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GENERALIZED GROUPS WITH THE
WELL-ORDERED SET OF IDEMPOTENTS

BORIS M. SCHEIN (BOPUC M. MAﬂH), Saratov (USSR)
Dedicated to Professor Stefan Schwarz on the occasion of his fiftieth birthday

A semigroup G is called a generalized group (or an inverse semigroup) if for any
g € G there exists a unique element g~ ' e G (th: generalized inverse of g) such that

1

8 'e=g glgg =g
holds.

Generalized groups have been introduced by V. V. Wagner (B. B. Barnep) [1]
in 1952. The definition given above is due to A. E. Lieber (A. E. JIu6ep) [2] In the
following we suppose the basic properties of generalized groups to be known (see,
c.g. [3]. [4]).

A. H. Clifford considered in 1941 [6] a special class of generalized groups in
which for any g =G

ggl=¢g"g
holds. We shall call this class of generalized groups “Cliffordian generalized groups™.
In cvery generalized group we can introduce a binary relation o by:

(g1, 8)EW e €181 = 8187 .

(Sce also [1], [5] for other definitions of w.) w is known to be an order relation.
We use the notation g, < g, as synonymous with (g,, g,) € o.
o is stable and involutorily invariant, i.e.

gy <82, 83<gs 8183 <&284>
g <g g <g

We shall call @ the canonical order relation of G.
Decnote by [ the set of all idempotents of G. [t is known (and easy to prove) that [
is a commutative subsemigroup of G and for every couple iy, i, € I we have

i\ < iy e iy =iy (h

The purpose of this paper is to prove the following



Theorem. Let G be a generalized group. If the set I of all idempotents € G is well-
ordered (in the canonical order relation), then G is a Cliffordian generalized group.

Proof. Let / be well-ordered (in w), g any element € G and |g] the generalized sub-
group gencrated by g. Clearly [g] = G.

Note first: If gg~! + g~ !g then (since [ is linearly ordered and gg~
we have cither gg7' < g 'gor g lg<gg "

In the following we shall suppose gg~' < g7 'g.
similarly.) The relation (1) implies g7 'ggg ™' = gg
right we have g7 'g(gg " 'g) = gg~'g. i.c.

Lg7legel)

(The second case can be treated
~1 and multiplying by g to the

g g =g (2)

It is casy to see (cf. [7], n. I, 3, 1) that [g] coincides with the subscmigroup of ¢
generated by g and g~ ' and every x € [g] can be written in the form

x=(g YY" with | 2k=20, IZ2m=0, >0 (3)

([7], Theorem 1,3). It should be noted that the representation of x in this form
is not uniquely determined.

Lemma 1. Under the suppositions mentioned above every x €[g] can be written
in one of the following forms:

a) either x = g' . (g~ "™ with | > 0, m =0,
b)orx = (g ') with m > 0,
cJorx = (g H.g with k > 0.

To prove this we proceed as follows. Let | be the least positive integer such that
X = (g "Y' (g™ Y™ If k = 0, we have the form a) and there is nothing more to prove.
Suppose therefore k& > 0

a) If I > 1 and m = 0, we have

v=(g e =g N g g e )" =
— (g“l)k—l .g. gl—Z(g‘l)m — (g—l)k—lgl~l(g—l)m~

contrary to the choice of I. Hence for k > 0 the number / cannot be > |

b) Let { = L and m = 1.
Then

X = (g_l))\Alg 'lggfl(g»l)m~l — (L’il)kh] .g—l .(‘QA l)m-l — (g—l‘)ll -m - l.
hence x is of the form b).

¢) Let [ = 1 and m = 0. Then x = (g~ ") g is of the form c).
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l.emma 2. Any idempotent x €[g) is of 1he form
A. cither x = g7 'g,
B.orx = gi(g V. =

Before proving this recall that if x = (g~ Yel(g 1y, then x7! = g". (g™ Mg~
Note further: If m = 2 then

(g '1)m .‘gm — (gf.l;,m—l 'g“l .gzgm—z — (g, 1),,,,1 .g'"_l - = g—l .8

Let now be x an idempotent € [g]. Then x = xy- 1!,

In the case 1) we have x = g'(g“l)’"g'”(g"’)'. Ifm=0x=g.@g Y. lfm=1,
x=g.gg¢e ) =8 g @Y  =gg g Y =g @Y. If m2
22 xv=g¢.g" glg" =g

In the casc b) we have x = xx™! = (g7 4)y"gm = g 1g,

Inthe case ¢) we bave ¥ = (g~ V'g. g7 '¢" = (2" Y gg 'g) g ' = (g7 Vgg* ! =
=@ .¢=¢"2

This proves our lemma.

Now it can be casily verified that

g <g @Y <. <ge <y s

i.c. the idempotents € [g] form a decreasing chain. The well-ordering of I implies
that this chain breaks up, i.e. [g] possesses a finite number of idempotents. Now g~ 'g
being the greatest idempotent € [g] is an indentity of [g]. It follows gg™' = g7 'g.
(I2], Theorem 8.) Thus G is Cliffordian.

Corollary 1. If the set of all idempotents of a generalized group is finite and linearly
ordered, then the generalized group is Cliffordian.

Corollary 2. ([2], Theorem 9.) Every generalized group having only two idempotents
is Cliffordian.

We conclude with the following conjecture (the converse of our Theorem)
which we are not able to prove or disprove:

Let I be an idempotent generalized group having the property: If I is isomorphic
to the generalized group of all idempotents of a generalized group G. then G is
Cliffordian. Then the canonical order of I is the well-order.
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Kagheopa 2eomempuu
MEXAUURO-MAMEMAMULECK00 (haky.ibmena
Capamoscko2o 20cy0apemeeninoco yuugepcumema.
Capamos (CCCP)

OBOBINEHHBLIE I'PYIIlbl C BINCJIHE YIIOPAJAOYEHHbBIMU
MHOXECTBAMU UWIAEMIIOTEHTOB
bopuc Mouceesnu laiiu
Pe3iome
Joka3ana TeopeMa: EC/IM MHOKECTBO BCEX HACMIOTEHTOB 000OLLICHHOM [PYTITibl BIIOSTHE yHOPALO-
YEHO KAHOHMYECKMM OTHOILCHUEM MOPAAKA 3TOH OGOOWEHHOH rpyMmbl, TO AaHHAS OO0OOLIEHHASN

rpynmna spisetcs kauddopaosoii (T. €. yJ0BNETBOPSET ycaoBuio gg ! = g g mas aoboro sne-
MEHTa g).
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