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Abstract. In this paper new generalized notions are defined: W-boundedness and ¥-
asymptotic equivalence, where ¥ is a complex continuous nonsingular n x n matrix. The
F-asymptotic equivalence of linear differential systems y' = A(t)y and x' = A{t)x+B(t)x
is proved when the fundamental matrix of y' = A(t)y is ¥-bounded.
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The problem of the asymptotic relationship between solutions of two systems of
differential equations was investigated by several authors, e.g. H. Weyl, N. Levinson,
A. Wintner, R. Conti, M. Svec, A. Has¢4k, T. G. Hallam, etc.

The aim of this paper is to study the so-called ¥-asymptotic equivalence of two
linear differential systems of the form

1) y' =A@y,
@) x' = A(t)x + B(t)x

where A(t) and B(t) are n xn matrices whose elements are complex functions defined
on the interval [0,00) and integrable on compact subsets of [0,00); x and y are n-
dimensional column vectors. Suppose that A and B are such that the existence
of solutions of (1) and (2) on an interval [a,00), a > 0 is guaranteed. So under a
solution of a differential system we will understand a solution existing on an infinite
interval [a, 00).

In the papers [4-7] and in the monograph [3] it is assumed that ¥ is a positive
real continuous function. The notions of the ¥-boundedness of a vector function and
of the W-asymptotic equivalence of two systems of differential equations are defined
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there (see e.g. [3] p. 274-275 or [7] Definitions 1 and 2). In this paper these notions
are generalized as follows:

Definition 1. Let ¥(t) be a complex continuous nonsingular n X n matrix. An
n X m complex matrix-function M(t) will be called ®-bounded on the interval [a, 0o)
iff the matrix ¥~ (¢)M(t) is bounded on [a, o), i.e.

(3) sup [ ¥ H{H)M(t)] < oo
t2a

where | - | denotes a suitable matrix norm and ¥~! denotes the inverse matrix to ¥,
ie. ¥¥~! = ¥~1¥ = E, where E is the unit matrix.

Definition 2. Let Y(t) and X(t) be fundamental matrices of the systems (1) and
(2), respectively and let ¥(t) be a complex continuous nonsingular matrix. The sys-
tems (1) and (2) will be called W-asymptotically equivalent iff for every fundamental
matrix Y (¢) of (1) there is a fundamental matrix X(t) of (2) such that

(4) (L) X)) - Y ()] =0 as t— oo

and conversely, for each fundamental matrix X(t) of (2) there is Y(t) of (1) such
that (4) holds.

Since every solution y(t) of (1) and x(¢) of (2) may be represented in the form
y(t) = Y(t)c and x(t) = X(t)c, where ¢ is a suitable constant column vector, (4)
implies

4" [T ) x(t) —y®)] =0 as ¢ oco.

So the systems (1) and (2) are ¥-asymptotically equivalent iff for every solution
y(t) of (1) there is a solution x(t) of (2) and conversely, for each solution x(t) of (2)
there is a solution y(t) of (1) such that (4') hods.

Remark 1. Ifin the relation (4') ®(¢) means a positive continuous function on
[a,00), then the definition of the ¥-asymptotic equivalence in [7] (or in [3] p. 274)
is obtained.

Remark 2. Evidently, if the fundamental matrix of some system is ¥-bounded,
then every solution of the same system is ¥-bounded.

Remark 3. Let ®(t) be a positive continuous real function on [a, 00). Then the
definitions of ¥-boundedness for a vector function in this paper and in 7] (Definition
1) or in [3] p. 275 coincide.
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Now three new theorems will be presented. The integral will be the Lebesgue
integral.

Theorem 1. Let ¥(t) and ®(t) be complex continuous nonsingular matrices on
[a,00) and let the following hypotheses be satisfied:
(a) [ 127 1(6)B()¥(t)]dt < oo,
(b) the fundamental matrix Y (t) of (1) is ®¥-bounded on [a, o),
(¢) there is a number Ky > 0 such that sup [®~1 ()Y (£)Y "} (s)®(s)| < Ko.

ags<t
Then the fundamental matrix X(t) of (2) is ¥-bounded on [a, x0).

Proof. Using the method of variation of constants the solution x(t) and the
fundamental matrix X(t) of (2} will be expressed in the form

©) x(t) = y(t) + / Y)Y (5)B(s)x(s) ds.
t
(6) X(t):Y(f)+/ Y)Y (s)B(s)X(s) ds.

Because according to the assumption the nonsingular matrices ¥ (¢) and ®(t) exist,
the relation (6) may be written in the form

(M T HX@) = THHY ()

+ /! THY ()Y (5)B(5) @1 (s)B(5) ¥ ()T~ (5)X () ds.

By (b) a positive constant K exists such that |¥~!(t)Y(¢)|] < K, hence from (7) by
hypothesis (c) the following inequality can be obtained:

13
(8) [T OX () < K +/ Ko|®@ 1 (s)B(s)¥(s)| |27 (s)X(5)] ds.
Using the Gronwall lemma for the inequality (8) we get
t
[E~ ()X (t)] < K exp (A’o/ |qr1(s)B(s)~Iz(.s)|ds).
From the assumption (a) it follows that there is a number t* > a such that
KO/ 127 (s)B(s)¥(s)|ds < In2
M

and therefore
[E~1 ()X (t)] < K exp(In2) = 2K,
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i.e. fundamental matrix X(t) of (2) is ¥-bounded.
From (G) the following expression for the fundamental matrix Y (¢) of (1) can be
obtained:

t
() =X0) - [ YOV 6BEX () ds,
which implies ]

Corollary 1. If a fundamental matrix X(t) of (2) is ¥-bounded and the hypothe-
ses (a) and (c) of Theorem 1 are satisfied, then the fundamental matrix Y (t) of (1)
is ¥-bounded.

Theorem 2. Let Y(t) be a fundamental matrix of (1). Let ¥(t) and.®(t) be
complex continuous nonsingular matrices fort > a > 0.
Suppose
(i) the assumptions (a) and (b) of Theorem 1 are fulfilled
(ii) there exist supplementary projections Py, P2 and constants K; > 0, K2 > 0
such that

sup [EHOY@OPIY (s)®(s)| < Ky,

ags<t
sup |[FHO)Y ()P Y " (s)®B(s)| < Ko;
t<s<o0
(i) [F1(£)Y (£)P1| — 0 as t — co.
Then the systems (1) and (2) are ¥-asymptotically equivalent.

Proof. Let Y(t) be a fundamental matrix of (1) which is ¥-bounded by hy-
pothesis, i.e. |[¥~1(¢)Y(#)| < IV, K > 0. Consider the integral equation

©) X(8) = Y() + /LY(t)PlY“(s)B(s)X(s)ds
- /mY(f)PgY‘l(s)B(s)X(s) ds

for the matrix function X(t), Py, Py being the given supplementary projections,
P, = I—P; where I denotes the n x n identity matrix and P1P; = Py, PoP, = P,.
If X(¢) satisfies (9) then it is a matter of routine to verify that

(10) X' = A(H)X + B@)X.

The existence of a solution X of the equation (9) is not evident; the existence of
such a solution will be proved using the method of successive approximations.
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The successive approximations for (9) are defined to be the matrix-functions
Xo, X1, ..., given recursively by the formulae

Xo(t) = Y (1),
(11) Xttty =Y(t) + /:Y(t)PlY"l(s)B(s)X,,l(s) ds
- [T YR 6BEXn (),
m =0,1,2,..., where b > a is a number such that
(12) (K1 + ) /:o |21 (OB@)E ()| dt < §

and K7, K are numbers which fulfil (ii).
It remains to prove the convergence of the sequence {X,,}. Let G, m=0,1,2,...
be defined by
G (t) = Xinga1(t) — Xon(t), t€[b,00).

Then (11) by subtraction yields
(13)
Go(t) = / Y(t)P1Y ! (s)B(s)Xo(s)ds —/ Y ($)PoY 7 (s)B(8)Xo(s) ds,
Jo ¢

G, (t) = /b! Y ()P Y (5)B(5)Ginoi(s) ds
- /mY(t)PgY"‘ (5)B(8)Gm—1(s)ds, m=1,2.....

Since it is assumed that there are nonsingular matrices W (¢) and ®(t), (13) yields
(14,1)

t
\Il‘l(t)Go(t)=/ T HYHPIY () B(s)® ! (5)B(s)®(s) T (5)Xo(s) ds

b

- /m THOY (P2 " (5)B(5) B (s)B(s)T(s) T ()Xo(s) ds,

(14,2)
TG (1)

= /( THOY (OPLY ™ (5)B(s)@ 1 (s)B(5) ¥ (s)¥ " (5)Gn-1(5) ds
Jb
- / T Y (P Y (5)8(5)8 ()B(5) B ()% (5)Gmy (5) ds
t

form=1,2,...
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Next, the validity of the estimate

(15) ()G (8] < s

= om+1?

m=0,1,2,...

for some K > 0 will be proved by induction.
The equation (14,1) gives

(16)
[T~ (H)Go(2)]

< /ht P OY (OP1Y 7 (s)8(s)] €7 (5)B(s)® ()| [ (5)Xo(s)] ds
+ ‘/tw e Y (P2Y 7 (5)2(5) |71 (5)B(s) L (5)] [ (5)Xo(s)| ds.
Using (ii) and the fact that Y is ®-bounded, we have
[T X (1) = [T Y (1) < K, K > 0.

From (16) it follows that

1o (0)Go ()] < Ko K / |71 (s)B(s) ¥ (s)] ds

7 b

+K2K/ |~ (s)B(s)¥(s)| ds.
t

Further it is evident that from (17) we can obtain
oo
97 (0Go(0)] < K+ K) [ 187 (9B B(s)]ds
[

and finally by (12)
[T (H)Go ()] < 3K

Consequently, (15) holds for m = 0.
Assume that

(18) B ()G (O] < gy =120
From (14,2) it follows that
(19)

T (B)Gm ()]

</b [T YOPLY () B(s)]| B (s)B(s) T ()1 (5)Grm—1(5)| ds
+ /tw [T~ ()Y (O)P2Y ! (s)8(s)||@ " ()B(s) ¥ (5)] | ¥ (5)Grm—1(s)] ds.
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Using (ii) and (18) we obtain from (19) that

[T () Gm(2)]
K

K [t
< 1(12—;/ 87 (5)B(5) B(s)] ds + Ka 3
b

/fm |81 (s)B(s)W(s)] ds

and evidently

K
gm+1

K
om

[T ()G (t)] € = (K + K2) /w {1 (s)B(s)¥(s)|ds <
b

if finally (12) is used. So (15) is proved. From (15) it follows that

K

gm+1”

(20) (G < [TOT T (OGHO] < [T ¥ ()Gm(1)] < [E()]

Counsider the series

(21) ST IGMBI = 3 K (t) = Xm(8)].
m=0 m=0

(20) shows that the series (21) is majorized by the (‘onvergént number series
1

(22) KI%(0)] 3 gy = LK
m=0

and therefore the series (21) is uniformly convergent on every compact subset of the
interval [b,00). Thus the series

Xo(t) + D Kmt1{t) = X (t)]
m=0

is absolute and uniformly convergent on every compact subset of the interval [b, 00);.
consequently the partial sum

k-1
(23) Xo(t) + 3 Kon1 () = X (1)) = Xi(8)
m=0

tends uniformly on every compact subset of interval [b,00) to a continuous limit
function X satisfying

(24) |X(t)] < 2K|¥(t)] and |[T()X(t)] < 2K
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[(22) and (23) imply (24)]. This means that the limit X(t) is ¥-bounded.

Clearly, [~ (X — X,,)| = [€~1X —¥1X,,| < |¥~1||X - X,| and also ¥ X,
converges uniformly to a continuous function ¥~'X on every compact subset of the
interval [b, 00).

It will be shown that X satisfies the integral equation (9) and therefore it is a
solution of (10), i.e. X is the fundamental matrix of (2).
It is necessary to prove that

(25) w}i_r’noo[/bLY(t)PlY“(s)B(s)Xm(s)ds7ij(f)PzY“l(s)B(s)Xm(s) as]
= /th(t)PlY“l(s)B(s)X(s) ds — /t.mY(t)PgY"(s)B(S)X(S) ds.

Clearly,

Ul = ~/tY(t)PlY‘l(s)B(s)X,,,(s) ds - /tw Y (P, Y ™ (s)B(8)Xm(s) ds

/Y(t P.Y"'(s)B ()X(s)ds+/wY(t)PzY’l(s)B(s)X(s)ds‘
<2

/‘, 2L OY (OP1Y 7 (5)(5)| 27 (5)B(s) B () | ¥ (5)[X(s) = Xm(s)]l ds
+ /tm [T 1 OY(OPY 7 ()8 ()87 (5)B(s) ¥ ()| ¥ ()[X(s) AXm(S)]IdS]-
From (24) it follows that
(25,1) [T X - X)) < 4K.

The assumption (ii), (12) and (25,1) give

I\l
Ul < w5 [ 1o ~Xn(s)lds

+4KK; / |<1r‘(s)B(s)\11(s)|ds].

Let € > 0 be chosen arbitrarily. Let t; > b be such that

K‘ |81 (s)B(s)T(s)| ds < ﬁ

Such a t, exists by the assumption (b) the Theorem 1.
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On the interval [b,t;] 71X, converges to ¥~'X uniformly. Hence for € > 0
there is mq(e) such that for each m > mo(e)

e(Ky + I5)
ACEDR

[T ()X (s) — Xm(8)]] < se bt

But then |U| < [®(t)|e for m > mo(e). The validity (25) is proved. Also X is the
solution of (9).

It may be verified that if X(t) is a ¥-bounded fundamental matrix of (2), then
there exists a ¥-bounded fundanental matrix Y(t) of (1), because by virtue of (9)
Y (t) may be expressed in the form

t o0
Y(t) = X(t) »/ Y ()P, Y™ (s)B(s)X(s) ds+/ Y ()P Y ! (s)B(s)X(s) ds.
a t
To establish the ¥-asymptotic equivalence of (1) and (2) it remains to prove that
[BHHXME) - YY) =0 as t— oo

From (9) it may be obtained that
(26)
T HX() - Y (1)

= /t\Il’l(t)Y(t)PLY’l(s)d)(s){Y‘(s)B(s)\I'(s)\I!_l(s)X(s) ds

- /w T Y ()P, Y " (5)®(s) @) (5)B(s) & (s)¥ 1 (s)X (s) ds.

Denoting by I; and I, the first and the second integral in (26), the following inequality
is valid:

27) [ OXE) - YO < L] + -

Assume that an arbitrary € > 0 is given. By the hypothesis (i) part (a) a number
t* > a may be chosen such that

27,1) /2 [ GBE¥( ds < 7
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The assumption (i) and (24) give
(28) L] < / [THOYOPIY T (5)B(s)] 1271 (5)B(s) T ()| |12 (5)X (s} ds
<2KE OV O] [ "B Y (9)8(9)] 8 (5)B5)W ()] ds

+2KK1/ |®~1(s)B(s)¥(s)|ds

< mr‘(z)y(:)ml\'/ [P Y1 (5)®(s)| |8~ (s)B(s)¥(s)| ds

a

+ 2K I, /m i®1(s)B(s)®(s)| ds. :
R

The hypothesis (iii) implies that the limit of the first term on the right hand side
of the inequality (28) for t = oo equals 0. From this and from (27,1) it follows that

lim |I;} = 0.
t—oo
The second integral satisfies

[T} € /w MY OPY ! (5)2(s)] 127 ()B(s) ¥ ()| FE T ()X ()| ds.
Using (i), (i) and (24) we obtain
|Io| < 2K I, /w |71 (s)B(s)®(s)|ds - 0 as t— o0

and so (27) implies that |¥~1(#)[X(t) — Y(t)]| = 0 as t = co.
Thus the ¥-asymptotic equivalence of the systems (1) and (2) is proved.

[m]

Remark 4. Assume that a positive continuous function ¥o(t) is such that the

elements of the matrix ¥(t) are majorized by ®¥o(t). Then the matrix ¥-asymptotic

equivalence which is defined in this paper implies the ¥y-asymptotic equivalence of

(1) and (2), i.e. the “scalar” asymptotic equivalence in the sense of the definition in

(3] or [7].

Theorem 3. Let Y(t) be a fundamental matrix of (1). Let Mj and N; be the
sets of all ¥ j-bounded solutions of the systems (1) and (2), respectively. Let there be

supplementary projections Py and Py, positive numbers K1 and K, and nonsingular

continuous complex matrices ¥;(t) and ®;(t) on the interval [a,c0) such that the

following conditions are fulfilled.
) L7127 (B0 (0)]dt < oo,
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(i) sup [ BY()PY(s)®;(s)| < Ky,

ags<t
sup [E7 ()Y ()P2Y 1 (s)®;(s)] < K,
t<s<o0
(iii) [€;7' (&)Y ($)P1] = 0 ast — oo.
Then for every solution y(t) € M there is a solution x(t) € N; and the sets M;
and Nj are ¥;-asymptotic equivalent, i.e.

[T @) - y(®]] = 0 as t— oo
Proof. If the solution x(t) of (2) is considered in the form

(29) x(8) :y(:)+/tY(z)Ply-1(s)B(s)x(s) ds—/m Y ()P, Y (s)B(s)x(s) ds

and ¥ and @ are replaced by ¥; and €; and successive approximations for (29) are
given recursively by the formulae
go(t) =y (1),

t
(30) Eret(t) = ¥+ [ YOPY T (B(s)gn(s)ds

~ [T YOPY (B (Ign(s) ds,

and if the limit of (30) is denoted by x(t), then Theorem 3 can be proved in the same
way as Theorem 2 was. a

Remark 5. In the concrete cases the new generalized notion of ¥-asymptotic
equivalence enables us to determine weaker sufficient conditions.

Another advantage of this generalized notion is that every component of the vector-
solution of some system may be particularly estimated, while in the case of the scalar
function ¥ the estimate of the solution of the system is obtained in the whole, i.e.
all components of the vector-solution have the same estimate.

The assertions of Remark 5 will be shown on a simple example.

Example. Consider the systems

(31) v=(5 )
(32) x = (3 i)x + R(t)x.
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The fundamental matrix of (31) has the form

1t
Y=ot .
‘ (o 1)
Choosing the matrix functions

_oaft 0 _x(l1 0
‘I'_e(o ) =g

and the scalar functions ¥o = te*, &, = e* and the projections

10 00
Pl'(o 0)’ Pz_(o 1) '

we may easily verify that if the matrix R(t) satisfies the assumption (a) of Theorem
1 the other hypotheses of Theorem 2 are fulfilled as well.

Consequently, the systems (31) and (32) are ¥-asymptotically equivalent and also
Wo-asymptotically equivalent, i.e. every solution of (32) satisfies

]e"“ (3_1?) [x(t) - y(t)]\ -0 as t— 00
and
[t ™M x(t) —y(®)] 20 as t— oo

or

x(t) = y(t) + e (3((?)) and x(t) = y(t) + e (28;)

From this it is seen that the assertions about the estimates of the solutions are
true.
Further, in the case of the matrix-functions ¥ and ® the condition

(33) /m [ L OR(E)T(H)]dt < 00
(i.e. (a) of Theorem 1) applies if
(34) /wt{Rl(t)ldt < oo and /w |R2(t)|dt <

where R, and Ry are the columns of the matrix R because

10

-1 Y
¢ R¥ =e¢ (O 1

)(Rl,Rz)e” (g ?) = (IRy.Ry)
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while in the case of scalar functions ¥y and &, (33) applies if
(35) /m HR.(D)]df < 0o and /m R, (1)] dt < oo.
(35) follows from the equalities

B;'RTG = e MR(t)e = {(Ry, Ry) = (tRy, {Ry).
Consequently, the conditions (34) are weaker than (35).
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