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Dedicated to Professor- Alois Kufner on the occasion of his 65th birthday
Abstract. Pointwise interpolation inequalities, in particular,
[Zxu(@)] < e (Ma(@) ™ (MTmu(e) ™,k <m,
and
/()] € eMICTE@NRH R (@) TR b < Rz ReC<m,

where 'V is the gradient of order-k, M is the Hardy-Littlewood maximal operator, and
1. is the Riesz potential of order z, are proved. Applications to the theory of multipliers
in pairs of Sobolev: spaces ‘are given. In.particular, the maximal ‘algebra in the multiplier
space M (Wi (R™) — WH(R™)) is described.

Keywords: Landau inequality, interpolation inequalities, Hardy-Littlewood maximal op-
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1. INTRODUCTION

It is well known that an:arbitrary function on.the real line R with Lipschitz
derivative v’ satisfies

0] I (2)[* < 2sup|ulsup |u],
where 2 is the best possible constant (Landau {1]). For the history of this estimate as

well as of its-analogs and generalizations one can consult, for example, Section 13.5
of our book {2].
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In the present paper we are interested in purely pointwise modifications of (1),
where both factors in the right-hand side are functions of . It is trivial, of course,
that the second sign of supremum cannot be removed. :Moreover, {1) is no longer
valid without the first supremum if f-has a simple zero at a point.

However, under the additional assumption of non-negativity of u one obtains the
following stronger variant of (1)

(2) ' (@)[* < 2u(z) sup Ju|
for all.x € R (early applications and generalizations of this inequality can be found
in [3] and.[4]). Indeed, for any i€ R we have

0L u(z+t) = uz)+tu'(z) + /L (W + 1) = (x)) dr.
0

Therefore, the trinomial u(z) + tu'(z) + 3¢*sup |u”}| is non-negative and the non-
positivity of its discriminant is equivalent 0 (2).

Kufner and Maz'ya [5] gave generalizations of (2), and showed, in particular, that
it can be easily improved as

P < 2u(z)Mau” (),

® w'(z)

where the sign + or —is taken if u'(z) < 0.ora/(z) 2 0, respectively, and M, M-
are the Hardy-Littlewood right and left maximal operators:

1opet
Mip(z) = Sup—/ le()] dy,
>0 ToJg
1
Mog(e) = sup = [ fetw) dy.
720 T Jpur

We claim that any complex -valued function on R with -absolutely continuous first
derivative is subject to the inequality

) Ju'(2)]? < 8BMu(z) Mu”(z),
where M is the Hardy-Littlewood ‘operator
1 et
Mop(e) = Supmf le(y)| dy.
>0 2T Sy r

Moreover, (4)" can be improved as

() ' ()] < BMPu(z) Mu'(z),
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where
(6) Mlu(z) = Sl;]; 5}; l/ ‘ sign {z —y)u(y) dy’ .

In fact, the following identity is readily checked by integration by parts

1t 107t 2
(") w(0)= = | signyuly)dy -3 / (1 = Iﬂl) signy u”(y) dy
2, 2./, [
where ¢ >0. (We'replace z by 0 to simplify the notation.) Hence
['(0)] € 2M°u(0) + tMu(0),

which is equivalent to (5).
Another direct consequence of (7). is the inequality

[w'(@)* < S M2u(z) sup Ju”).

The constant. —% in this inequality (and even in the weaker one with M® replaced
by--M) is best possible. In fact, one can easily check that the odd function ug given
by

#(2=z) for 0<z<$;
. 3)2
ug(z) = E—S—L for $<w<3,
0 for~x>23

satisfies
4o(0):= 2, M°uo(0) = Mue(0) = §, suplug|=2.

As Kufner and ‘Maz'ya noticed in-[5], a simple change in the above.argument
leading t0.:(2) results in the following generalization of (2) with the best possible
constant

®) @) < (a—}l)“u(z)“ sup E—u—,%llf—:l—:;@ﬂ,

where u(z) 2 0and 0 < o < 1.
One can arrive at an analogue of {8) for arbitrary complex valued functions, where
the role of Holder’s seminorm is played by the function

o) ~w )l

Dpmti(a) = ( oz _ylp(Mﬂ)ﬂ

1/p
dy> , me(L,2), pell o],
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This - function is important because its Lp-norm is a seminorm in the fractional
Sobolev space W, (R).
We note that

1 t 1 t
O wO= [ seyumdse g [ €-b) 00 -v) b

By Holder’s inequality, the absolute value of the second term on the right-hand side
is dominated by
=1 (2B (gm, g + 1)) Dy, mu(0),

where m € (1,2), p~'+ ¢~} =1 and B is Euler’s Beta-function. This along with
(9) implies

[t (0)} < 267 MPu(0) + 772 (2B(gm, ¢ + 1)) /2D, (0).

Minimizing the right-hand side we conclude that the inequality

zml)m—l (2B(gm, ¢ + )Y MOu(@)" " Dy ()

oy
(10) )" <m(==
is.valid for almost all.z € R. In particular, for p=ocand m = a+1,0<a <1, we
have the following analogue of (8):

20+1 (a+1 u'(z)]
i ase'l

) WEI < TS () e s O

o

The constant factor in this inequality (and even in the weaker one with M? replaced
by-M) is best possible as can be checked by the odd function u. given for 2 0 by

(a+ 1)z~ 2ot for 0 z < (2E2)e,
(@) = { 28522 e~z et for (8R2)/e Lo <22,
0 for z > 2(%52)1/e,

In the sequel we prove n-dimensional generalizations. of the above interpolation
inequalities. and give applications to the theory of pointwise multipliers in pairs. of
Sobolev spaces.
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2. MULTIDIMENSIONAL VARIANTS OF INEQUALITY (4)

Let.u be a function on R™ ‘such that its distributional derivatives of order m.are
locally-summable. By V,,u we mean the gradient of u of order m, i.e.

Vit ={8%0. 8% u}, on 4. +an=m,
where 9, is a partial derivative. The Euclidean length of V,,u will be denoted by

|V mul and we write 9 or V instead of V.
Let M be the Hardy-Littlewood maximal operator over centered ‘balls defined by

Mep(z) = sup(meas, B,) " / Lol dy,
>0 B.(z)

where ¢ is a scalar or vector-valued function in B™, B, (z) = {y € R*: Jy =z} < r}
and B, = B,(0).
Our-goal is to prove the following generalization of inequality (4).

Theorem 1. Let k, I'and m be integers, 0. < 1'< k- < m. Then there exists a
positive constant ¢ = c(k,l,m,n) such that

(12) IViu(@)] € ¢(MY (@) 5= (MY ()=

for-almost all'w.€ R™.

Proof. Clearly, it suffices to prove (12) for {'= 0 when it becomes
(13) [Vule)] < e (Mul@) 5 (MY, ule) ™ .

Let i be a function in the ball By with Lipschitz derivatives of order m — 2 ‘which
vanishes.on 9B together with all these derivatives. Also let

/B‘ n(y)dy=1.

‘We shall use the Sobolev integral representation:

vy =3 r"/y £:ﬂy!—)pa"u(y)q(%)dy

18] <k

+ ) m—k) YD /B gawy) /1

yl/tn(gﬁ)gnhl dg-gl

e
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(see [7], Section 1.5.1).
By setting here v'= 87u with an arbitrary multiindex v of order k and integrating
by parts in the first integral, we arrive at the identity

(14) Fu(0) = (1) /B O ;%BﬁJF’(yﬁ”(%))d”

|Bl<m—k
+ 3 (‘1)’"';‘("1*16)/ L gerru(y) [ n(g Y )e"“ oY
| =m—k B, 0! foize Nyl lypm
Hence
. d
a9 VO sar [ uwlata [ 1T —S
B B lyl

If m =k = n, the secondintegral does not-exceed
e O
B,

In the case m — k < n the second integral in*(15) equals

dr

t
oten [ V@)l dy+ (= m ot [ = [ 9t .
Therefore
dy n Tk = /
16 Vint e e TR g * Vo dy.
(16) /B‘x W e € ™ supr™ [ (Vo) d
Thus, forany:t.>0,
an [V42(0)] < est™* Mu(0) + cat™F MV mu(0)

which implies:(13). The result follows. u]

Remark 1. The above proof enables one to improve (13) replacing M by the
maximal operator

SUP e w(y)H, (17 (g ~ ) dy|.
W e Lt )y

Here {H,},,,_, is a collection of bounded measurable functions such that, for all
multiindices a of order {of < &,

/B Y H, (y) dy = 87,

where 07 is Kronecker’s symbol.
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Remark 2.:Onecan specify the constants ¢z and ¢4 in'{17) but we do not dwell
upon this being unaware if the values obtained are best possible. In the special case
k=1, =2 a direct generalization of (5) is proved as follows. First, (14) becomes

e s o)

- Pu(y) /‘°° Y\ amr g dy
- 1 )" do— .
;L Yi Byidy; M/z"(glyl)g 1l

We choose

nt1

(18) ny) = e Br

(A =lul, -

Then .
= + Y
PO L L
va) < ¢ AL \ [ oo

1 dy
e W OR YL
meas,_1-0B1 -/;‘l 2wyl ly* ™

By (16) the second term on the right is not_greater than tAMVou(0). Therefore
|Vu(0)] € BFEMOu(0) + tMV2u(0),

where M? is.a multidimensional generalization of (6):

(19) MCu(z) =sup / u(y)—ﬁr— dy|.
Bi(e) Y=l

1
10 1meas, By

Finally,
V() < 4(n + 1) Mu(e) MYsu(z)

for-almost all z € R™,

Remark 3. 'Suppose that instead of M we use the modified maximal operator
M; given by

Maple) = sup (measa B [ o)l dy.

sup
0<r<s
Then the proof of Theorem 1 (with small changes) leads to the following alternatives:
either
Msu(z) < £ MV mu(z)

and
IViu(@)| < o (Msu(z)) ™™ (MsVnu(z)™
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or
Mau(z) 2 B=E6™ MV u(z)

and
|Veu(z)| < e6™F Msu().

As a consequence, the local variant of (13)

kfm

IViu(@)] € e {67 Msu(@) + Mg Vmu(z)) " (Msu()) 7/

is valid with ¢ independent. of 4. A similar remark can be made concerning Theo-
rems 2-4 in the next sections.

Remark 4. Estimate {13) leads directly to the Gagliardo-Nirenberg ([8], [9])
inequality

(0) (95 B2, < s RP ™ | T s RO,
where 1. < ¢ < 00,1 <p < o0and
3 k.
TEab -1

Indeed, by (13) the left-hand side of (20) does.not exceed

e
¢ ( / (Mule)) ™) (MY () dz)
o
which by Holder’s inequality is majorized by
e M R MV s B3

and it remains to referto the boundedness of the operator M in L, (R™), 1'< 0 < cc.
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3. INTERPOLATION INEQUALITY: FOR THE RIESZ POTENTIALS

If.m is even and u-is the Riesz potential of order m with non-negative density,
then the estimate

K/
21) Veu@)] € ¢ Mu@)! 4 (MA™ () "
which is stronger than ' (2), follows directly from Hedberg’s inequality
(22) If(@) € e (I f @) (Mf @),

where 0 <t <7 <n, fis a non-negative locally summable function, and the Riesz
potential is defined by

(23) Lifl)=¢ / R ACIRY

o Ty = ol

(see [10].or [6], Proposition 3.1.2(b)). The constant c:in (23) is chosen in such a way
that I, = (=A)7"% i.e.

1=
Lj(x) = F | P f(2),
where Fis the Fourier transform in R™.
However, in our case u is not a potential with non-negative density and we cannot

referto (22). Nevertheless, (21) is a direct corollary of the following assertion which
seems to be of independent interest.

Theorem 2. Let z and ¢ be complex numbers subject to
0<Rez<Re(<n
and let I, f denote the Riesz potential of order z defined by (23) where t = z and f
is-a complex valued function in L, (R™) with compact support.  Then there exists a
constant ¢ independent of f such that
(24) (@) < e(MUI f())Re 2/ BeC (M () TRe#/ 2o

for almost all z € R™.

Proof. “Denote by-x a function in the Schwartz space S such that F’x = lin a
neighbourhood of the origin. From the identity

6177 = [P PO + 1651 ~ Fx(€), €€ R,
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it follows that
(25) Lf(0) =PI f(0) +0+ f(0),

where # stands for the convolution and

P(z) = a1 F (1€ =7 Fx (),
Q) = e FL, (1672 (1 = Fx(9):

Let m be a positive integer such that
0<2m—Re(+Rer<2:

In the casen 2 2 we have

Am / .‘ x(y) dy

[z = yremii=z < effal + 1) RedRes

[P(z)| =

Analogously, for n =1 we obtain

-yxly)dy

P@)] = |0 o T — |tz Selz] + 1) T ReCRe 2,
Hence
. I 4
1A Icf((])' s cw/!R" Miﬂef*liez
26 0 q
- - C/o /B Vet Wy e

<eMIf(0).
The function |€|77(1 —~ Fn(€)).is:smooth which implies
@7 QW) < eM)ly|="
for |y| =1 and for sufficiently large N. If Jy| < 1 we have
Q@) < clyl =% +{Lx(y)|
and since the second term on the right is béunded,
(28) Q)] < eyl R
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for {y} < 1. Using (27) and (28) we arrive at
1f)ldy [ w)ldy
1Q* F(0)] < c(/ T +/M<1 ly!"*"") < eMF(0).

yl>1 ly""“

Combining this inequality-with (26) we obtain from (25) that
11 £(0)] € e(MIcf(0) + M[(0)).
Now the dilation y —» y/r with an arbitrary positive 7 implies
H-7(0)] Sl 2TREMIf(0) +r70 2 MF(0)
and it remains to minimize the right-hand side with respect to 7. n]

The following analogue of the inequality (20) can be easily obtained from (24).

Corollary 1. Let'1 < ¢ < 00,1 <p< 00, and
I Renyl Rest
s Re(/p Re(g’
Then
(29) WL £ R, < el fi RS RSy e R 0o,
Proof. By (24), the left-hand side in-(29) does not exceed
sRez/Reg s(1—Rez/Re
/ra (MIf(@) ™R (M) VTR P g
which by Holder’s inequality is majorized by
| MILF; R,L”E’f;/ﬂ«”Mﬂ Rn“}u;p.ez/aeg

It. remains to refer to the boundednesss of the operator M in L, (R™) for 1 < o < oo,
]

Remark 5. Note that Hedberg’s inequality (22) with f 2 0 follows from (24)

since, obviously,
rf(y)dy
I dy < / — e
/B,. +fly)dy<e T

and hence
(30) MIf(x) < el f(z) ae.

if f is non-negative. Moreover, the proof of Corollary 1, along with (30), gives
inequality (29) with real z,{ and with non-negative f also for ¢ € (0,1].(This is an
alternative proof of the corresponding inequality in Theorem 3.1.6 of [6].)
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4. MULTIDIMENSIONAL VARIANTS OF INEQUALITY (10)

Letm be a fractional number with [m] and {m} denoting its integer and fractional
parts. We introduce the function

i/p
(D,,,mu)(a-):(fk i) = Tl e =y~ ay)

Theorem 3. Let -k, 1 be integers and let m be fractional, 0 <1 < k-<'m. Then
there exists a positive constant ¢ =.¢c(k,l,m,n) such that

@y IVeu(z)| < MVu(@) 5 [y mule)] 1
for almost all x € R™.

Proof: It suffices to prove inequality (31) for [ =0 and 'z = 0, By (14) we have
(62 9] <o Mu) + 7 T

|V mguy) = Vimpu(0)] )
+of e dy ).
B, ] [mi+k

Holder’s inequality implies

33) /B |V mjuy) = Vymju(©)|

ly[“ﬂlm] s dy € et™ 7 D, mul(0).

Using -the -function 7, introduced in ‘the proof of Theorem ‘1, we obtain for any
multiindex 7 of order [m]

6 w0 =t () e aren] oY) -0 a.

Hence
(35) |V impu(0)] < 27771 1 / 4(y) (Vi) (g) dv\
|/B, t
. /g
([ G ey) Dpmu0),
By

where p71 + ¢! = 1..Combining (32}, (33) and (35) we arrive at

[Vxu(0)] € ¢ (tFMu(0) + 474Dy nu(0)) .

‘The minimization of the right-hand side in ¢ completes the proof. m]
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Remark 6. The same argument as in Remark 4 applied to (31) gives the
inequality

Ik B2, e s REL ™ D R
where m is fractional;, £ < m, 1 < p < oo, and g, s are the same as in Remark 4,

Remark 7: By(35), inequality (10).can be easily extended to the n-dimensional
case. Indeed, let m € (1,2).-Then, inserting the function (18) into (35) we arrive at

Sy
L L dy|

n+1 s g Ve
s ( =tz dy) Dyomiu(0)

n+1
meas, By

|Vu(0)] <7t

which implies

[Vu(0)] < £ (n +1) M®u(0)
t7Yn +1)nl/e

7 (Blgfm+n —1),¢ + 1)1 Dy mu(0)

(meas, B1)

with ' M?® given by (19).  The minimization of ‘the right-hand ‘side results in the
inequality

(n+ )™ m™ (Bg(m +n—1),q+ 1PV :
tm = D)1 (e B])I/P (MPu(2))" " Dymu(z)

[Vu(@)|™ <

containing (10) as a special case. In particular for p= o0, m=a+1,0 <a <1, we
have

n(n+1)% (o + 1)ett

[Vu(y) —Vu(z)|
(n+a)(n+o+1)as e

[Vu(z)|*T < M2u(z))® suj -
[Vu()] (Mu(=)) u poaf

which is.a multidimensional generalization of (11).
We conclude this section with two inequalities of the same nature as:(31).
Theorem 4.
(i) Let k, m_be integers, and let | ‘be noninteger, 0.< 1< k < m.. Then there exists
a positive constant ¢ = c(k,l,m,n) such that
ok ket
(36) |Viu()] € ¢ (Dpyu(®)) =T (MVpu(x)) =T
for-almost all z € R™,
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(it) Let k be integer and let |, m be noninteger, 0 < | < k <. Then there exists a
positive constant ¢ = ¢(k,1,m,n) such that

(37) [Viu(@)] < e (Dpru(a)) = (D mule)) =1

for almost all z € R™.

Proof. It is sufficient to take [ € (0,1) and z = 0.
(i) Since the function 87+ (y’n(y)) in (14) is orthogonal to 1 in Ly (B1), it follows
from (14) that

@) V@ <e( [, 1) - u ay + ot ).

o |y{n—m+k
By Holder’s inequality, applied to the first integral and by (16) we have
[Vxu(0)] < e (174D (0) + 77 F MV, (2))..

The result follows.
(i) By (38) with m replaced by [m]

[Vu(0)] < c(t’"kDp,(u(O) Pk [91,00)| +

|V impu(y) = Vimju(0)] d )
B vl

ik
By. (33) the third term in the right-hand side does not exceed
t™ 5D, mu(0).
Now we note that (35) implies
[V(mpu(0)] < (=D, 1u(0) + 173D, 1u(0)).

Hence
|Viu(0)] < ¢ (75 Dpuu(0) + t™FD, u(0)) -

The result follows. 0
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5. APPLICATIONS TO: THE THEORY OF ‘MULTIPLIERS IN SOBOLEV. SPACES

5.1. The maximal algebra in M (W (R*) — W} (R™)).

Let.  and 1 be integers, m > [, and let. M (W," (R™) = WE(R")) denote the
space of pointwise multipliers acting from W™ (R™) to W2 (R™) (see {11]). Analytical
descriptions of M (W™ (R™) — W/ (R™)) as well as separate necessary and sufficient,
conditions for the membership in’this. multiplier space can be found in [11]. We
characterize the maximal algebra in: M{W;™(R") = W} (R")) by using inequality
(13).

Theorem 5. The maximal Banach algebra:in A/I(VV;" (R?) — W,‘, (R™), m 21,
1<p<oo,is jsomorpbig to the space

(39) MW (RY) = WL(R™) 1 Loo (R?)

Remark 8. In the case m = I the statement of Theorem. 5 is trivial since
the multiplier space M (W (R™) — W} (R")) is an algebra and is embedded into
Loo (R™):

Proof of Theorem 5. Let Abeasubalgebra of M{W™ (R").— WE(RY)).
Then, for any N'=1,2,... and for any v € 4, u € W, (R?),

Il < el < N Il lulif

(Here and elsewhere in the present section we omit R™ in the notations of norms.)
Passing to the limit as N~ oo -we obtain ¥ € L (R™). Hence 4 is a part of the
intersection (39).

Let 71, 72 belong to (39). Then, for any u.€ W (R™),

@ IVl < eIl 19Ol

i
vl S Ve,
h=
-1 {~h !
+ 3 S NYrn Vel Vi hepul Hz,,,)-

h=1k=1

The first term in the right-hand side is majorized by

C“')’l”z,w oA MWy —wh) ”uuw;;- :
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Before estimating the second term we note that if I' € ‘M (W (R") — W, (R™))
then, for'any h=0,...,1,

Vil € M{W™ (R?) - Wimh (R™) € M{W ™R (RY) — L, (RY)
and the estimate

(41) IV, Mwpmt o) S C||F§IM(W;‘,._,W1{)

holds (see {11}, Section 1.3).- Therefore, the second term in the right-hand side of
(30) is not greater than

clll Mg sy el

To estimate the remaining terms in the right-hand side of (40) we need the in-
equality

3 h
[VAD(@)] < elITIET (MVnaiD () 57
stemming from (13). Hence
¥RVl Ve gl
& n .
<l IEF I (MY i) T (MY ni02) 590l

K
Tk

< A Il T M0Vl M0 Vi |
By Verbitsky’s theorem (see {12], Lemma 3.1)
(42) “MFHM(W,»;—;L,,) < C"mlm(w;,.w,,)
which along with (41) implies

VAVl Vi n-rul | L

. u i
< cll“nliff!lwlli‘IHV;LH%HV:Y-HHI{

R
TN 19 ntk2l | Vichorl | T

< el Il o 5oy 102wy Il

The proof is complete. o
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From Theorem 5-and the description of M (W, (R") — W) (R™)) obtained in [11,
Chapter 1] we arrive at

Corollary 2. The maximal algebra in M (W (R") — W/} (R™)), m > [, consists
of y. € Wi (R™) with the finite norm

pioc
[IViysell,
(43) sup e eyl
¢CR? diam(e)<1 (cap (c,W,;ﬂ))

where e is.a compact set and cap ((:, W;”) is the capacity of e generated by the norm
in Wi (R™), ie.

cap(e, W) = inf {lullfy,. v € C°(R™), u>1one}.

In the case mp > n the norm (43) can be simplified as

sup IV, Bi@)ly, + il o
TER™

which also follows from the fact that the norm in M (W™ (R™) — Wi (R")) is equiv-
alent to the norm

sup [l; Br (o)l

z€R? 2

in the case mp > n ([11, Chapter 1}).

5.2. Estimate for the norm in M(W;(R") — Wi(R™)).
According to Theorem 1.3.2/1[11], the equivalence relation
s wry ~ IV w2y w1

holds: with mp < n'and m 2. I. The proof of the upper estimate for:the norm in
MW (RY) - WE(R™)) given in [11] is based on the complex interpolation. The
inequality (13) ‘enables one_to. arrive at-the same result in a different way. The

argument is as-follows.
Let v € M(W;"7H(R™) = Ly(R")) and Viy € M(W*(R") = Ly(R™)). For any
u € CP(R™)
t
Ity < e I1erVecsall, + s, ).

k=0
By (13) and the Holder inequality-we have for k=1,...,1—1
) NVerVipull], < el (M) = MTH (M) MT) =4,
44 *

< e (MNMT)I M (M) 15
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Clearly,
Vil € elna|Vinul, - Jul < €| Vimyl.

Hence,
MViu L el i MVapu,” Mu € cln MV u.

This -along with (42) leads to

NMNMY L, < clirlmwpw HEm MYy
< C”'Y”M(W,:’h’.w,,)||MVmUHL,,

and similarly,

M ML, < Vil owy Hm MY mullwe
<

Vil 1, 1MV mullz, .
The result follows from (44) and the boundedness of the operator M in L,(R™).
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