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MODULAR AND DISTRIBUTIVE EQUALITIES
IN LATTICES

FRANTISEK SIK, Brno

In this paper we deal with “local’” equalities characterizing the modularity
and the distributivity of lattices as indentities. The main results are as follows.

§ 1. The modularity (1) (see below) of a pair of elements b, ¢ of the lattice S
and the modular equality (2) of a triple of elements a, b, ¢ € S is characterized
by means of the set B(a, b, ¢) (defined before Theorem 1) — Theorems 1
and 2, respectively.

In § 2 the following problem is pursued. J. v. Neumann [4] p. 108 proved
that an arbitrary equality from the six distributive ones for a triple a, b, ¢ € S,
which we can obtain from (3) and (3*) (see below) by all permutations of the
elements @, b, ¢ together with the modularity of the sublattice (a,b,c)
generated in § by a, b, ¢, implies (and, of course, is then equivalent to) the
distributivity of the lattice <a, b, ¢c>. M. Kolibiar [5] has verified that if we
omit the requirement of modularity of the lattice <a, b, ¢, only the validity
of all six distributive equalities together with (4) suffices (and is necessary)
for the distributivity of the lattice {(a, b, ¢>. This condition is exact, i. e. none
from these seven distributive equalities for a, b, ¢ can be omitted. Theorem 3
of our paper shows that the (selfdual) distributive condition (4) together
with the upper or lower covering condition or with the semimodularity,
respectively, guarantees (and is necessary for) the distributivity of the lattice
{a, b, ¢). The same assertion follows from the condition B(a, b, ¢) 7= 0 together
with all “non-self-dual” distributive equalities for @, b, c. By Theorem 3,
J. v. Neumann’s Theorem [4] cited above (also see [7] Th. 35) is recovered,
too. In Lemma 8, the lattice 8 with three generators and with (4) as the
defining relation is described ((4) is the median equality). This lattice has
24 elements.

§1.

Let a,b, ¢ be arbitrary elements of the lattice S. It is well-known that
the modularity of the lattice S is characterized by any of the following
identities:
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(1) avdace)=(@vdae, a<c
Iy anbve)y=(@Ab)ve, a>c
(2) avbAar(cva)]=(aVvDd)AI(aVec)
2¥)anbvicrna)l=(@Abd)V(aAc

(See, e. g. [7] § 32.)

In a similar way the distributivity can be characterized, e. g. by means
of the following equivalent identities:

3) avdAac)=(aVvDbd)A(aVec)

B¥)an(dbve)=(@aAb)Vv (aAc)

(4) (@rnd)vdarc)vicna)=(aVbd)ADBVc)AI(Va) (median identity)
([7] §§ 30 and 33).

A quite new situation arises if we investigate the equalities (1) and (1%)
for a fixed pair b, ¢ € S and others for a fixed triple a, b, ¢ € S (i. e. if we consider
these relations “locally”’). The equivalences mentioned above lose the validity,
in general, these equalities do not admit either to permute @, b, c. In the
paper [5] examples of lattices are given, not fulfilling one and only one of the
seven equalities which result from (3), (3*) and (4) by permuting a, b, ¢ (see
also [1] V § 3, Ex. 5).

In this context we define (see [6] Def. 1.1):

The pair b, ¢ of elements of S is said to be modular or dual modular, respectively,
if (1) or (1*) is true. We will use the following concept to characterize modular
pairs (see [2]).

By the symbol abc we mean that the following equalities are satisfied

(@nbd)yvdbAc)y=b=(aVvbd)A(DdVec).
Denote B(a, b, ¢) = {x € S : axb, bac, cxa}.

Theorem 1. Let b, ¢ be elements of the lattice S. The pair b, ¢ ts modular in
S < B(a,b,c) #0 forall a €S, a < c.

The proof is analogous to that of Theorem 2 [2]. 1. Assume that the pair b, ¢
is not modular in S. There exists ap < ¢ such that

aV (b Ac)<(aVd)Aec.

Let x € B(ao, b, ¢). Then

g=aNc<(@Va)yA@ve)=xz=(apAx)V(@®Ac)<aVc=c,
thus ap < « < c. It follows
bva)re < Bva)yA(xve) =a = bAra)V(®cAa) < (BArc)Va <
< (@0 V b) A ¢, a contradiction.

2. Let the pair b, ¢ be modular in S,s =(@Vvbd) A(bVec)A(cVa),ac<ec.
Then by (1)

s=aVvdbnrc)=(aVvb)Ac, thus a<s<c¢,brec<s<avhb.
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From this one deduces easily aVs=s, bvs=bvaVv(bArc)=0bVa,
cvVs=c arNs=a, bAs=bArcA(@avbd)=bAc, cNs=s Then asb
holds for (a v s) A (sVb)=sA(bVva)=s (aAs)V(srb)=aVv (bArc)—
= s, further bsc since (bv s)A(sve)=OBVa)rc=s (bAS)V (SAc)=
=((BAc)vs=s and also csa because of (cVs)A(sVa)=chrs=s,
(GAS)V (sha)=sVa=s. Finally, se B(a, b, c) for all ae S, a < ¢. The
assertion has been proved.

With respect to B(a, b, ¢) = B(z, y, z) being fulfilled for an arbitrary per-
mutation z, y, z of the elements a, b, ¢, by Theorem 1, we easily deduce the
condition of modularity of any pair of the elements a, b, c.

From Theorem 1 the condition of the dual modularity follows as well.
For reason of definiteness let us write Bs(z, b, ¢). If T denotes the lattice dual
to S, clearly, Bs(a, b, ¢) = Br(a, b, ¢) will hold for arbitrary «, b, ¢ € S. Herce
from Theorem 1 it follows immediately

b, cis the dual modular pairin S <> b, ¢ is the modular pairin 7' <> Br(a,b,c) #% 0
for all aeT, a <pc< Bs(a,b,c) #0 for all a e S, a s> c.

Thus we have obtained the following

Corollary 1. The pair b, ¢ is dual modular in S < B(a,b,c) £ 0 for all
eelS, a>c.
Let a, b, ¢ be given elements of S and let us denote
t=(@Ab)v(bACc)V(crna), t*=(aVDdADBVCAI(Va).
¢ < t* holds and the relation (4) can be replaced by ¢ = ¢*.

Lemma 1. ¢ < s < t* holds for all s € B(a, b, ¢).
Proof. From the definition of the relation s € B(a, b, ¢) it follows
aNb < (avs)A(svb)=s=(@As)V(sAD)<aVd
and similarly bAc < s <bve, cAa<s<cVa Hence the assertion.
Denots L = [b A #,b Vv ¢]. There holds ([6] Lemma 1.4) that
(5) b, ¢ is a modular pair in § < b, ¢ is a modular pair in L.
From Lemma 1, we get immediately
(6) L=[bAc,bVc],aeL = Bs(a,b,c) = Bra,b,c).
In fact, seBs(a,b,c)=brc<t<s<t*<bve=>sel, thus se
€ By(a, b, ¢). The implication s € Br(a, b, ¢) = s € Bs(a, b, ¢) is trivial.
Then from (5), (6) and Theorem 1 we obtain for the given elements b,ce S
Bs(a,b,c) # 0 for all a€ S, a < ¢<b, ¢ is a modular pair in S < b, ¢ is
a modular pair in L < Br(a,b,c) #0 for all ae S, brc < a < c.

The dual proposition holds as well. We summarize as Corollary 2 of Theorem 1.

Corollary 2. Let b, ¢ be given elements of the lattice S. Then the folloving holds
1. B(a,b,¢c) # 0 for all a€ S, a < ¢ < B(a, b, c) #0 forallae8S, bAc<
<a<ec.
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2. Bla,b,c) %0 for all ae S, a > c<-Bla,b,c) =0 forall aecS, b '¢c >
> a 2 c.

The modular equality (2) for a, b, ¢ is characterized in the following theorem.

Theorem 2. Let a, b, ¢ be elements of the lattice S. Hence

(2)<>B(A4,b,C) # 0, where C = (av b A(ave), A=aVv[bA(c a)l
The dual assertion is true as well.

Proof. If (2) does not hold, i. e. if the following is fulfilled

A=aVvbAr(cva)]<<(@avbd)Alave)=20C,

then avb=E>C>A4A>D=b/(¢cva), E>b>D, C|b|A, and
E.C, A,b, D is a sublattice of S of the form of a “pentagon’. For it is a matter
of routine work to verify that b/ @ =D andbv 4 = E.

If seB(4,b,C), then (Cvs)An(svVA)y=s=(CAs)V (snd), thus
A<s<C Hence C=EANC < ODVvs)N(svO)=s=bBrs)visnd<
< Dv A— A, a contradiction.

Thus B(4, b, C) = (@ holds. The converse implication is trivial, for if 4 = C,
then 4 € B(4, b, C).

Vs
r

In section 2 the distributive equalities are dealt with. Let «, b, ¢ be given
elements of the lattice S.

Definition. Denote by (1) the system of (six) equalities which originate from (3)
ard (3%) by permuting a, b, c. These equalities together with t = t* will be called
the distributive equalities for a, b, c.

Lemma 2,
(7) =2 (@avi)Abv)=t=(ant)Vv (bAt) and dually:
(7)1 —(@aVI)YADVI¥)Z(@At¥) Vv (DAL*) =t
ar d further four relations by permuting a, b, c.

Proof. Clearly it suffices to prove (7). The first inequality :

@avtyndvi)y=[av dbAS)]ADV (cAa)] <
S@vbd)A(@ve)A(dVve)a by a)=t*k

The second one is trivial. The equality:
a t aAf[l@anb)yvdrce)vienrna)l=(@rbd)v@erbre)v(anc)—
=(aAb)V (cha);
similarly bAE > O Aa)v OAc). Thus ¢t = (@A) v BAE) = (anbd)v
(@nc)Vv (bAC)=1L.
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Corollary. t = (a A t) v (b A E)V (¢ A t) and dually:
= (a V)N (D VE)A (cVE*),

Remark. The equalities in (7) and (7*%), Lemma 2, imply the following
distributive equalities of the types (3) and (3%*)
(@Vvit*y A (bVit*) = (a Ab)V t*
(@nt) vIbOAat) =(avb) At

and further four equalities by permuting @, b, c.
It follows from ¢* = (a v i*) A (bV *) > (@ A D)V E* > t*. Dually the
second equality.

Lemma 3. If (I) holds, we have (a VvV t) A (b V t) = t* and dually (a A t¥)
V (b A t*) = t. Further four equalities by permuting a, b, c.

Proof. avi =av(bArc) = (avdb)Ar(ave), bvi = bV (aAc)
= bva)yndve) = (@VOADVE = (aVO)ADBVEA(Va) = t*

Lemma 4. If (I) and B(a, b, ¢) =~ 0 hold, then (1) is true.

Proof. By Lemma 1 ¢ < s < ¢* whenever s € B(a, b, ¢) and by Lemma 3
=@Vvi)rbvit)<s(@avs)andvs)=s<t¥ ie s=1t*% dually, we
obtain s = t. Hence (4) ¢ = t*.

Lemma 5. (4) implies B(a, b, ¢) = {t} = {t*}.
Proof. By hypothesis { = ¢* and by Lemma 2
@viAGVE)=(@VE)ANBVIE)=t=t=(aAt)Vv (bAL).

Analogously btc, cta. Hence t € B(a, b, ¢). By Lemma 1, one gets: s € B(a,b,c)
=¥ >s52>2t=1*=s=1, hence B(a, b, c) = {t} = {t*}.

Corollary. (I) = card B(a, b, ¢) < 1. (In the case of equality there is B(a,b,c)
= {1 = {*})

Proof. Either B(a, b, ¢) = @ holds or, by Lemmas 4 and 5, B(a, b, ¢)
= {t}(= {t*}) is true.

Lemma 6. If (4) kolds, we have
(8) t=t*=TJaANbVvec)VIbAI lVa)l
(9) aVbar(eva)]l=aV(brc)=It*va=tVa,
and further relations by permuting a, b, ¢, and by dualisation.

Proof. By Lemma 5, t=1¢*= [(avbd Ar(@Vve]n dve =
> {avbA(vaeardve = [anbve)] v br(eva)l = (anbd)
V{anre)vbacyv (baa)=t.
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Then (8) holds and therefore
tva=t:*va=avegAbVve]VvbAa(cva)]l=av[bA(Va)l.
Finally, from the definition of ¢{ we obtain { v @ = a v (b A ¢). Thus (9).

Corollary. If (4) holds, the following ts true for arbitrary a, b, c: (2) < (3),
(2%) <~ (3*) and further equivalences by permuting a, b, c.

Lemma 7. If in the modular lattice for a,b,c one of the equalities, which
originate from (3) and (3*) by permuting a, b, ¢, does not hold, then none holds.

(Lemma 7 follows from J. v. Neumann’s Theorem [4], p. 108 — see also [7]
Th. 35).

Lemma 8. From the hypothesis (4) it follows that the set & = AU B U A*
is the sublaltice {a,b,c) of S, where W = {t v a,t VbtV c;C = (a VvV b) A (a V ¢c),
P (aveyAdve),Q = (avbd)Abve;avb bve,ave,avbyc},
B — {a,t, b, c}, W* is the set of the elements dual to those of UA.

Proof. Tt suffices to prove that for a,aca €A\ {fa Vv bV e}, f,f1eB the
clements a V a1, a VB, a Vo, @ Awr, @A, aA oc;, f Vv p1 belong to ¥.

We consider o vV a1. (We write oy ~ d instead of « vV a1 = 9.)

x=1V a:
tvb~avb, tve~ave, C~C; aveztvavP=tvaviyvcec =
—ave=> P ~av c;analogously@ ~avb,avb~avbbve~avbye,
aVec~aVec.

o« IVvbora=tVvc — it suffices to interchange a and b or ¢ and c,
respectively, in the above section.

x—C: avezCVPztvavtve=aVvec=1D~avVc; analogously
Q~avb:iavb~avb;Cvbve=2CvQVvCVP=avbvec--bVven~
~avbve.

o« P or o=@ — interchange a and ¢ or ¢ and b, respectiveiy, in the
foregoing section.

x avb:bvec~avbve,ave~aVvbyve

« bvVveora=avc — interchange ¢ and ¢ or b and ¢, respectively,
in the foregoing section.

We consider « V f.

a IvVaa~tvVa,t~tVa, b~a'rb c~ave.

og—Cia~Ct~Ciavbz=2Cza=-avb=>2Cvbza/btb=b~avVvb;

ave>Cve=avVe=>c~alVec.

« I’or o= — analogously.

a aVvVb:a~aVvbt~avb b~avb c~avbyec

x=>bVcora=aVc— analogousiy.

We consider « V a;; it suffices to state that « > (* — ¢ > o).

We consider a A o1. (Now, ou ~ d stands for a« A g = 4.)
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z=1tVva: t=t¥=(@¢va), ((vd) =2t by Lemma 2, hence t b~ ¢;
t /¢~ t(analogously),C ~tVva;t =t*=CAP =P~ t;Q ~ t(similarly),
a« b~tva;t=tr = CAdbve) = tva)yrn(Eve) >t ~b c¢~t
a c~1Va.

a=1t\ boroa==¢tVvc— similarly.
«e=C:P~t*,Q~t,avb~C,bvec~it*¥a\c~C.

o= P or « = @ — similarly.

=avb:bve~Q,avec~C.

=bVcora=aVc — similarly.

We consider § A a.
s=a:tVa~a;art=a" (tva)r (/b)) (by (7%) and (4)) = a ¢
—arnN{tvd)zant=>tvb~tAa; similarly tve~tra, C~a; by
cectiona A oy wehavet — (¢ vV a) A Phencea f t=—apr (tva) P « P—
w\N(bVve)y=tAhNa=>P~tAa;analogouslyQ ~¢ a:a b~a, b\ c~

~t a avVvc~a.

p=t:¢ A a=1 because of o« > t.

3 =2>5 or f =c — analogously to the case f§ = «.
We consider « A a.

R OK

The lattice @
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But « of =of for « >t =1* > a.
We consider g v f1.Clearly 8 v i € W = L. Thus we have proved the lemma.
If different symbols in € represent different elements of S, the set € stands
for the lattice £, the graph of which is in the figure. The sublattice <{a, b. ¢
generated in S by a, b, ¢ which satisfy (4) is a factor-lattice of £ corresponding

to a suitable congruence over £.

Definition. Denote by (I1I) one of the following conditions
(14) <a,b,c> satisfies the upper covering condition
(15) <a, b,c> satisfies the lower covering condition
(16) <a, b,c> is semimodular.
Remark. Since the lattice <a, b, ¢} is finitc supposing (4), the lower cove-
ring condition is equivalent to the semimodularity ([7] Th. 65).

Theorem 3. Let a, b, ¢ be elements of the lattice S. Then the following conditions
are equivalent.

(a) There hold (4) 'and (IT).

(b) There hold (I) and B(a, b, c) -~ 0.

(c) The lattice {a, b, ¢ is distributive.

(d) The lattice {a, b, c) is modular and one of the (seven) distribulive equalities

for a, b, c is true.
Proof. (a) = (b): Suppose that (3) is not true, i. e. that the following holds

(17) avbre)y<(avd)A(@ve).

By Lemma 6 (9) we have a V[ A (cV a)] < (aV b)A (aVec) As in the
proof of Theorem 2, the following holds #/ —av b > C = (a Vv b) A (e V ¢) >
>A—avbr(cve)] =tva>D =bAa(ave) = tAb, E>b>D,
C bl 4 and the set {#, C, 4, D, b} is a sublattice of S. In the Hasse diagram
of @ the elements 4,0, C, D, E are already marked. The lattice <{a, b, c>
is a congruence over ¢ for which there holds that any two of the elements
A,b,C, D, E are non-congruent. Suppose now that (II) is represented by (15)
or (by the equivalent condition) (16). Then from b > D = 4 A b (b covers D)
it follows 4 < A v b = E, while A << C < E, a contradiction.

Suppose that (II) is represented by (14). The elements £ > C > 4 > ¢,
E > (Q >t form a sublattice of S because QA C =i*=1¢ QAN A =QA

(¢ v @) — 1 (see section « A ay of the proof of Lemma 8),Q v 0 =a v b=F
(section « V o1, Lemma 8), Qv A=QV (tVa)=aVvb=E (section « V a1,
Lemma 8). If (' v Q = E > @, then (14) gives C > C A Q = ¢, which together
withC' > A > timplies 4 = t,i.e.t > a. Butnow@ > tvb =@ > tvbVva=
=avb E, and Q =F contradicts the hypothesis. Since there are two
possibilities only (see the diagram of £), E > @ or £ = @ and the first one

was excluded, there remains £ = @.
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The elements E > C > A > ¢, E(=Q) > ¢t Vv b > ¢ form a sublattice of S
for (¢t v b) A C =1 (see section a A o1 -- change a and b in the relation
tva)yaQ=t),tvbdAd= (VD A(Va)=t((7*)in Lemma 2 and (4)),
tvb)vC=(@tvdb)va=avb=(tvd)vC=avb==EK (tvb)vA4d—
=(@¢vbv(tve)=avb=EFE From (14) and the supposition £ = C v
V(EVDB)>tvb we obtain C>CA(tvb)=¢ Since C>A > ¢ then
t = A and thus ¢ > a. It follows that tvb > aVv b=F and so t v b = E,
a contradiction. Since there are only two possibilities £ =@ > ¢ v b or
E =@ =1tV b (see the diagram of ¢) and the first one has been excluded,
there remains £ =@ =t Vv b.

Finally, £ > b, thus £ =Q =1t v b > b (see the diagram of Q). Since the
elements £ > b > D, £ > C > A > D form a sublattice, from the relation
E = C v b > band from (14) it follows that C > C A b = D whileC > 4 > D,
a contradiction.

We conclude that the hypothesis (17) is false.

In an analogous way (by way of permuting a, b, ¢ and by dualisation),
one deduces from (4) and (II) all the equalities belonging to (I). By Lemma 5
B(a, b, c) # 0 holds. Hence (b).

(b) = (¢): By Lemma 4 there holds (4). Thus all seven distributive equalities
for a, b, ¢ hold. Then (c) results from Corollary 2 of Theorem 2a in [5] which
is formulated as follows:

The sublattice gencrated by three elements a, b, ¢ of a lattice S is distributive
if and only if all seven distributive equalities for a, b, ¢ are true.

(c) = (d) is evident.

(d) = (a): In the modular lattice <{a, b, ¢> there hold (14), (15) and (16)
(see i. e. [7] Th. 37 and p. 136). We shall prove that (4) and thus (a) is true.
In (d) one supposes (4) or one of the six equalities of (I). In the latter case (I)
holds by Lemma 7. From (I) and the modularity (4) results for

t*=(cva)Al@avbdAdvey=[av bAre)lndve) =
=[anBVe)]VdArc=(arnd)V(ieAnc)Vv (bArc)=Tt.
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