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Proof. First take the case when either » — 0, or » — 1. In this case m =<
< ln(n — 1). According to [5] the complete graph with n edges is an Ry-graph.
Thus construct the decomposition 2’ of the complete graph {») according
to the group H. Let m’ = in(n — 1) — m. The number m' is evidently divisible
by the number o(H). Choose an edge h; of the graph <(»)> and from the graph
(m)y omit all edges a(hi) for « € M. The number of such edges is evidently
exactly o(H). In the reverse case there would have to be a(hi1) = f(h1) for
some « € H and f € H, « & f§; therefore if the edge k1 were contained in the
graph G'(y) of the decomposition #’, then the edge «(kh1) = f(h1) would have
to be contained at the same time in the graphs ¢'(ay) and G'(fy), which must
be edge-disjoint, because o + f implies ay = fy. In the graph thus obtained,
choose an edge %2 and proceed in the same way. We shall do this on the whole
m'[o(H) times, whereby we omit exactly m’ edges. The resulting graph ¢
is the wanted graph; if we denote G(a) = G N G’(a) for any « € M, we obtain
the decomposition # of the graph G according to the group H.

Now let » = 2 and let n' = n — r. If m £ in'(n’ — 1), we shall construct
in the above dessribed way an Rg-graph with n’ vertices and m edges and
add r isolated vertices to it. Therefore let m > in’'(n’ — 1) and let m” =
= m — }n'(n’—1). The number m” is evidently also divisible by the number
o(H). Construct the complete graph <(»'> with n’ vertices (which is an Ry-
graph, see [5]) and add the vertices ui, ..., u, to it. Take an arbitrary vertex v
of the graph <(»n’) and join some vertex u; (1 < ¢ < r) with all vertices «(v),
where « € H. In this way o(H) edges are created. If we do this m"[o(H) times,
we obtain the wanted graph, in which the vertices u,, ..., u, are fixed. (No two
of these vertices may be joined by an edge, thus we put the condition m =
< ln(n — 1) — r(r — 1)], because 3r(r — 1) is the number of all unordered
pairs of these vertices.)

Now we shall consider an Abelian group of an even order. According to [1]
any finite Abelian group is a direct product of cyclic groups, whose orders are
powers of prime numbers (they are so-called primary cyclic groups). Therefore
let us have a finite Abelian group H and let the mentioned primary cyclic
groups be Hy, ..., H;. If the order of the group H is even, the order of at least
one of the groups Hi, ..., Hy must be a power of two. Assume without the
loss of generality that all such groups are Hi, ..., H;, where 1 =1 =< k.
If a; is a generator of the group H;, (1 < ¢ =< I) and its order is 29, where
q is a positive integer, the element a2 is evidently the unique element of the
group H; whose order is two. Each of the groups H;, ..., H; contains therefore

k

exactly one element of the order 2. If b = H b; € H, where b; € H; for ¢« =
i=1

1,..., k, then the order of the element b is the least common multiple

of the orders of the elements b; in H;. The element b has the order 2 if and
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only if for all ¢ = 1, ..., k the element b; either is a unit element of the group
H;, or has the order 2 in H;, while all b; cannot be at the same time unit
elements. If | << j < k, then according to the described facts the group H;
is of an odd order, therefore it does not contain any element of the order 2.
Therefore any element of the group H of the order 2 can be expressed as

l

b= H bs, wherefor 1 < 7 < I the element b; is either a unit element of the
i-1

group H;, or has the order 2 in H;, while at least for one ¢ the element b; has

the order 2. The number of such elements is exactly 2! — 1.
After this introductory consideration we shall prove the following theorem.

Theorem 3. Let an Abelian group H of an even order o(H) and two positive
integers m and n be given. In expressing the group M as the direct product of
primary cyclic groups let exactly 1 of these groups be of even orders. Let r be the
remainder of the division of the number n by the number o(H) and let m = 0
(mod o(H)), m = inn — 2¢) — r(r — 1)]. Then there exists an Ru-graph

with n vertices and m edges.

Proof. First take the case when r = 0 and therefore m =< in(n — 2!).
The number = is divisible by the number o(H ), thus take the vertex set U with
n elements and decompose it into subsets (pairwise disjoint) Uy, ..., U,,
where p = nfo(H); each of these sets contains o(H) elements. For 1 <7 < p
assign to each element « of the group H a vertex u;(a) of the set U;. Now join
by edges all pairs of vertices of U, except the pairs {u:(a), ui(«f)}, where
1 £¢ £ p,a€ H, fis an element of the order 2 in H. The graph thus obtained
will be denoted by Gy. Evidently for «; + « we have a1 + «2f and at the
same time (of) f = af2 = ae = . Therefore there exist exactly o(H)/2 pairwise
different pairs {o, af} at the given . As the group H contains 2! — 1 elements
of the order 2, there exist exactly (2!-1 — 1)o(H) different pairs {«, «f},
where « € H , p is an element of the group H of the order 2. The number of the
pairs {ui(x), ui(xf)} of the vertices of U; assigned to those elements is therefore
also (2071 — })o(H), the total number of such pairs of elements in the whole
the set U is p(2!-1 — Lo(H) =(2!-1 — 1)n. The graph G contains therefore
In(n — 1) — (271 — $)n = In(n — 2!) edges. To prove that G is an Ry-graph
it is sufficient to prove that for an arbitrary edge A of the graph Gy the in-
equality o # f implies «(k) £ f(k). If the edge h joins the vertices wu;(y),
‘u;(0), where ¢ #+ j, we can have a(h) = (k) only of u;(ay) = ws(fy), uj(ad) =
= u;(fd) and this (as the assigning of vertices of U; or U; to the elements
©of H is a one-to-one) holds only if ay = By, «ad = 6, which implies « = §.
If the edge % joins the vertices u;(y), ui(d), then a(h) = f(h) holds, if either
wi(ay) = wi(By), ui(xd) = u;(B6) (which is a case quite analogous to the pre-
ceding), or wi(ay) = ui(fd), wi(xd) = ui(By). In the latter case ay = f9,
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«d = By, which implies ay(ad)=! = B6(fy)-1, which means y6-1 = y-15. The
element y-10 is equal to its inverse element and its order is 2. The element &
is created by multiplying the element y by the element y-15, which is of the
order 2, and therefore the pair {u;(y), w;(0)} is not joined by an edge in Go,
which is a contradiction. Therefore the graph Gy is an Ry-graph. The following
procedure of the proof is analogous to the proof of Theorem 2 with the diffe-
rence that instead of () we take Gy.

Now we shall consider Ry-graphs with the minimal number of vertices
and edges. If we omit trivial Ry-graphs not containing any edges, this means
that m = o(H) and therefore each of the graphs of the corresponding decom-
position contains exactly one edge. Among such graphs we shall look for those
which have the minimal number of vertices.

Theorem 4. Let H be a primary cyclic group of the order o(H) = pr, where p,
r are positive integers, p > 1. Then every Ru-graph with o(H) edges with the
mintmal number of vertices consists of ps connected components, where 0 £ s < r
and each of these components is a circuit with pr—s vertices.

Proof. It is well-known that all subgroups of a primary cyclic group fornr
a chain (a totally ordered set) with respect to the inclusion. Let « be a vertex
of the graph G which is not isolated, let H' be the group of mappings of H,
in which the vertex w is fixed. Let the vertex » be joined by an edge h with
a vertex v. The vertex v cannot be fixed in any non-identical mapping of H’,
because in this case there would be a(k) = h, which is impossible. But if v
is fixed in some non-identical mapping § of H, it is fixed in all mappings of the
cyclic subgroup H” of the group H generated by the element . According
to the above mentioned either H” < H', or H' < H”. In the first case the
vertices # and v are fixed in all mappings of the group H”, therefore also
in the mapping B, which is not identical, therefore p(h) = k, which is im-
possible. In the second case the vertices u and v are fixed in all mappings
of H'; thus this group cannot contain non-identical mappings and H’ = {e},
where ¢ is the unit element of the group H. Therefore the vertex u is fixed only
in the identical mapping and there exist o(H) pairwise different
vertices u, 7n(u), 72(%), ..., ¥ (). If the graph G contains the edge h =
= un*(u), where 0 < k < pr — 1, k is a positive integer and the element 7*
has not the order 2 in the group H, it contains also all edges #i(h) for ¢ =
= 1,...,pr — 1, that is the edges ni(u)nit*¥(u). Let " be the graph generated
by exactly all these edges. Let s be the greatest positive integer such that
the number k is divisible by the number ps. Then kpr—s is divisible by the
number pspr—s = pr and therefore n*»""(u) = u. The edges unk(w), nk(u)n?*(u),
s NP D)y form a circuit with pr—* edges and therefore also with pr—s
vertices. The same consideration as for « can be applied to any other vertex:
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thus each vertex of ¢ is contained in a circuit of the graph G’ with p7—s vertices.
It is easy to prove that any two such circuits are edge-disjoint. As the number
of edges of the graph @ is pr, the number of such circuits must be p°. 1t is
easy to prove that the graph G’ is an Ry-graph, thus it is identical with the
graph @, about which we have assumed that it is minimal. The case p = 2,
s =1 — lisexcluded, because the edge un*(u) would be fixed in the mapping »*.

Theorem 5. Let H be an Abelian group which can be expressed as the direct
product of primary cyclic groups Hy, ..., Hy, where k = 2. Let o(H), o(H1), ...,
o(Hy) be the orders of the groups H, Hi, ..., Hy, respectively. Let I be such

a subset of the set {1,2,...,k} that | ]o(H:) — ]/O(H_)l 18 mintmal and let
vel
1_[ o(H;) = t. Then an Ry-graph G with o(H) edges with the minimal number

el

of wvertices is the complete bipartite graph consisting of the set A containing t
vertices and of the set B containing o(H)/[t vertices, while eachvertex of A is joined
in G with each vertex of B and each edge of the graph G joins a vertex of A with
a vertex of B.

Proof. Let a vertex u of the graph ¢ be given and let H’ be the group
of mappings of H in which the vertex u is fixed. If the vertex w is joined by an
edge with the vertex v, then the vertex v cannot be fixed in any non-identical
mapping of H'; if H" is the group of mappings of H in which the vertex v
is fixed, then the groups A’ and H” have only the unit element in common.
The product of H" and H” is therefore a direct product. If G is to have the
minimal number of vertices, H” (or H’ respectively) must be a maximal
subgroup of the group H- such that it has only the unit element in common
with H’ (or H" respectively). Thus H is the direct product of H’ and H".
Let I’ be the direct product of primary cyclic groups Hy, ..., H; and let H”
be the direct product of primary cyclic groups H,,,, ..., H,,. Then H is the
direct product of the primary cyclic groups Hj, ..., H,,. Therefore k m
and H; & Hy), where p is some permutation of the set {1, ..., k}. Thus H’
is evidently isomorphic with the direct product of the groups H; for i€ 1,
where I is some subset of the set {1, 2, ..., k} and H” is the direct product
of the groups H; for je{l,2,...,k} — I (if I =0,0r {1,2,...,k} — I — 0,
then instead of the direct product over this set we take only the unit element).
Then the group H is the direct product of the groups H' and H". The graph ¢
contains the vertices a(u) for « € H” (pairwise different) and the vertices f(v)
for # € H’' (also pairwise different). As the vertices u, v are joined by the edge 7,
also the vertices a(u), f(v) for each « € H”, § € H' are joined. We have namely
af(h) = af(uv) = af(u)af(v) = a(u)f(v), because B(u) =u, o(v) =wv. The

k
number of these edges is 1—[ o(H;) H o(H;) = 1_[ o(H;) = o(H). The number of
I 1

1€l je1,2,..,k} -
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the vertices of the graph G'is | Jo(H [ ] o(H;); thisnumber has to be the

el Je{l 2,k =1
minimal possible one. We know that the function f(x) = « + n/x attains its
minimum at x = ]/n Thus the number ]—[0 ) must differ as little as possible

el

from l/o . If we consider different subsets J of the set {1, 2,...,k}, the

numbers I_[o (H;) are always positive integers. If Vo < TTof Hz ) < 1—[0 (H;)

or[ Jo( H;EJ< T o(H:) = 1 o(H), evidently no Hy+ ] zCJ;(Hq;)g ﬁZ‘I(Hl

—{—Eh o(Hy;) Ze'Jl‘hus as| Jo(H:) + J] o H 7) must]gg rznlr’:i;rfzal we h:erle either

ﬁ{ol(j‘li)k) 4 o(H) and forzzo J c {]16,{122, k}, ;c},J:kI we have Ho(Hi) < Ho(Hi)

(;erl [Je(H:) 2 o(H) and for no J < {1,2,...,k}, J + I, -“:Z[ have H;E(JHi) >

> ﬁo H;).Butas [] o(H) [1_[0 :)]~1 for each J < {11:§ , kY,
ieJ oL, k}'J it

we see that if I satisfies the first (or the second respectively) condition, the
set {1, 2, ..., k} — I satisfies the second (or the first respectively) condition.
Thus we need not distinguish, whether [ satisfies the first or the second con-
dition and may state that I is such a subset of {1, 2, ..., k} that |HO(IL-) —

4
— l/ o(H)| is minimal (in this case I evinently satisfies either the first, or the
second condition).

Now let us have the edge a(u)f(v) of ¢, where « € 1", f € H' and two mapp-
ings pe H, ye I, while p = ¢'¢", y = y'y", where ¢’ e H', " € H", ' € H".
Let the images of the edge o(u)f(v) in the mappings @, p be identical. This
means that there must be ga(u) = pa(u), ¢f(v) = wh(v), because a vertex
of A (or of B, respectively) can be transformed by a mapping of H only into
a vertex of 4 (or of B, respectively). Evidently go(u) = ¢"a(u), pa(u) = " a(u),
while p"a € H", "« € H". The images of the vertex » in mappings of /1" are
pairwise different, therefore there must be ¢"« = y”«, which implies (p” y)
Analogously ¢f(v) = yp(v) implies ¢’ = v’, therefore also ¢ = @'¢p" = p'p”
= . Thus it is proved that the images of the edge «(u)f(v) in different mappings
of H are differcent; therefore any of such edges form together with all vertices
of the graph G one graph of the decomposition of the graph G according

to the group H.

Now we shall consider one generalization of the concept of the bipartite
graph, namely so-called simplex-like graphs [2]. A simplex-like graph is by
definition the graph whose vertex set can be decomposed into pairwise disjoint
sets Uy, ..., Uy, while exactly all such pairs of vertices are joined by edges
that the vertices of the pair belong to different sets U; (4 = 1, ..., k). They
are the critical graphs with respect to the chromatic number.
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Theorem 6. Let H be a finite Abelian group which can be expressed as the
direct product of the groups Hi, ..., Hy (mot necessarily non-decomposable).
Let o(Hy), ..., o(Hy) be the orders of the groups H, Hi, ..., Hy respectively.
Let P(xy, ..., xx) (or Qx1, ..., xr), respectively) be an elementary symmetric
polynomial [3] of the degree n — 1 (or n — 2, respectively) of the undetermined
x1, ..., k. Then there exists a simplex-like Ru-graph G, whose number of ver-
tices is P(o(H1), ..., o(Hy)) and whose number of edges is o(H)Q(o(H1), ...,
o(H)).

Proof. We shall construct the graph @. Its vertex set is the union of pair-
wise disjoint sets Ui, ..., Ux, while the set U; contains o(H)[o(H;) vertices
for each ¢ = 1, ..., k. The vertices of the set U; (+ = 1, ..., k) are denoted
by u;(«) for all « of the direct product H; of the groups H1, ..., Hi-1, Hi1, ...,
Hy, therefore of the group isomorphic to the factor-group H/H;. Let g e H

and let B = Hﬂi’ where ; € H; for each ¢ = 1, ..., k. Then B(ui(x)) = u:(Bi),

where ﬂi /3,31 € H;. We see that the vertex wu;(a) is fixed exactly in all
mappings of H;. The proof that ¢ is an Ry-graph is analogous to the proof
of Theorem 5. We shall also compute easily the number of vertices and edges

k

of the graph @. The number of vertices is > o(H)/o(H;) = P(o(H,), ..., o(Hg)).
i-1

The number of edges going from U; into Uj; is the product of the numbers

of vertices of the sets U; and Uy, i 1. e. [o(H )2/o(H:)o(Hj). The number of edges

of the whole graph G is therefore Z {Z[o V2Jo(H:)o(Hj) — [o(H)2/[o(H;) 2} =

j=1 1i=1
k
H) 3 {3, oUIDfolHo(Hy) = o) lolH) P} = o(H)Qo), .., ofH)).

Theorem 7. Let there be given a vertex set U of the cardinality 4k or 4k + 1,
where k is a positive integer, and on it a permutation p*such that the number of
vertices of each of its cycles is divisible by four, with the exception of at most one
cycle formed by a fixed vertex. Further let an Abelian group H, whose order o(H)
is odd and is a divisor of the number k, be given. Then there exists a self-comple-
mentary Ru-graph G, whose vertex set is U and the permutation p*is induced
by the isomorphic mapping g of the graph G onto its complement G.

The proof is similar to the proof of Theorem 4 of [4]. Let the permutation
p*have no fixed vertex and let %1, ..., €, be its cycles. The cycle €; (¢ =
=1, ..., q) contains the vertices u{”, ..., u{. The numbers r; are divisible
by four for any ¢ =1, ..., q. Let n be the number of vertices of the set U,

l\MEv

7

evidently n = > ;. For each vertex introduce another notation so that the
i -

vertex u{” will be denoted by v, where for j < r;/2 we have k =j + 1 > r;,

z<1
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for j > r/2 we have k= j + 4(n — r; + > r;). It can be proved that if
z>1

vk = u{), v = ufP, then k = j (mod 4) and therefore k — &’ = j — j’ (mod 4).
Now we construct the graph @ in the following way. By an edge we join any
two vertices with odd subscripts at ». Further, for any even y we join the
vertex v, with all vertices whose subscripts at v are congruent with y 4 1
modulo 4. We can easily verify that the graph thus constructed by an iso-
morphic mapping inducing the permutation p*can be transformed onto its
complement. Now let us decompose the set U into the sets U, Uy, ...,
Uskjogy-1 so that to the set U; (1 = 0,1, ..., 4kJo(H) — 1) exactly all such
vertices v; belong, for which [ = ¢ (mod 4k/o(H)) holds. As o(H) is a divisor
of k, such sets are at least four and each of them contains exactly o(H) elements.
In a one-to-one manner assign to each element « € H a vertex wo(x) of Up.
Now if v; € Up and v; = wo(x), then for any j =1, ..., 4k/o(H) — 1 denote
v.; = wj(x); this vertex evidently is contained in U;. Now for any o€ H,
peH and any j = 0,1, ..., 4kjo(H) —- 1 define f(us(a)) = u;(fe). The number
4k/o(H ) is divisible by four, therefore the image of any vertex v; in any mapping
of H is a vertex whose subscript at v is congruent with I modulo 4. Thus the
image of an arbitrary pair of vertices is joined by an edge if and only if the
original pair is joined. We can also easily prove that for any edge & the equality
y(h) = (k) implies y = 8. Now if p*has a fixed vertex x, we shall make the
described construction for the set U — {z} and for the restriction of the
permutation p* on U — {«x} .Then we join x with all vertices which have odd
subscripts at v and define «(x) = « for all « € H.

§ 2.

In this paragraph we shall study directed graphs. The definition of the
decomposition according to a given Abelian group is quite analogous. We have
the same situation in the concept of a directed Ru-graph. By the term complete
directed graph we shall mean the graph which with any two vertices u, v,
contains both the edges up and vi.

We shall express one lemma and some theorems analogous to the lemmas
and theorems of the first paragraph.

Lemma 3. Let G be a directed Ru-graph. Let H'be a subgroup of the order
greater than one of the group H, let u, v be two vertices of the graph G which are
fixed in all mappings of H'. Then the vertices u, v are not jotned by an edge in G.

Proof. In the same way as in Lemma 1 we could prove that in the reverse
case the mentioned edge would be fixed in all mappings, therefore also in
non-identical mappings, of H’ and would have to belong to more than one
graph of the decomposition R, which is impossible.
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The lemma analogous to Lemma 2 for directed graphs does not hold.
If « is an involutory element of the group H and u a vertex of the directed
Ry-graph G, then there may exist the edge ua(u), because its image in the
mapping « is the edge a(u)u, which is evidently different from wua(u). Therefore

the edge ua(u) is not fixed in the mapping «.

Theorem 8. Let G be a directed Ry-graph. Let m be the number of edges of the
graph G, let o(H) be the order of the group H. Then the number m is an integral
multiple of the number o(H).

The proof is the same as the proof of Theorem 1.

Theorem 9. Let an Abelian group H of the order o(H) and further two positive
tntegers m and n be given. Let m = 0 (mod o(H)), m < n(n — 1) — r(r — 1),
where r s the remainder of the division of the number n by the number o(H). Then
there exists a directed Ry-graph with n vertices and m edges.

The proof is analogous to the proof of Theorem 2. In the assumptions of the
theorem there is the inequality m < n(n — 1) — r(r — 1) instead of the
inequality m < I[n(n — 1) — r(r — 1)] from Theorem 2, because the number
of edges of the complete directed graph with n vertices is n(rn — 1), while
the number of edges of the complete undirected graph with » vertices is
in(n — 1); analogously for the complete graph with r vertices. Further, the
assumption that the order of the group H is odd is omitted. In the proof
of Theorem 2 one starts from the complete undirected graph which according
to [5] cannot be decomposed according to an Abelian group of an even order
(for the sake of involutory elements — see Lemma 2). But in Theorem 9 we
start from the complete directed graph which according to [6] can be de-
composed according to an arbitrary Abelian group whose order is a divisor
either of the number of vertices of that graph, or of this number minus one.

Theorem 10. Let H be a primary cyclic group of the order pr, where p, r are
positive integers, p > 1. Then every directed Ry-graph with o(H) edges with
the minimal number of vertices consists of ps connected components, 0 < s < r,
and each of these components is a cycle with pr= vertices.

Theorem 11. Let H be an Abelian group which can be expressed as the direct
product of cyclic primary groups Hi, ..., Hy, where k 2 2. Let o(H), o(Ha1), ...,
o(Hy) be the orders of the groups H, H1, ..., Hy respectively. Let I be such a subset
of the set {1,2, ..., k} that || Jo(H;) — VO(H)| is minimal and let | Jo(H;) = t.

wel tel
Then a directed Ry-graph G with o(H) edges with the minimal number of vertices
18 the bipartite graph consisting of the set A with t vertices and of the set B with
o(H)[t vertices, while either each edge of this graph has its beginning vertex in A
and its end vertex in B, or each edge of this graph has its beginning vertex in
B and its end vertea in A, and the mentioned graph contains all such edges.
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These theorems are quite analogous to Theorems 4 and 5, also their proofs
are completely analogous.

If we define a directed simplex-like graph as the graph whose vertex set can
be decomposed into subsets Ui, ..., Uy pairwise disjoint, in which from the
vertex u into the vertex » a directed edge goes if and only if the vertices u
and v belong to different U;, we can express a theorem:

Theorem 12. Let II be a finite Abelian group which can be expressed as the
direct product of the groups Hy, ..., Hy (mot necessarily non-decomposable).
Let o(H), 0(H1), ..., o(H) be the orders of the groups H, Hy, ..., Hy, respectively.
Let P(xy, ..., xx) (or Q(x1, ..., xx), respectively) be the elementary symmetric
polynomial of the degree n — 1 (or n — 2 respectively) with the undetermined
Z1, ..., xx. Then there exists a directed simplex-like Ry-graph G whose number
of vertices is P(o(H1), ..., o(Hg) and the number of edges 21(H)Q(o(H,), ..., o(HE)).

The proof is analogous to the proof of Theorem 6. The number of edges
is the doubled number of edges from Theorem 6, because each pair of vertices
(which is joined) is joined by two directed edges.

Finally we shall express a theorem analogous to Theorem 7.

Theorem 13. Let there be given a set U with n vertices and on it a permutation
p* such that the number of vertices of each of its cycles, with the exception of at
most one cycle formed by a fixed vertex, is even. Further let an Abelian group
be given, whose order o(H) is a divisor of the number in in the case if n is even
and of the number L(n — 1) in the case if n is odd. Then there exists a direcled
self-complementary Ry-graph G whose vertex set is U and the permutation p* is
induced by an isomorphic mapping of the graph G onto its complement G.

Proof. First assume that the permutation p* has no fixed vertex and

therefore it contains only cycles with even numbers of elements. Let %1, ..., €,

be these cycles. The cycle €; (i = 1, ..., q) contains the vertices u{’, ..., u{”.
q

The numbers r; are even for any ¢ = 1, ..., q. Evidently n = zri. For each
i

vertex we introduce, as in the proof of Theorem 7, another notation, so that
the vertex u}i) will be denoted by vy, where for j < 7;/2 thereisk =j + % Z 7y,

z2<i
for j > /2 there is k =j + 3(n — r; + > 7). It can be proved that if
z>1
vk u?, then k& = j (mod 2). Now we construct a directed graph G so that

we join by both edges (i. e. from the first vertex into the second and from the
second vertex into the first) any two vertices whose subscripts at v are odd;
further, from any vertex with an even subscript at v we put directed edges
into all vertices with odd subscripts at v. We can again easily verify that the
graph thus constructed can be transformed by an isomorphic mapping in-
ducing the permutation p* into its complement. Now decompose the set U
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