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EXPLICIT SOLUTIONS OF SEVERAL KUMMER’S
NONLINEAR DIFFERENTIAL EQUATIONS

JAROSLAV KRBILA

Dedicated to Professor Otakar BORUVKA on the ocensto 1 of his 750 hith day

In this paper we shall deduce relations among the elliptic. hyperbolic and
parabolic phases of the linear differentinl equation

(1) Yo —qWby, (' dyldh)

the carrier ¢ of which belongs to the class Cy(j). where j  («.b) is an open
mterval, o =Za<b = oo
Note that the symbol Cr(J), where L is a nonnegative integer, denotes
the set of all real functions with the continuous derivates of the k-th order.
1 function ae, resp. ay, resp. ap. defined tn the interval j. < j, rvesp. j, < i,
resp. jp < jis called an elliptic, ‘esp. hyperbolic, resp. parabolic phasc of the
differcntial equation (q) if
1. it Dbelongs to the class Cz in « correxponding interval of the definition,

2. it has the st derivative 0 for all points from its interval of definition,

3 it satisfies the differential equation
) w g, teje, resp
{2,, 1) + 0" ql), L€jn, resp.
st (D), L€ Jjy,

where the function g, resp. qu, resp. q, s « partial funclion fiom q defined
in the inlerval jo, resp. jn, 1esp. jp.

A symbol {X,#} — (X"/2X") — (X"/2X")?2 denotes the Schwar: derivative
of the function X € C3(jo < j) in a point ¢ € jo such that X'(f) & 0.

The importance of the introduced kinds of phases of (¢) is evident from
the transformation of the solutions of the differential equation

Q) Yo=Y, (Y- dY/dT)
@ Co(J (d,B)), into solutions of (gq), which transformation is realized

by solutions X of the nonlinear differential equation of the 3rd ordet
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(Q’ (1) - {X’ t} + Q(X)‘”z - (1(1)5

called KNummer’s differential equation. A relation between solutions of (@
and (q) is such that if a function X is a solution of (. ¢) defined in the interyal
i < j, X'(t) 7 0 for all ¢t €4, and 1 is any solution of (€) defined in the inter-
val I = X(i) = J, then the composed function

() = YIX@)] X0

is a solution of (¢) defined in the interval ;. The function X is called a e/l
of the transformation of solutions of (@) into solutions of (g).

From the point of view of the transformations the elliptic, hyperbolic and
parabolic phases, respectively, are kernels of the transformations of solutions
of (@) with constant carriers —1; 1, 0, respectively, into solutions of (q)

Further we shall need the following result from the theory of the tran-for-
mation of solutions of Kummer’s differential equation (@, ¢) [2, I11., §23.1..
pg. 186]:

If @ function X(t), t € ¢, is a solution of (@, q), then the function x(1'), T [
wmverse to X is a solution of Kummer’s differential equation

Kummer’s differential equation (—1, q) is studied in detail in the bool [2].
where an explicit expression of Kummer’s differential equation (—1. 1)

is given in the form:
X(t) — arctg [(c11 tg t -+ cr2)/(ca tg t - c92)],

where ¢z, i, £ = 1, 2, are arbitrary constants and the determinant ¢; 0

Similarly in paper [4] Kummer’s differential equation (1,q) is investicated
and solutions of Kummer’s differential equation (1, 1) are given in the for n

X(t) = argtgh [(c11 tgh t + c12)/(ca1 tgh ¢ 4 ¢22)],

where constants c;x, ¢,k = 1, 2 have the same meaning as above.

From (2, I., § 1,8, pg. 3] it is evident that Kummer’s differential equation
(0,0) has a solution given by the formula:

X(t) = (ent + c2)/(cat + c22),

where constants ¢, ¢,k 1,2, have the foregoing meaning.
In paper [5] a connection between parabolic and hyperbolic phases of (q)
is investigated. We shall need a result of Theorem 2 from [5]; this is given

in the following lemma.

Lemma. Let «, be a parabolic phase of (q) defined in the interval j,. Then
the function
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(1) xy — (2[2) log |(enoep + cr2) /(210 29)],

(here 2 1 and cik, i, k = 1, 2, are arbitrary constants, |ci| = 0) defined
in the interval j, = jp, is @ hyperbolic phase of (q)

Expecially if «, = t, we obtain from (1) an explicit solution of Kumwmer's
differential equation (1,0) in the form:

X(1) = (4/2) log [(ent 4= cr2)/(ent + c22)],

from which, calculating an inverse function, we get a solution of KNumwmer’'s
differential equation (0,1):

X(¢) = [c11 exp (24) -+ ciz)/[c21 exp (242) + c22],

where the meaning of the constants 2, ¢, ¢,k = 1, 2 is similar to that in
lemma.

Now we are going to investigate a connection between elliptic and hyper-
bolic, resp. parabolic phases of (g) and give — as corollary — explicit solu-
tions of Kummer’s differential equations obtained taking variations of the
sccond class with a repetition of constant carriers: —1, 1,0, of differential
equations (q), (€). Such results have not yet been published.

Theorem 1. Let x, be an elliptic phase of (q) dcfined in the tnterval je. Then
the function:

(2) ap — (;/2) log |((‘ll tg e ~‘r Clz)/((}g], tg e jl ng)l 5
(4 1, cir, &, k=1,2, are arbitrary constants, |c;x] % 0) defined in the

interval ji, < je, is a hyperbolic phase of (q).
Proof. One can easily see that if the function o, is an elliptic phase of (q)
in the interval j,, then the function o defined by relation:

tg oo = (c11 tg oo + c12)/(c21 g %o + £22),

(cik,t, k1,2, have the above-mentioned meaning) is also an elliptic phasc
of the same differential equation (¢) and is defined in an interval j; < j,.
Take the function:

oap = (A42)log |tg |, A== 41,
defined in the interval j, < j; and its derivative:
o, = 22/[sin 2a, oy = (Aa[sin 20) — (2202 cotg 20)/sin 22,
from which we obtain
(2)200)" = («"[2a)" — (& cotg 2a)’,

(o 204)2 = (&"[20')2 — &” cotg 2 -} o2 cotg? 2,



a,” %2 sin? 2z,

d

hence for all t e j, we have

— {on, t} + o — {o. t} 2’2
and the theorem is proved.
Corollary. Kummer's differential equation (1. —1), resp. (1. 1) Tas a solu-
tion:
N (2 2)log (crtat L oew) (eatel 7 ),
resp.

X(t) arcte (Jewexp (228)  crz)|ea exp (248) — c22]),
where the constanls 7. cy. i, k1,2, have the same meaning as in Theorcm 1
Proof. We obtain an explicit expression of a solution of Kummer's diffe
rential equation (1, 1) from the relation (2) by a special choice of the elliptic
phase, namely o, = t and a solution of Kummer's differential equation (1.1
as the inverse function to the colution of (1, 1).

Theorem 2. Lel o, be an elliptic phase of (q) defined in the intercal j . Then
the function:

(3) oy ((‘11 t'_’, Lo —+ (‘12) ((‘21 t(:’ Ao - ('2-_3).
(Cir, i, & 1, 2, are arbitrary constants. ¢ 0) defined in an intennal j, < |

is « parcbolic phase of (q).

Proof. We can obtain assertion of the theorem either in such a way that
we verify calculating the validity of the relation:
{xp, f} - — {(('11 tg Ae +- ('12)/((321 t},l‘ e _}, ng), t} — {1( . [} ‘Jé.'
for all t € j,. or we could obtain (3) by comparing the relations (1) and (2)
Corollary. Kummer's differenticl equation (0. 1), resp. ( 1.0) has a sc-
lution :

)-

X (entgt en) (catgt e
resp.

X arety [l + ew)feat + en)].
where ciip. 1, k — 1,2, are arbitrary constants with the propcrty ey = .

The idea of the proofis the same as in the proof of the covollary of Theorem 1
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Yemark. From the relation (2), 1esp. (3) we can find an expression of the
clliptic phase by means of the hyperbolic, resp. the parabolic phase. From
the explicit connections among the mentioned phases we can sce (similarly
as m paper [1]) the priority of the elliptic phases, the theory of which was
systematically built up by O. Boravka in [2], fivst of all for their universality.
The hyperbolie, resp. parabolic phases are convenient for the study of dis-
conjugney of (q), especially in the investigation of the pure, resp. special
disconjugate differential equation (¢). These phases are also convenient for
the ~tudy of the asymptotic propertics of tle nonoscillatory differential
cquation (see e.g. [3], resp. [5]). '

Yesults of this paper can be used to construcet Kummer’s differential equa-
tion ~ of the type (- 1,9), (1,9), (0, ¢) with an explicitely given solution and
also Kummer’s equations (¢, -1), (7, 1), (g, 0). We shall give an example.

[Exvample. By direet calculation we verify easily that the function:

(4) 4\'([) (('1 8 (‘13) (('21{'3 ('gg)‘

(R 1, 2, ave arbitrary constants, [ 7 0, f 0 real number) sa-
tisties Kummer’s differential equation (0. (82 1)/42), ie. it is a parabolic
phase of the differential equation:

(5) yoo LB D/

By using relation (1) we get from the relation (4)
(ﬁ) ‘\'(/) — (; Z) l()g (('nlﬁ — (’13) ((‘«_)1/"‘ - (32) . ) — +],

and this is a solution of Kummer’s differential equation (1, (52 — 1) 42),
i.c. a hyperbolic phase of (5). From the relation (3) and from (4) we get the
function XX in the form:

(7) X(t) — arcte [(cunt? + cr2)/(Calh - €22)].
anl this is a solution of Kummer's differential cquation (—1, (2 — 1) 442)
i.c. an elliptic phase of (3).

-

The inverse functions to the functions (4), resp. (6), resp. (7) are solutions
of Kummer's differential equa wons: ((52 — 1)/4£2.0). resp. ((f2 — 1) 42 1),
resp. (A2 1) 42, ).

Finally we remark that if we choose in this example f = —1, we obtain
thc above mentioned solution of Kummer's differential equation: (0, 0),

(0. 1), (0, 1), (L,0), ( 1,0).
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