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MATEMATICKY CASOPIS
ROCENIK 21 1971 CisLo 3

DIMENSIONS OF DISTRIBUTIVE LATTICES
MARTIN GAVALEC, Kogice

In this paper the notions of lattice dimension and local dimension for
distributive lattices are introduced by a modification of the notion of the
dimension of ordered sets. The relations between these three notions are
studied. The main result is Theorem +4.1.

0. Notation and terminology

The set-theoretical join and meet are denoted U, N, the lattice ones \/, A.
By u4 we denote the join of all elements of the set A, analogically for N, \/, A.
If X is a set, then P(X) denotes the set of all subsets of X. An ordered pair
of elements x, y is denoted {ay), a relation is a set of ordered pairs.

In a lattice, [xy] denotes an interval, i. e. the set {z: 2 < z < y}, [x) is the
set {y:a < y}, dually (z]. The interval [zx] is called trivial. The denotation
x < y means that [xy] consists just of two elements, then [xy] is called a prime
interval. In a lattice L, the set {y:y e L & v < y} we denote Np(x) or N(x).
Ifa =y A u,y V u=r, wewrite [xy] ~ [uv]. The intervals ¢, j are transposes
if either ¢ ~ j or j ~ ¢. The intervals ¢, j are projective if there are intervals
%0, %1, ..., in, ® > 0 such that -1, ¢ are transposes for £k =1,...,n and
1 = 19, ) = tn. The lattice L is locally finite if any interval [xy] in L is finite.
For distributive lattices the local finiteness is equivalent to the locally finite
length. 1f L is a lattice, ve L, b < Land (Vy, zeb)ly > & (y + z =2 =
=y A 2)], then we say that b is an independent system over x in L. If the
dual condition holds, we say that b is an independent system under x in L.
The notions used in this paper and not explained here are defined in [1] and [6].

1. Dimensions
1.0. If an ordered set P can be isomorphically embedded into a product
of f chains (f being a cardinal number), but cannot be embedded into a product

of less than f chains, then the dimension of P is said to be f, denoted dim P =
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= f. In the case of a lattice we can ask the embedding to be realized by
a lattice isomorphism into and we get the notion of the lattice dimension,
denoted 1dim. It can be easily shown that, if a lattice L is a subdirect product
of f chains, then

(a) L is distributive,

(b) every independent system b over x in L is of a power less than or equal
to f,

(b’) every independent system b under x in L is of a power less than or
equal to f.

On the other side, by the well-known theorem of Birkhoff, any distri-
butive lattice is a subdirect product of (two-element) chains. Therefore the
notion of the lattice dimension is defined just for distributive lattices and
the question arises, whether the conditions (a), (b), (b’) imply that the lattice
L can be embedded into the product of f chains by a lattice isomorphism. For
another formulation let us define:

1.1. Definition. The local dimension of an element x in a lattice L, denoted
lodimza, s the cardinal number sup{card b :b is an independent system over
or under x in L}. The local dimension of the lattice L, denoted lodim L, s
sup{lodimzz : x € L}.

Thus the above problem stands as follows: does the local dimension of
a (distributive) lattice coincide with its lattice dimension ?

In general the answer is not positive, but we shall prove that for locally
finite lattices both dimensions are equal.

First we prove two simple statements on the conditions (b) and (b’).

1.2. Lemma. If t is a finite cardinal, then in a distributive lattice L the
conditions (b) and (b’) are equivalent.

Proof. Let b be an independent system over z in L, card b << 8. Then
let us denote 2’ = Vb and for yeb let us set y' =V (b — {y}). Then for
any y €b the intervals [xy], [y'2’] are transposes and therefore y' + x’. For
y+2 yeb, zeb we get y' V2' =2 and y' & 2. Thus b’ = {y' : yeb} is
an independent system under x’ and card b’ = card b. The converse impli-
cation is proved dually.

1.3. Lemma. In a locally finite lattice L the conditions (b) and

(b") for any x € L, card Np(z) <
are equivalent.

Proof. For x € L the set Ni(x) is an independent system over x in L, so
that (b) implies (b”). Let (b”) hold, let b be an independent system over x
in L. Then for any y € b there is an element g’ less than or equal to y and
covering x. Foryeb,z€b,y + zwehavex =y Az=1y" A2 andsoy + 2.
Thus card b< card Ni(z) < f and the lemma is proved.
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1.4. Note. The original definition of dimension, given by B. Dushnik and
E. W. Miller [2], was a little different from ours. V. Novak [5] showed that
this difference is not substantial.

We have mentioned already that for a distributive lattice L lodim L <

< ldim L holds. Evidently also dim L < ldim L is true.

Under some conditions on L we can show thatlodim L < dim L. Namely,
if b is an independent system over 2 in a distributive lattice L and card b = {,
then all joins of a finite number of elements of b form a sublattice, which is
isomorph to the lattice P'(f) of all finite subsets of f. If L is also complemented
(i. e. if L it a Boolean algebra), then analogously L contains a sublattice
isomorph to the Boolean algebra P”(f) of all finite subsets of f and their com-
plements. In these cases, of course, dim L > dim P’(¥), dim P"(¥) respectively.
By the method of H. Komm [4] it is easy to show that dim P(f) = dim P"(f) =
= {. Hence if lodim L < No (using P(f) = P’({) for f finite) or if L is a Boolean
algebra, we have lodim L < dim L. If L is moreover locally finite, all three
dimensions are equal because Theorem 4.1 gives lodim L = ldim L.

If L is not distributive, then the situation dim L = 2, lodim L = f can
occur. We show here an example of such a lattice, which will be even modular
and of finite length. L is the lattice given by the following order Son f + 2: f
Sa, S  + 1 for any « € . Let L; be  + 1 with the usual ordering of ordinals
and let Ly be f 4 1 dually ordered. Then we define f(f) = <0E), f(I + 1) =
= (10> and f(x) = {x + 1, &« + 1). It is easy to see that f is an order iso:
morphism of L into L, X L.

1.5. If the local dimension of a distributive lattice L is finite, then the local
dimension of any lattice homomorphic image of L is < lodim L.

Proof.Let fbe a lattice homomorphism of L onto L. Then there is a mapping
g of L' into L such that f(g(x)) = « for any x € L’. Now let M < L’be a finite
independent system over x € L’. For any y e M we define 5 = V {g(z); z €
eEM&y + zyandZ = V {g(z);ze M}. Fory,ze M,y =1= zwehavey N z=x,
therefore g(y) A g(z) e f1(x). Thus g(y) A 7 = \/ {9(y) N 9(z); ze M &y +
#+ z} € f1(z). On the other hand g¢(y) A z = g(y) ¢ f (2 for y*2 92l
Therefore jj = z implies y = z and M = {j;y € M }is an 1ndependent system
under Z of the same cardinality as M. By Lemma 1.2 the proof is finished.

1.6. Note. If lodim L > §o, then the local dimension of a lattice homo-
morphic image of L can be >lodim L (even for L distributive), as the fol-
lowing example shows. Let L be the Boolean algebra of all subsets of a countable
set S, let J be the ideal of all finite subsets of S. It is well-known that there
is an uncountable system F of infinite subsets of S such that x N y is finite
for z,yeF, v + y. The canonical homomorphism f of L onto L/J maps F
onto uncountable independent system in L/J, ¢. e. lodim L/J > &, although
lodim L = No.
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2. Independent systems

2.0. In this section we give some lemmas on transposed and projective
intervals and independent systems in distributive lattices.

2.1. Lemma. In a distributive lattice the following statements are equivalent:
(1) [ewya] ~ [x1 V 22, 11 V y2] & [2y2] ~ [21 V @2, 91 V 9],

(ii) [21 A @2, 91 A y2] ~ [wayn] & [21 A @2, y1 A\ o] ~ [22y2],

(iii) [x1 A @2, y1 Aye] ~ [may1] & [2aya] ~ [21 V 22, 91 V 92l

WA= Ap=nAn&nVy=aVy=yu)V .

Proof. Let (i) hold. Then x; V y2 = (1 A (@1 V 22)) V 2 = (y1 V y2) A
A ((x1 V 22) V 92) = (y1 V ¥2), analogously y1 V 22 = y1 V y2. Now we have
2V Ay)=@Vyp)A@Vy)=mn AW Vy)=yn and xr A
AN Ap)=@Ay) Ay = a1 Ay2 = (@A (@1 Va)) Aya = 11 A
A (21 V 22) A y2) = 21 A 22, 1. €. [21 A @2, y1 A y2] ~ [xraiy1]. By dual and
analogous considerations we see that (i) = (ii) & (iii) & (iv), (i) = (i) & (iii)) &
& (iv).

Let (lll) hold. Then x; A Y2 = (x1 A ?/1) Ayz=21 A (Y1 A\ y2) = a1 A\ X2
and 21 A @2 = (y1 A (1 V 22)) Axz =1 A (@1 V 22) A\ 22) =31 A 22, 1. e.
using duality we have (iii) = (iv).

At last let us assume (iv). Then y1 A (21 V 22) = (y1 A 1) V (y1 A %2) =
=nV@mAw) =2,V @Ve)=@1Va)Ve=n\Va=1u\Vy,
thus (iv) = (i).

2.2. Lemma. In a distributive lattice the intervals [21y1], [2y2] are projective
iff [2aya] ~ [21 V %2, 51V ye] and [way2] ~ [21 V 22, 51 V 2]

Proof. One of the implications is trivial. The proof of the other will be done
by induction. Let us suppose that [xiy1] ~ [x1 V 2, y1 V y], [2y] ~ [1 V 2,
y1 V y] and that [xy], [xey2] are transposes. We shall show then that [x1y1] ~
~ [21 V @2, 1 V y2], [x2ye] ~ [21 V 22, y1 V y2]. Let [a2ys] ~ [xy] hold. We
have 2 <2, ;i <t Vae<xmi Ve and zi=y1 Az < g1 A (21 V 22) <
<y A (21 V @) = a1, thus y1 A (21 V 22) = 21. Further we have y; V (v1 V
Va)=@wmVa)Vaee=nVa=nV@Az)=0Vy) AV )=
= V)AL VY =mnVys (@ V) Ay = (21 Va) A (a1 V) A
ANpp=@mVa)A@Va)Ay Ay =@ V) Ae Ay = (@1 V) A\
ANz = & @ Vax)Vyp=x1 V=m0 A@Ve)Vy: = @Viy A
ANaerVaVy) =@ V) A@Vy =V AlpVy)=pn\iy.
In the case [xy] ~ [x2y2] the proof goes dually according to Lemma 2.1.

2.3. Lemma. In a distributive lattice let the intervals [x1y1], [x2y2] be pro‘-
Jective. '
(i) If 1 = xo, then the intervals are equal.
(ii) If y1 < a2, then the intervals are trivial.
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Proof Fromx; = aswegetyy =1 Vin = V=1 V=2 V 2=
= Y2, using Lemma 2.1, 2.2.

From y1 < 22 we get y1 = 21 V y1 < 21 V 22. By the previous lemma we
have 1 = y1 A (21 V 22) = y1, q. e. d.

2.4. Lemma. If, in a distributive lattice, a, b are independent systems over
x, y respectively, than there exist independent systems ¢, d over x Ay, x \ ¥
respectively, such that card @ 4+ card b = card ¢ -+ card d.

Proof Let usset ey = {z:zea & (x \V y) \ 2 >},

bi={z:2zeb& (xV y) A z>y}
Asforzea (x Vy) Nz=ax V (y A 2) > « holds, it is
az=a—a1=1{z:2€a & (x V y) A z = 2} and analogously
bo=b—bi={z:2eb&(xVy Az=y}
We define a; = {y A z:2€a}, by = {x A\ z:2z€by},
ay=1{y\Vz:izeas, by ={x \V z:2€by},

ay={z:z€a, & (VY )[teby, =2 Nt =2V yl},

by ={z:zeby & (Vt)tea, =2z Nt =2\ yl},
co={zANt:zeax&teb&(y V) AN Vi) >zVuy}
d={yV)A@Vit):zecaa&tebs&zAtecc},

¢ =couUauUb, d=dy Uay, U b;.

Ifzem,thenx <V (y A 2) and from [x Ay, y A2l ~ [x,xV (v A 2)]
as well as @ A y <y A z follows.
Analogously we get @ A y < x A 2z for z € b;.

If z € as, then [zy] ~ [x V y, ¥y V 2] and again we have x \V y < y V z and
analogously « \V y << « V z for z € bs.

If zeaz, tebs, u=(yV2)A(x Vi) >xVy, then let us denote z’' =
=z Au, t' =t A\ u We have then
VyYyNZ=@@VyYy NheANu=2zA\u=ux,
@VyYVZ=yVeAu)=HV)AyVu)y=FHVa)AL=u
So [2z] ~ [z V y, »] and analogously [#t] ~ [« \V y, u]. As 2’ V ¢’ = (z A
AWV EANu)=Vi)Au=uwand z ANt =AU AIEAU=2A
AtANu=2zAtAVz2z)A@Vt)=zAtholds, by Lemma
2.1 we get [ Ay, zA\t] ~ [x2], therefore [x Ay, 2 At], [xV y, u] are
projective and « A y < z A t. Using Lemma 2.3 we can see that card co =
=cardd0.

Now we have proved zec >z Ay<zandzed =2 V y <=z
Ifzea,team,z +t,then WA2DA WA=y A@RAL)=2Ay.
Ifzem,teb,then (y A2) A At)=(@ A2)A YA =2 Ay.
Ifscar,z€as,teba,then (y AS) AEA)=6ADAYAL) ==
Ifuecas,zcas,u + 2,vebs, t€by, then (u A v) A (2 At) = (v A 2)
VeA)=acAVAl=2 A (VY NvANt=x Ay ANt=2 Ay.

The last four implications togehter with three analogous ones prove that ¢

Ny
A
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is an independent system over x A y and that card a; = card a{, card by =
Zbi, a;nbi:a;f\cO:biﬁCo:O.

Ifzeas, tcag,z+t,then(yV2)A(yViE)=yV AL =2Vy.

Ifzeaz, teby, yVzeay, then (y V2) A(xViE)=2V y.

If scaz, y\/ s€ay, 2z€as, teby, 2 ANteccy, then y \V 2¢a;, s + z ande
VAN VaOOA@V)) =y V)N V) A@V)=(@FHVI(A
ANDA@VH=@@VyYA@Vi)=zVy.

Ifuecas,zeas,u = 2z, vebs, teby, u ANvecy,z A tecy, then ((y V u) A
ANaeVo)AN VARV =FVue)Aly V) A (zVo)A@V
V)= V@ANDAN@EVEA)=@Vy A@V @A) =x\y

These four implications together with four analogous ones show that d is
an independent system over « \/ y and that card as = card a,, card b; =
= card b, ; a, Nby, = a, ndo_ b, Ndp = 0, card dy = card (a, — ay) =

= card (b, — b}).

Now we have card ¢ = card a1 + card az = card al + card a, = card ay +
+ card a; + card (a, — a;), analogously for cardb, and then carda -+
+ cardb = carda; + cardd, + card (a, — ay) + card ay - card by +
+ card (b, — b3) = card ¢ + card d. The proof is complete.

2.5. Note. Although in this paper Lemma 2.4 will be used only for covering
systems N(z), N(y) and the proof in the special case would be simpler, it is
formulated more generally because it may be useful for other purposes, e. g.
for the eventual generalizing of Theorem 3.18 (see also Note 4.4).

3. Finite case

3.0. In this section fis a fixed finite non-zero cardinal number and Lisalocally
finite distributive lattice with lodim L = {, i. e. L is a locally finite lattice sa-
tisfying the conditions (a), (b”). Then the following statement holds:

3.1. Theorem. There exist congruences R, @ in L such that

(1) lodim L/R = 1,
(ii) lodim L/Q < f,
(ili) B, @ are orthogonal, . e. B N Q is the identity on L.

The proof on Theorem 3.1 is given in several steps.

3.2. Definition. Let us define an equivalence R’ in L2 as follows: {(xiy1)R’
lxoyz) iff [x1y1], [x2ye] are projective prime intervals in L.

Note. If (ziy1>R'{x2y2)>, then by Lemma 2.2 all the conditions in 2.1 are
fulfilled and by Lemma 2.3 we have y1 £ @3, y2 £ 21.

For z, ye L we shall denote A(x,y) = {(my1): ey R {xyd}, A’ =

= {d4(x, y) : [xy] is a prime interval in L}.

For A €A’ let: us denote 4% = {x: (Jy)[Key) € 4]}, Al = {y: (Fz)[{xy) e

e Al}.
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The structure of A(z, y) is described by

3.3. Lemma. If A € A’, then

(i) 4o n Al = 0,
(i) A0, Al are convex sublattices in L,
(iii) 4 s a lattice isomorphism of A° onto AY,
(iv) lodim A9 = lodim 4! < {.

Proof. From the definitions and the note in 3.2 we immediately get (i). By
the Lemmas 2.1, 2.2, 49, A1 are sublattices in L. For the proof of the convexity
of A® let 21 < 22 < a3, 21, @3 € 49 Hence there exists y; such that (x1y1) € 4.
The assumption y; < e gives y1 < x3, which is impossible by Note 3.2. From
y1 K s we get y1 A @2 = 21 and [xiyn] ~ [%2, 11 V @2]. Therefore (x2, y1 V
V 22> € A and w2 € A9. The convexity of 4! is proved dually.

From Lemma 2.3 we can see that A4 is a one-to-one mapping of 49 onto A1,
preserving the lattice operations by Lemma 2.1. Thus (iii) has been checked.
At last (iv) follows from (i), (ii), (iii) and Lemma 1.3.

The extent of 4(z, y) in L is shown by the following

3.4. Lemma. If A € A’, ze€ L, then
(i) x € 4%, z < z implies {xz) € A or z € AO,

(i) there exist x € A°, y e Al such that z < x or z > y.

Proof. From z e 4% (xy) € 4 for some y € L follows. If x <2z + y, then
[zy] ~ [z, v V 2] and z e A4°.

For the proof of (ii) let (xy) € 4. Wedenotew = (z V 2) Ay=( A y) V «.
There is * < w < y, thus + =w or w =y. If = w holds, then [zy] ~
~[xVz yVz]and 2 V z€ A°. In the case w = y we have analogously
y N\ ze AL

3.5. Definition. Let us define the relations P’, P" in A’ as follows: For A,
Be A we set {AB) € P’ if and only if
(i) A*n B° £ 0,
(ii) A°N Bl = 0.
Further we denote as 4B the convex hull of 41 U B and set (<AB) e P”"
if and only if (4AB) € P’ and
(iii) lodim 4B < {.
We examine some properties of P’:
3.6. Lemma. If (AB) € P, then
) A + B,
(il) 4N B = A1 N B! =0,
(iii) for any y € A there is x € B° such that y < =,
(iv) <xy> € A, {uv) € B implies x> u, y £ v,
(v)if x <y, xeBO, ye AL, then x, ye A N BO.
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Proof. From 3.3(i), 3.5(i) we easily get (i).

Let be x € A° N BO, then {xy> € 4, {xz) € B for some y, z e L. By (i) we
have y + z, therefore by 3.4(i) we have z € 49 which contradicts 3.5(ii).
Analogously we prove A N B! = 0.

Let y € A1, by 3.5(i) there is v € 41 N B, (vw) € B. Let us denote x = y V/ v.
By 3.3(ii) we have x € A1 and so the assumption w < « would give by 3.3(ii)
w € AL, which is a contradiction to (ii). Thus w < « and [vw] ~ [z, w V «],
x € BO.

If y € A1, v € B!, then (iii) gives us z € B0 such that z > y. Accordingly, by
the note in 3.2 we have y 3 v.

At last let © < y, x € BY, y € A1, then (xz) € B for some z € L. By (iv) we
have z & y, hence [zz] ~ [y, 2z V y] and y € BO. Analogously x € 41.

3.7. Lemma. If z <y, xe€ dl, y¢ AL, then for B == A(x,y), (AB)e P’
holds.

Proof. We have x € A N BY and therefore 3.5(i) is fulfilled. As x € 43,
there is u € L such that (ux) € 4. If we assume A° N B! = 0, then there are
{u'z’y e B, {x'y'>e A. By 3.3(ii)) we have z \/ y' € A1, therefore y \V ' +
+ z \ ¥’ holds, otherwise we had y € At by 3.3(ii). Further we have z \/ u/,
uVa<yVaze and 2V o', uVa <zxVy, sothat denoting w = (x V
Va)VmVa),z2=wVE)AVy) weget zVVu <w<z<y\Ve.
We have shown that there cannot be y \/ 2’ =z = x \ y’, therefore, e. g.,
z <<y \V «' (the case z << « \V ¥’ is analogous). By Lemma 2.2 x V v’ <y V 2’
holds, therefore V4 = w=2z But then wVa' <axzVu <zVy,
uV ' <xVy holds and we have u \V &' =2V u or xVu =2V y.
In the first case we get v < x < uw V z', ue 4% u\ 2’ € A° and by the
convexity of A0 also x € 49 which is a contradiction with 3.3(i) because
x € AL. In the second case we have ' < 2’ < ¢y’ <aVy =2V o, u eBo,
x V u' € BY hence z’ € BY a contradiction. We have therefore proved 3.5(ii)
and the proof is finished.

3.8. Lemma. [f (AB) € P’, then
(1) z € AB exactly when there are y € A, x € B® such thaty < z < =z,

(i) x€ AB, * <y imply {xy> € B or y € AB.

Proof. If ye A1, x € B%, y < 2 < « hold, then evidently z € 4B. To prove
the converse implication it suffices to show that the set S of all such zis a convex
sublattice in L, containing 41y B°. But that follows from 3.3(ii) and 3.6(iii).

Now let x € AB, <y, then by (i) there are u € A1, » € B such that u <
<z <v.Ify < v, thenye AB. If y < v, then [zy] ~ [v,y V v] and by 3.4(i)
we have (v,y V v)>e B and {ay)e B, ory \V ve B’ and y € 4B.

3.9. Lemma. If =z, yeL and card Ni(z) = card Ni(y) = f, then
card Nz(x A ) = card Ni(z V y) = £.
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Proof. Follows from Lemma 2.4.

3.10. Lemma. If for A€ A’ there is Be A’ such that {AB) € P’, then there

is C e A’ such that {ACY e P".
Proof. Let us denote B’ = {B :{AB) e P'}. For any B e B’ there is zp¢€
€ A1 N BO. Let B” be a finite subset of B’, we denote ' = \/ {xp: B e B"}
and by 3.3(ii) we have x’ € A1. Then by 3.6(v) we get a2’ € 41 N BY for any
B e B”. Therefore card B” < f must hold. As B” was an arbitrary finite subset
of B’, also B’ must be finite. Let us suppose that for any B € B’, lodim 4B =¥
holds. Then by 3.8(i) for any B € B’ there are up € A1, vpe BY, zpe€ [ug, vB]
such that Np(zg) = [ug,vs] and card Np(zz) = I. We denote v = A {us:
:BeB'},z= A {zp: Be B’} and have u € 4, u < z. By 3.9 we get Ni(z) =
= f. Hence according to 3.3(iv), Ni(z) < A! cannot be true, therefore there
exists 2’ ¢ 41, z < 2’. It means that there exist also x € 41, y ¢ Al such that
Lt <y u < .x <z Denoting C = A(x, y) we get by 3.7 that (AC)> € P’ and
therefore C'€ B’. Thus we have 2 < z < z¢c <w < v¢ for any we Ny(zc).
But z € (°, vc € C° give by 3.3(ii) a contradiction with 3.3(iv), card Ny(z¢) = .

3.11. Definition. Let Q" be the relation in A', which is the reflexive and tran-

sitive hull of the relation P”, i. e. Q" is the meet of all relations in A’, fulfilling
(i) <A4> e @',
(ii) <AB) € P" implies (AB) € @',

(iii) <AB) € Q" and (BC) € Q" imply {AC)» € Q'

for any A, B, Ce A’.

Note. One can easily see that (4B) €@’ exactly when there exist
Ao, d1,..., An € A’ with n > 0 such that {4;.14;>e P fori=1,...,n and
A= do, B=A4,.

3.12. Lemma. If A, Be A’, {AB) € @', then

(i) of A + B, then for any y € A there exists x € BY such that y < x,
(ii) of (BA>€Q’, then A = B,
(iii) if CAB> € P", then there tsno C € A’ suchthat A + C + B, (AC) € @',
CBYeq'.

Proof. According to the previous note, (i) is proved by repeated using of
3.6(iii).

If <AB>e@', (BA>eQ', A + B, then by (i) there exist y e A, u e BO,
ve B, x e A9 such that y < w < v < x, which is a contradiction by the note
in 3.2.

Let be (AB>e P", A + C + B, {AC», {CB) e @Q'. Then there exists De 4’
such that (CD> e Q’, <(DB)e P" and by (ii) 4 + D holds. By 3.5(i) there
exists y € A1 N B° and by (i) we have w € D% ve D!, we B® such that y <
< u < v < w, therefore u € B by the convexity of B0. But this is a contra-
diction with 3.6(ii).
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3.13. Definition. By the previous lemma, Q' is a partial order in A'. Using
3.4(1), 3.8(ii) and the local finiteness of L it is easy to show that an interval [AB]
wn (A', Q') is not longer than any interval [uv] with u € A%, v € BO (by 3.12(i)
such u, v always exist if (AB) €Q’).

Throughout this section, M will denote an arbitrary but fixed maximal
chain in (4’, @'). By the above remark, M is locally finite and evidently non-
-empty (we have assumed f + 0).

Now the set R is defined as follows:
if 4 is the least element in A, then 4% € R,
if 4 is the greatest element in M, then A! € R,
if A, Be M and {(AB) e P”, then 4B € R,

R does not contain any other elements.
3.14. Lemma. R is a partition of L, 1. e.
(i)a,beRand a + b implyanb =0,
(ii)u R = L. .
Denoting by R the equivalence determined by R we have
(iii) R 28 a congruence in L,
(iv) L/R s a chain,
(v) if <xy> eu M, then {xy) ¢ R.

Proof. Let a, be R, a + b, ze€a N b. Let either a = €9, C being the least
element in M,ora = AC, 4,C e M,{AC) € P", and eitherb = BD, B. D € M,
{BD) e P" or b = B!, B being the greatest element in J. First we suppose
(CBYe@'. By 3.8(i) we have elements u € C? y e B! such that y < z < u.
This leads to a contradiction with the note in 3.2 if C = B. Therefore C' += B
and by 3.12(i) there are v € (1, t € B® such that v <v <t and again y < ¢ is
a contradiction with the same note. If we suppose 4 = B, we get by 3.12(iii)
C = D and a = b. Other possibilities for @, b are verified analogously, thus (i)
has been proved.

Let ze L — U R, let X € M. Then by 3.4(ii) there exists y € X! such that
y < z (the other case is dual). If X is not the greatest element in M, from the
local finiteness of M we get ¥ € M, (X Y)e P"and X ¥ € R. Hence yeu R and by
the local finiteness of L we can find ueuU R, v¢ U R, u < v. There is not
u € A% A being the least element in M, nor ue€ 4B, (ABYe P", A,Be M,
because then by 3.4(i), 3.8(ii), respectively, v € U R would hold. Thus u € 41,
A being the greatest element in M. Then by 3.7 for B = A(u, v), (AB) € P’
is true and therefore by 3.10 there exists '€ 4’ such that (AC) e P". That is
a contradiction with the maximality of 4 in M and M in (4, Q’).

For the proof of (iii), (iv) let us take z,y € L.

If x is arbitrary and y € A!, where A is the greatest element in 3, then
xVy >y and the assumption =\ y ¢ Al gives elements ue Al v¢ Al
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such that » < v.Again by 3.7, 3.10 we get C € A’, (AC) € P" and that is
a contradiction with the maximality of 4 and M. Therefore x\/ ye A41.

If either x € 40, 4, Ce M, {AC) € P", or x € C°, C being the least element
in M andify e BD, B, De M,{BD) € P", then let (CB) € Q. We have C + D
and by 3.8(i), 3.12(i) we get elements w e (% ve(Cl, ze DY, se Bl, te D
such that x S u<v <z, s<y<t Thens<y<zxzVy<zVIgives by
38(1)xVyeBD. If A = B,then C = D and z \V y€ AC = BD.

By this and by the dual reasoning we have proved that if a, b € R, then
either for any v €a, yeb, 2 \V yeaand x A y€b hold or for any x €a, yeb
we have x \/ y €b, x A y € a. Hence (iii), (iv) have been proved.

Let {xzy> e A e M. If A4 is the only element of M, then evidently {xy) ¢ R.
In the other case there is Be M, (AB) e P" (or dually). Then y € AB but
x ¢ AB by 3.8(i) and by the note in 3.2.

3.15. Definition. We set {xy) € Q iff there exist elements xo, 21, ..., xn € L,
n = 0 such that {xi—1xiy e U M for i = 1,...,n and either x = xo, y = x4 or
xr = L, y = X0-

3.16. Lemma.

(i) @ is a congruence in L,
(ii) if <xy) € R and {xy) €Q, then x =y,
(iii) for x, y € L, x < y implies {xy> e Q U R.

Proof. The reflexivity and the symmetry of @ follow immediately from
3.15. To prove the transitivity let wus suppose {xy), {(yz) € Q. Then there
are X0, ..., &n, Yo, ---, Ym € L, m,m > 0 such that Jxi2>, yyy>eu M
for i=1,...,m, j=1,...,m. If * =20, y = an= Yo, 2= Ym O 2 =y,
Y = Ym = &y, & = Tp, then {2z) €@ by 3.15. Hence let x = x,, y = 0 = o,
z = ym (the case & = X9, ¥y = ¥n = Ym, 2 = yo is dual). For the proof by
induction we assume ;-1 = yi-1, 1 < 7 < n,m. Then {xix;) € A€,
{Yi-1ysy € Be M gives A° N B0 + 0. As MM is a chain, we have (AB) e’
(or dually). If we suppose 4 + B, by the local finiteness of M we have (AC) e
€@, ({OB) e P" for some C € A’. From 3.12(i) we get the elements u € C?,
ve (1, we BY such that ;-1 < v <v < w. By the convexity of B® we have
w e BY, which is a contradiction with 3.6(ii). Hence 4 = B and by 3.3(iii)
x; = y; holds. We have proved a = a2, =y, if n < m or z = yu = x,, if
m < n. By 3.15 then {xz) €Q.

Let{xyd>eu M,ze L.Ifxz \/ z > yholds,thenz \V z =y V 2. Ifx \V 2 2= y,
then [xy] ~ [x V 2,y V z]and & V 2, y V 2> € A(x, y) € M. Dually <z A z,
y A 2> €@ is shown. According to the transitivity of @, we have proved that Q
preserves the lattice operations in L.

Let z, y e a € R, let there exist a9, ..., ¥y, n > 0 such that x = %o, y = @n,
iy e M for ¢ = 1,...,n. The convexity of a implies x;ea for ¢ =
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=0,...,n By 3.14(v) (zoz1) € U M gives 21 ¢ a. Therefore n = 0,i.e. v = y.

For the proof of (iii) let z, ye L, x <y. If x € A%, A € M, then by 3.4(i) we
have either (xy)> € 4 and {(xy> €Q or y € A° and {ay> e R. If v € 4B, (AB) €
eP", 4, Be M, then by 3.8(ii) we have either {(xy)> € B and <{xy) €@ or
y € AB and {xy) € R. If x € A1, A being the greatest element in 1/, then using
3.7, 3.10 and the maximality of 4, M we get y € AL and {xy) € R.

3.17. Lemma.

(i) If X, YeL/Q and X < Y, then there exists xo € X such that for any x € X,
xo < xthereis y e Y such that x <y,
(ii) lodim L/@Q < t.

Proof. Let us take arbitrary 2’ e X, y’'e Y. As X < Y, then &' Vy' €Y
and for any z€[z', ' V y'] we have z€ X or z € Y; therefore there exist
xeX, yoe Yin [2, 2" V y'] such that o < yo. Now let x € X, 29 < x. Then
Yo < x would give yo € X, therefore yo <£ « and denoting y = x \ yo we have
[xoyo] ~ [zy] and x < y. Moreover, [xox] ~ [yoy[ and so {xex) €@ gives
{yoyy>eQ and ye Y.

Let X € L/Q such that Y € B implies X" < Y. Then for any Y € B there is
xy with the property of xp from (i). Let us suppose card B = ¥ and denote
=\ {wy: Y € B}. Then z € X and for any Y € B there is y € Y such that
x < y. By 3.16(iii) then {(zy)> € R for any Y € B. But this is a contradiction,
because by 3.3(iv), 3.5(iii) lodim a < f for a € R.

3.18. Theorem. If L is a locally finite distributive lattice, then lodim L =
= ¥ < No if and only if L is a subdirect product of ¥ chains.

Proof. Let lodim L = f < 8. We go by induction through f. If f =1,
then L is a chain and the assertion of the theorem is true. If £ > 1, we use
Theorem 3.1, proved by 3.14(iii), (iv), 3.16(i), (ii), 3.17(ii), and get L as a sub-
direct product of a chain L/R and of the lattice L/Q, which has its local dimen-
sion less than f and therefore, by induction assumption, is a subdirect product
of less than f chains. Thus L itself is a subdirect product of < f chains. The
converse implication is trivial.

4. Main theorem

4.0. Here we extend Theorem 3.18 for arbitrary cardinal f and then show
by an example thas local and lactice dimensions need not be equal.

4.1. Theorem. If L is a locally finite distributive lattice, then lodim L = §
if and only if L is a subdirect product of f achains.

Proof. One of the implications is trivial. The other is proved by Theorem
3.18 for T < No. Thus let ¥ be infinite. A dimension function f on L, i. e.
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a function with integer values fulfilling f(x) + 1 = f(y) for any x, y e L, x <y,
can be defined (see e. g. [6]). For « € L and for an integer 7+ we denote M;(z)=
= {y : f(y) = @ & y comparable with z}. If ¢ = f(z), then apparently M;(x) =
= {x}. As L fulfils (b”) and the dual condition, by induction through ¢ we
easily prove card My(x) < f for any integer ¢ (using 2 = f for f infinite).
As [x) = U {My(x) : ¢ > f(x)} and dually for (x], we get card [z), card (x] < f.
But L =u {(y] :y € [x)} for any e L and therefore card L < f. By the
Birkhoffs theorem, the lattice L, being distributive, can be embedded into
a product | [{Ls : @ € A} of (two-element) chains by a lattice isomorphism g.
For any x,y € L, x + y we take an index a = a(x, y) € 4 such that g.(x) +
+ ¢a(y) (here go(x) denotes the a-th component of g(x)) and set A" = {a(x, y) :
ca,y €L, a + y}. Then the mapping % of L into [ [{L,:a € A’} defined by
setting hq(z) = go(2) for any ze L, a € A’ is a lattice isomorphism of L into
a product of < f chains. '

4.2. Definition. Let T be an infinite cardinal, let Dy be the Cartesian product
of T topological spaces, each of them being the two-point space with the discrete
topology. By Cy we denote the Boolean algebra of all open regular subsets of Dy,
ordered by inclusion.

4.3. Theorem. Lodim C; = No; 1dim C; > No if T > 2%o.

Proof. It is easy to construct an infinite system of pairwise disjoint elements
in (Y%, therefore lodim Cf > No holds. On the other side, it is known (see e. g.
[3]) that in the Cartesian product of topological space with countable bases
any system of non-empty and pairwise disjoint open sets is countable, which
gives lodim C; < 8g. Thus lodim Cy = No.

Let us suppose now that Cyis embedded into a product of countably many
chains by a lattice isomorphism. As a lattice homorphic image of a Boolean
algebra is again a Boolean algebra and the only linearly ordered Boolean
algebra is the two-element one, we may assume that any chain in the product

contains exactly two elements. Then the cardinality of the product is 2N°,
but the cardinality of C, is at least f, which is a contradiction for f > 2Ne,

4.4. Note. The Boolean algebra (; and the assertion lodim Cy = Ny are not
new. By this counterexample we did not intend to say that lodim L = ldim L
could not hold at all without the local finiteness of L. On the contrary, is seems
probable that with some additional conditions, e. g. for ¥ finite, Theorem 4.1
could be proved also for (distributive) lattices which are not necessarily locally
finite.
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