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Abstract. We give a definition of uniform PU-integrability for a sec of p-measurable
real functions defined on'an abstract  metric space and prove that it is not equivalent to the
uniform p-integrability.
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INTRODUCTION

In [4] we gave the definition of PU-integral on a suitable abstract metric measure
space X and proved that this integral is equivalent to the y-integral. Moreover, we
gave an example of a non euclidean space verifying the previous results. In this
paper, we give the definition of uniform PU-integrability for a sequence {fn}. of
real functions on ‘X and prove that this concept is not equivalent to the uniform
p-integrability. ~Then, given a real function f on X, a suitable sequence {f.}n
converging to f is defined and some conditions on f are given for {f,}n to be
uniform PU-integrable.

PRELIMINARIES

In this paper X denotes a compact metric space, M a o-algebra of subsets of X'
such that each open set is in M, p a non-atomic, finite, Radon measure on. M such
that

(i) -each ball U(z,r). centered at z ‘with radius r has a positive measure,
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(i) for every z in X there is a number h(z) € R such that p(Ulz,2r]) < h(z) x
U]z, 7]) for all r > 0 (where Ulz,r]) is the closed ball),
(i) w(0U(z,r)) =0 where 8U(z,7) is the boundary of U(z,r).
We introduce the following basic concepts.
Definition 1. A partition of unity (PU-partition) in X is, by definition, a finite
collection P = {(6;,2;)}7-, where z; € X and 8; are non negative, g-measurable and

P
s-integrable real functions on X such that > 6;(2) =1 ae in X,
= & =1
Definition 2. = Let 6 be a positive function on X" A PU-partitionis said to be
O-fine if Sp, = {z € X: 0:(z) #0} C Uz, 0(z:)), 1= 1,2,... . p.

Definition 3. A real function f on X is said to be PU-integrable on X if
there exists a real number I with the pmperty that, for every given £ > 0, there is a
positive function 6: X -— R such that | }: Fw) -« [x 0sdu — I |< € for each d-fine
PU-partition P = {(0;,z:)}_,. The number I is called the PU-integral of f and we
write I =(PU).fy f

Definition 4. A sequence {f,.}, of PU-integrable functions is uniformly PU-
integrable on X if for each € > 0 there exists a positive function 6 on X such that

[an(wi)/xeidu-(m)/)(fn Z:

for all n, whenever P = {(6;,x:)}: is a d-fine PU-partition in X.

Definition 5. A sequence {fn}n of real functions on X is a 6-Cauchy sequence
if for each £ > 0 there exist a positive function § on X and a positive integer 7 such

that
t;fn(xi)/;((%dy—;fm(zi)/xﬁdu

for all m,n 2 7 and for each é-fine PU-partition P = {(6;,2:)};.

<&

Definition 6. A sequence {fn}, of u-integrable functions is uniformly -
integrable on X if for each e > 0 there exists a positive integer k such that
/ |faldu<e
Ak

forall n, where A7 = {z € X [f.(z)] > k}.
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Definition 7. A real function f has small Riemann tails (sRt) if for each e > 0
there exist a positive integer 71 and a positive function ¢ .on' X such that

lzifm,.(wi)/xeidu; o

for all'n' > 7 whenever P = {(0;,2:)}: is a é-fine PU-partition in X, 4, = {z € X
|f(z)] >n} and xa, is the characteristic function of A4,.

Definition 8. = A function f has really small Riemann tails (rsRt) if for each
£ > 0:there exist a positive integer n* and a positive function §.on'X such that

) /. eidu} <c

whenever P = {(0;,2:)}; is an A, d-fine family, eg. Sp, € U(z1,0(2:)), 3 0:(e) <1
ae in X and m; € A, 1

We observe that if f has rsRt then f has sRt but the converse is not usually true.

Parr 1
Proposition 1. Let {f,} be a sequence of real functions defined on X such that
(i) fn is PU-integrable on X for all n;
(i) {fu(z)}, converges pointwise to f(z) on X,

(i) {fn}n is uniformly PU-integrable on X,
then f is PU-integrable on X and

PU) f f=lim (PU) / fo
x n x

Proof. Lete > 0, there exists a positive function ¢ on X such that
B 3

> hled [ n-ev) [ 5,
i=1 x X

for all n, where P = {(#;,21)}2., is a fixed d-fine partition and by (if), there exists
a positive integer n* such that

gm;) [ s Zl ol [ géd#l .

=

==
3

el

for all m;n .z n*.
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Consider

}(PU)/Xfw(PU)/Xfmf
< [(PU) I fn-gfnu:-) /. ezdu[

+ S e [ au=3 e [ ot

i=1

+:Zp;‘fm($ﬁ) [ eiau=e0) [ g
£

forallm,n > n*.
So the sequence {(PU) [y fn}n is a Cauchy sequence and let a be its limit. For
each € > O there is a positive function § on X such that

lzi:fn(xi)/)gai”(PU)A‘fn!<§

for all n, whenever P = {(6;,,)} is a d-fine PU-partition, and there is a positive
integer 7 such that

’(PU)/anva <§

and

;,Zf(wi)/xeidp"zi:f”(wi)/Xgid#I<§7

foralln > 7.
Hence

Z:f(“?i)/xé’z‘d#wa
;f(xz)/xﬂidu~;fn(x,-)/x9idﬂ[
+lzi:fn(xi)/xﬁidu~(PU)/xfn *’(PU)/an-a

So f is PU-integrable and ¢ is its PU-integral. 0

<

<e.
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Note 1. We observe that this theorem is not equivalent to the generalized Vitali
convergence theorem: In fact, if we consider the sequence {fn}» s0 defined f.(z) =0
if 2 €(0,1) and fo(z) = 2n if & = 0, it is easy to verify that it is uniformly 4~
integrable but it is not uniformly PU-integrable.

Proposition 2. " Let {fn}n be a sequence of PU-integrable functions. Then
{fn}n is a 6-Cauchy sequence iff { f»}n is uniformly PU-integrable and the sequence
{(PU) [y fuln converges.

Proof. ' If the sequence {fn}n is uniformly PU-integrable and the sequence
{(PU) [5 fa}n converges, for & > 0 there are a positive function 6 on X and a
 positive integer 7 s.t. for each m,n >0

}(PU)/)(fﬂ—(PU>/)(fm[<§,

and for each §:fine partition P.= {(6:,7:)}; we have

‘(PU) fx fn'zi:fn(x,-) /X eid”l <

~and
I(PU) /X fm = ;fm(mi)/;{gidﬂi < %
Hence '

<€

lme(z,») / Oidpe = 5" fulzs) / 8:dp
i X B X
for all m,n > 7 and for each d-fine partition P.

Now, suppose that {f,}n is a 6-Cauchy sequence.

Let e > 0, there exist a positive integer 72 and a positive function don X st for
each §-fine partition P'= {(6;;3;)}; and for m;n 2 7, we have

I(PU) | e =T tuted [ i
o) / fom T Al [ 0wl <

<

Lol m

Ll

and

1me(wi)/x0idu—— z_fnm)/xoidu] <f



For a fixed 8-fine partition P = {(8},2}) }i; consider

l(PU) [0 [ fm]
< ’(PU) /X = o) /X G;d,ul

+](PU) /X fo= Y 1ale) /X 9§du]
+’me(w;-) fx O = 3 1ol /X Oy

for allm, n > 71. So it follows that the sequence {(PU) [ f,}, is a Cauchy sequence.
Now, for e > 0, for each n there is a positive function ¢, on X s.t.

(PU)/X I = Zi:fn(xi)/xﬂdu[ <e

whenever P = {(;,z;)}; is a §,-fine partition;
Set 8o =min {J1;05,... ;85 1}, then the condition (%) is true for 1.< n < (A~ 1),

<€

Q)

whenever: P is a p-fine partition, Choose an'integer nq > 7 s.t.
®0 [ =00 [ gl <5
e X
for all m, n > np. Set 5= min{& Ono } for-each n > no, we have
PU/ o ‘nﬂ/&d’
o) [ s 5 fuw) [ 0
< IZ]’M (z:) /;(9;0!;; = an(mi] /X B:dp
1
+]<PU) [ o= tuaten [

+)(PU)/an~(PU)/an0 <

whenever P = {(8;,%:)}: is a & -fine partition.
Hence, set 6 = min{di, %}, the relation (¥) is true for each n; whenever P is a
5|

d+fine partition.
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PART I1

Let f be a p-measurable function on X if {F,.}n is the sequence defined so that

fz) if|f(@)] < n,

fn(jc) = {0 @) o

then the following propositions hold:

Proposition 3. The sequence {f,}. is uniformly PU-integrable iff f has small
Riemann tails.

Proof.  We observe that the functions f, are u-integrable and by [4] they
are PU-integrable. So, if {f,}. is uniformly PU-integrable, by Proposition 1, f is
PU-integrable and

®u) /x /= lim(PU) /X 7o

Fixed € >0, there exists a positive function §on X s:t.
U - : . £
[ [ 1= 5 [ o] <

and
[(PU) / o T 0w [ s

for each n, whenever P = {(8;,£:)}: is a 6-fine PU-partition in X.

Choose 7i's.t.
1<PU) |5-ev) I

for each'n > 7, and let Py= {(#5:20)}:i be a 6-fine PU-partition in X; for n' > 7
consider

zfx,«,;(x’ij /X 0;@1
= ]Zf(m:-)/x%’-du*;fﬁ(xg)/xg;dul
< t@U)L#};f(x;)Le;duEnu (PU) /X ,?m;f,,(mg)fxagdﬂ.
+lew [ 700 [ 1<

thus f has small Riemann tails.

<£
3

<E
3
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Now, suppose that f has sRt, then the sequence {(PU) [, f,} is a Cauchy se-
quence, In fact, fixed € > 0, there exists a positive integer 7 s.t. for m,n 2> 7i there
is a positive function ¢ on X with the property that if P = {(6;,2:)}: is a d-fine
PU-partition in X, we have

|(PU) [r-en ] 7’"‘
s}(PU) I/ 1T he) I eidu]+[(PU) l Fo= S Tnled [ o
+ ]Zi:f(xi) L A= 1) | Gfdul
+‘§f<m) /. o= 3T /. eidu.]
~|ew [, Fum E5e [ oo+ |ow [ T~ T oo ! Bidu‘
+];fXA,.(wi)/Xf’idul+l;fXA,.L(ﬂ?i)/X9idu

<.€_
4

forall m,n >
Let £ > 0, there exist np and a positive function d; on X s.t.

D

for-each n = no, whenever P is 3 ¢;-fine PU-partition in X
Choose ny > max{i, no} sit. :

](PU) [r-en;,

for-each m,n > n1, and choose § < 8; s.t.

< £
4

](PU) /X Fo S0 L 9ia4<§

for 1 < n < m, whenever P = {(6:,2:)}: is a d-fine PU-partition.

84



Moreover, for ach -fine PU-partition P = {(8)}: and for.n >, we have
€0 [ 7= [ 0
sigﬂxi) /. Oudi = S Toler) [ o
| stw [ o= 310 [ 0
e [ 70 - T [ oau| +|e0) [ 7.~ V) [ 7.,
= ];m,,(xi) /X aidﬂ"?]ZfXA,.,(@'i) Lo
®v) | 7n,~§:fn,(;i> [+ |e0) [ 7.~ 00 [ 7.,

1tatatiTo

+

which proves the uniform PU-convergence of the sequence {f,}.. : w0

Proposition 4. f has really small Riemann tails iff the sequence {F,}, is
uniformly p-integrable.

Proof. Set A, = {z € X: |f(x)| > n}, we observe that [f]. ':-_])A‘nl and if the
sequence {f,,}, is uniformly p-integrable then so is the sequence {{fa}n.
By the generalized Vitali theorem, it follows that

tm [ (7, = [ 1/1dn

and
tim [ {fxadi=tim [ (1] [F)dn =0.
X ndx
Thus, for each & > 0 there exists a positive integer 7 s.t. for each n > 7 we have
£

/X Iflxa.dp< 3

and there exists a positive function § on X' s:t.

;!ffXA,1(Ii)/)(éidit;_/)rIf]XAﬂdp,i <§
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whenever P = {(6:,7:)}: is a d-fine PU-partition in X
We have

> ifbeasten) [ o

<| it [ oaan— [ ]leA,;dﬂj + [ st
i X X X
£ %
<f+i-c

whenever P is a d-fine partition:
Suppose that Py = {(60},21)}; is an A 6-fine family [see Definition 8], then it can
be extended to a d-fine partition P = {(#;,2:)}; in X and we have

i;ms [ sl < il [ o
< ; |flxas (@) /}; fBidp <e.

Hence f has rsRt.

Now, suppose that f has rsRt, then f has sRt and by the previous Proposition 3
the sequence {f,}» is uniformly PU-integrable; so f is PU-integrable and by the
results of [4] f is u-integrable and so the sequence {f,.}, is uniformly p-integrable.

O

Note 2. By the results of the two previous propositions, we observe that for
the sequence {f,}, the uniform PU-integrability is equivalent to the uniform -
integrability, butin the general case, they are not equivalent [see Note 1].
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