y2 = ¥1(zi) if y2 = u(2)

and

W = Yia(zi) + (1 — Yn(z))M—_Y.l_"'(fi)_

pa(z) — Y1a(z) ’
is continuous and identical on S; N Q.. On the other hand, the set S; N Q. is not a
retract of the set S; because, by the above mentioned argument, it is not a retract
of a connected set 5; C S; which consists of two points a € wt, B € W} and
a continuous curve without self-intersection I C int S; such that INn W = «,
N W3} = B. Topological method yields that there is a nonempty set M; C S; such
that if (2;, y1i, Y2i) € M; then as in the proof of Theorem 1 the corresponding solution
¥i(z) = (11i(z), Yai(z)) of the system (1) satisfies the relation (z, y1i(z), y2i(z)) € Q
on [z;,b). The remaining part of the proof is analogous to the proof of Theorem 1.

¥ = ¥a(z:) if y2 = ¥o(z)

a
Proof of Theorem 3. The proof is an analogue of the proofs of Theorems 1, 2
and therefore is omitted. a

Remark 1. I Let all conditions of Theorem 2 be fulfilled except the conditions
(5), (6) which are replaced by

D®,(z,Y21(z)) < 0, D®2(z,Y22(z)) >0, z € (a,bd)
and
(6" DV, (z,Y11(z)) < 0, D¥y(z,Y12(z)) >0, =z € (a,b),

respectively, and let Y2i(z), Y1i(z), i = 1, 2 be solutions of the equations (9). Then
the conclusion of Theorem 2 remains valid.
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The proof of this remark follow immediately from the proof of Theorem 2.
II. The conclusion of Theorem 3 also remains valid if in its formulation the condi-
tion (7) is replaced by (6').

3. SOME APPLICATIONS AND COMPARISONS

I. Let the system (1) have the form
¥ = tawi(z, 1),

(1) 2 = twa(z, y2).
Then Theorem 2 may be formulated more precisely as

Theorem 4. Let functions ;(z),¥i(z), i = 1, 2 satisfy the conditions (II),
wi(z,y) € CYG), i = 1, 2 and wi(z,pi(z)) # 0, wa(z,¥i(z)) #0,i =1, 2 on
(a,b). Let

p1(z) < __ i@ <pozx), i=1,2
wa(z, ¥i(z)) ' '

and

pi(z) .
() < m < Yoz), i=1,2

on (a,b). If, moreover,
o e Bi@) | 0 (2, 0i()
NRE T TR G e Te)

+oi(e)wr (2, 9i(e)wa (2, M(z»)] > (-1)'¢{ (@)

and

(-1)} [¢;(z)“5:(za vi(z)) + (#’2(3))2“,;"(’:, Yi(z))

wa(z, ¥i(2)) wa(z, ¥i(z))
+u(ahon(e, w(Non(e, ] > (<1 ¥2)

for i =1, 2 on (a,b) then there is at least one solution y(z) = (y1(z), y2(z)) of the
problem (10), (2) such that (z,y1(z), y2(z)) C Q if z € (a,d).

Proof. Itisenoughtoput fi(z,y,¥) = yawi(z, 1), f2(z, 5, ¥2) = pwa(z, 1)
and verify all assumptions of the first part of Remark 1. In this case

- _ ¥i(=) . _
Y= o n@) b2
and ,
Yz.' = ‘Pi(z) i=12.

wl(zr ‘Pi(z)) '
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II. Linear case. Let the system (1) have the form

¥ = e11(2)y1 + a12(2)yz + wi(z),

(11) ¥z = a21(2)yr + az2(2)y2 + wa(z).

Then Theorems 1, 2 may be formulated as follows:

Theorem 5. Let functions vi(z), %i(z), i = 1, 2 satisfy the conditions (I),
aij(z) € C(a,b),i,j =1, 2 and wi(z) € C(a,d),i=1,2. If

(011(1')%(3) + ay3(2)y2 + wi(z) - ‘P'1 (1‘)) X
(011(3)%(3) + a12(2)yz +wi(z) - %"z(-’”)) <0
for each z € (a,b), y2 € [¥1(z), ¥a2(2)), and
(a21(z)1 + a2a(2)¥1(2) + wa(z) — ¥1(z)) x
: (a21(2)y1 + aza(z)a(z) + wa(z) — ¥h(z)) < 0

for each z € (a,b), y1 € [p1(2), P2(2)] then there is at least one solution y(z) =
(¥1(2), y2(z)) of the problem (11), (2) such that (z,y;(z), y2(z)) C Q on (a, b).

Theorem 6. Let functions ¢i(z), ¥i(2), i = 1, 2 satisfy the conditions (II),
aij(z) € C'(a,b), i,j = 1, 2 and wi(z) € C'(a,b), i = 1, 2. Let a5(z)azn(z) £ 0,

¥1(z) < [a12(2)] " (pl(2) — 1(2)pi(z) — wy(z) < ¥a(z), i=1,2,
1(z) < [aa1(2)] "} (¥i(2) — 922(2)¥i(2) — wa(z)) < pa(z), i=1,2

on (a,b). If, moreover,

(1 [ (828 4 1661+ e2®)) i1+

au(z

+ (a'u(z) - ﬂu(’)% + 612(2)ay) (z) - “11(2)022(3)) wi(z)+

+ui(e) - (B2 an(®) )wr(e) + ara(ehin(z)] > (~1e{ 2

and

(-1)* [(a_;l_gz_) +a(2)+ an(x)) Yi(z)

az (z) )
+ (a'n('-') - an(z):‘—::/g',j +613(%)ay, (z) - 011(3)022(2)) vi(z)

+wi(z) — (:%i% + “1‘(")) wa(z) 4 an(z)wx(z)] > (—1)ipl(z)



for i = 1, 2 on (a,b), then there is at least one solution y(z = (y1(z)), y2(z)) of the
problem (11), (2) such that (z,y1(z), y2(z)) C Q if z € (a,b).

Theorem 5 follows from Theorem 1 if we put f;(z, 1, ¥2) = ai1(z)y1 + aia(z)y2 +
wi(z), i = 1, 2. Theorem 6 follows from the first part of Remark 1 if we put f;, i =1,
2 as above and note that in this case

Y1i(z) = [az1(2)] " (¥i(2) — a22(2)¥i(2) — wa(2)),
Y2i(z) = [812(2)] 1 (#}(z) — a11(2)pi(2) — wi(2))-

Example 1. Let the system (11) have the form

¥, =10(z - 1)y + 1,

12
(12) vh =10z 2y + 1.

Let a=0,b=1and A = B = 0. Then all assumptions of Theorem 6 are fulfilled if
we put p1(z) = —=z, pa(z) = z, ¥1(z) = ¢ — 1 and ¥2(z) = —z + 1. Consequently,
there is at least one solution y(z) = (y1(z), y2(z)) of the problem (12), (2) such that
ln(z)| <z, ly2(z)| < 1 -z if z € (0,1).

Remark 2. The book [7] contains some theorems on existence and uniqueness
of solutions of singular Cauchy-Nicoletti problems for systems of ordinary differen-
tial equations. We note that our results are independent of the above mentioned
theorems. For example, if we apply Theorem 4.1 from [7, Chapter II, §4, pp. 37-38]
to the problem (12), (2), then, moreover, the inequality

(10(z — 1)"2y, + 1) sign y1 < —a(z)|y1| + 9(=, |y, ly2l)

must be valid on the set

{(3:y1,y2)30<‘”< 1) yeRz}

where a(z) € L(0*,17), a(z) > 0 and

(13) sup{|g(, lual, lv2)|: lw1| + |v2] < p} € L(0,1)

for each p € (0,400). In our case these conditions are not fulfilled, because if we put
e.g. a(z) =0 and g(z, |y1], |y2|) = 10(z — 1)~2|yz| + 1, then the condition (13) is not
valid.

Remark 3. Some classes of special singular problems were recently studied in
([16-17]). For example, in [17] the problem

1 = —(n=1)z"ty; + F(ys,2),
(14) !/2 =4,
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(15) yl(o) =0,
y2(R)=-a <0

is considered where n is an integer, n > 2,0 < r < R, F': (—00,0) x (0,00) — (0, 00),
F € C!. The work contains e.g. the following result: Let 0 < d < | < nR™},
0< k <sR~!and 0 < F(y2,2) < (n—Iz)kexp(—Iz) hold for some constants d, I, R,
k, s if ¥1(z) = —a — 8(R — z)exp(—dz) < y2 < ¥2(z) = —a and 0 < z < R. Then
the problem (14), (15) has a one-parametric family of solutions y(z) = (y1(z), y2(z)),
which satisfy the inequalities p1(z) = 0 < y1(z) < p2(z) = kzexp(—lz), ¥1(z) <
y2(z) < ¢2(z) on (0, R).

We note that our problem (1), (2) is more general than the one given above.
Theorem 1 (if we put fi = —(n — 1)z~ 'y; + F(y2,2), f2 = 2,6 = 0, b = R,
A =0, B =—aand pi(z), ¥i(z), i = 1, 2 as above) yields that there is at least
one solution of the problem (14), (15) with the properties mentioned above. We
remark that the above conclusion about the existence of a one-parametric family of
such solutions is not correct in the case of IR = 2, n > 2, F(y2, ) = € =const and
0 < € < (n — 2)kexp(—2). Then the general solution of the system (14) has the
form y1(z) = Mz!~" +en~1z, yo(z) = M(2 — n)~ 122" + ¢(2n)"'2%2 + N where
M, N are arbitrary constants, but only one solution, corresponding to M = 0 and
N = —eR?*(2n)~! — q, satisfies the conditions (15).
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Souhrn

SINGULARN{ CAUCHY-NICOLETTIHO ULOHA PRO SYSTEM DVOU
OBYCEJNYCH DIFERENCIALNICH ROVNIC

Joser DBLik

V prici je studoviana singuldrni Cauchy-Nicolettiho iloha pro systém dvou obycejnych

diferencidlnich rovnic. Jsou dokiziny nové postaéujici podminky rfesitelnosti této dlohy.
V diikazech je aplikovdna topologickd metoda. V prici je také provedeno porovnani se
zndmymi vysledky.

Author’s address: Katedra matematiky FE VUT, Kravi hora 21 (XV), 602 00 Brno.
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