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MATEMATICKO-FYZIKALNY CASOPIS SAV, 12, 1. 1962

NOTE ON THE BANACH’S
MATCH-BOX PROBLEM

JOSEF KAUCKY. Brno

A certain mathematician* always carries two match boxes, each of which contains
initially N matches. Every time he wants a match, he selects a box at random.

Inevitably a moment occurs when, for the first time, he finds a box empty. At that
moment the other box may contain r = 0. 1. 2, .... N matches. We wish now to
find the corresponding probabilities.

Let u, be the probability of the eventwhen the first box is found empty. the
sccond box contains r matches*. This means that out of the first ¥ + (N — r)
matches drawn, N are from the first one.

Therefore u, is the probability of N successes in 2N — r trials, each of which
has the probability 1/2, so that

2N — ) 1 )
”r=< N )"“7—2‘,\’1_’ . r=0,1.2..... V. (n
Feller calculates the mean value
N
Y oru, = )

r=1

While he is not able** to calculate this expectation in a direct way. he procceds in
an indirect way, namely using the fact that all the probabilities u, add to unity

N
Yo ou, =1 (3)
r=0

He says, this relation is not easily verified.

The present paper contains two proofs of the last equation. The first proof (section
2.) uscs the method of mathematical induction. The second proof (section 3.) is
based on an elementary analytical method. Using the last method we derive in the
section 4. the value of pu.

* See [1] p. 108.
** Joc. cit. p. 176.
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With the substitution

N—-r=k
we sec that the equation (3)
N N 2N — |
ur = = =
rzo r;)< N ) 22N "
may be put into the form
NN+ k> 1 N
= 20, 4)
kzo< k 2k

It is cvident that this relation holds for N = 1 and we will show that if (4) holds
for N, then this equation holds also for N + I.
But if we replace N by N + 1 in (4), we have

N+1<1V+l+k> l _ AN+1

k=0 k 2+
or Sny+1 = 2Sy, )
where YN+ k) 1
S = T, .
Y AZO< k ) 2k

Now making use of the intentity

() (-0

we obtain NELIN +1 4+ K\
Sy+1 = kz()( K T
NEYIN+ kY & YNEYUN 4+ kI
a kgl (k -1 2" " kgo < k A?{ (©)

and so it is only necessary to find the values of both the sums on the right side of this

cquation.
But after some small modifications we have: first

NYLUN 4+ kN I N/N+L+E\ 1
Z(k—] *k=3-2< k Py
k=1 2 A=) < 2

1 S 2N + 2 1 _
ST AN ) e [T

1 12N+2€N+v 1

IE I N i W v
_ Ly AN +1) 1
T Ty ON+1 T N E,‘H—l,
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the second sum gives

N+1 .
SN+ KN 2N + 1) I
Aé)( k > ok Sw+ ( N + 1 ) N+t

so that by substituing both the values in (6) we get the required relation (5).

The assertion (4) is thus established.

3
We introduce for abbreviation the notation

)y =nn—-1...(n—k+1)

. . - n . .
so that the binomial coefficient <k> may be written in the form

(-4

and for the k-th derivative of x" we have
(x"® = (n), x"*

Now we go out from the expansion

n o

X _ Z O
I=-x =

which holds for | x| < 1. If we differentiate both sides of this equation N times.
we obtain the relation

1 A TN 2
W?(nJ{) a2 O L ™

The derivative on the left side may be easily computed by use of the Leibniz's
theorem. In effect, with respect to

1 \W k!
(1_+T) T (1= !
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we have succesivly

=—l!_vio(/1‘7:>(xn)(-1)<1__17>m“"):

- Wl? Z <N>(”)“(N =) (1 x”)—;ﬂ o=

N n—u
n x
= Z ( )(1 )N+1 v
The value of this derivative for x = 1/2 is

1 X"\ N+1-n < (n
{NT(I_X> x:£:2 leO v '

Two cases are important for the following:
namely n = N and » = 2N + 1. Using the identity

i FUNEY NO/N N
el 25 0) - "

For n = 2N + 1 follows

1 xZNH)‘N’ I Y /2N +1
{Wz‘<—|_x, H‘zmzo( ) (10)

and there remains to calculate the sum on the right side of this equation.
Replacing N by 2N + 1 in the identity (8) we have

2N+1 2N+1
22N+1= Z < —

v=0 v

N 2N+1
2N + 1 2N + 1
- Z ( v >+ Z ( v >=
v=0 v=N+1
2N +1 WL 2N 4+ 1
+ )
= \J venr1 2N+ 1 —v

we have forn = N



so that
N
L ()=

=0

Substituing this value in (10) we obtain

1 xZNJrI (N) N
{Nr(r:?‘ RS
2

Now turning back to the equation (7) we have the following relations

SUNARY T v

.Z<N>§“2’
o (N +k\ 1

A---%H( N >2k B

SN+ Lk 1 v
:>< N >_7v'1'1_+_1€'=2

and with these results we obtain finally the required relation (4). Namely

5 ("h )5

SN+ k\ 1 i N+ k\ 1
_Z< N >2k k:%:+1< N )2"_

— ON+L _oN _ 9N

It is necessary to remark that we can obtain the equation (9) more easily as follows

—n n+k—
(V)=
we have for | x | < | the expansion

(1 —x)~ WD = :i( Nk—'>(_x)‘<:

As

and from this for x = 1/2 we find (9).
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By the same method as we have used in the preceding section to proof the relation
(4), we can calculate the mean value (2).
There 1s

1 Y /N+k\ &
p=N- ) ( N >~~f (in

so that it remains to evaluate the second term of this expression.

For this purpose we derivate once more the equation (7). Multiplying the resulting

cquation by x we obtain
X X \MTD
NI\l —x N
o

— Z <l’1 + /x> N+ k)xn~N+k. (12)

The derivative on the left side may be calculated again by use of the Leibniz's

thcorem. We obtain
Y \_n (N+1)
N! <1 - .\-> -

B X NZ+:1 /\, 'l‘ ( o) l (N+1—-0p) 3
T ONU,& U R -

X N + J) X"
= — AN+ - =
R LN OX e

_ X)N-flvn

= (N 1 \"H—” —_
~( +>z()(l -

In the following we shall need the values of this derivative for x = /2 and n =
= N,.n=2N+ 1
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For n = N and x = /2 we get

{ﬁ!(ﬁ"?)} '
=2(N + i( ) (N + 1)2V+"

For n = 2N + | and x = 1/2 there is

2N+1 \(N+1)
eli=) -

N+ N}El N+ _ N+ [oay 2N+ 1Y\] _
TN & v N N + 1 N

= (N +1)2" + N—+1<2N; 1).

2N
Now if we return to the equation (12) we have first asiresult:the:relation
o [N+ k\ k
b < M >2 = (N 4+ 1)2¥*". (13;

Further it follows
! N+1 (2N +1
(N+ D2 + ‘2.~4< ’ >:

N
o 2N+ 1+ k\ N+ 1+k - N+ kY k
Z‘ < > NIk _k=;+1< N )‘21\' :

On base of these results we can now calculate p. There is

T2 N+ k2 [N+k\ Kk
t=N— —— = )=
! 2N [/;< N ) 2k k:v;H( N > Z‘J

N [(N e oz - VILENE 1)]:

N

_ N+ 2N + 1 ]__2N+l 2N
- 2"271\7”_ N - = 22N N |

Let us only remarque that the equation (13) can be obtained in a shorter way
from the last equation of the section 3. Derivative and multiplication by x gives

XN 4 {1 — x)" V1 2 Z (N:—A)I‘ &
1

k=

therefrom we obtain for x = 1/2 the equation (13).
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O JISTE BANACHOVE ULOZE Z POCTU PRAVDEPODOBNOSTI
Josef Kaucky

Vytah

V podstaté jde o tuto ulohu ([1], str. 108, 176). Mame dvé krabice, z nichz kazda obsahuje N pred-
metu. Predméty v obou krabicich jsou stejné. Potiebujeme-li predmét, zvolime nejprve upiné libo-
voln¢ jednu z obou krabic a z ni teprve predmét vyjmeme.

Oznac¢me u, pravdépodobnost tohoto jevu ,,jedna krabice je prdzdnd a druha obsahuje r pred-
metu, pricemz r - 0, 1, 2, ..., N. Tento ptipad po uréitém poctu ,,tah* jisté nastane. Snadno sc

u,:<2N_r> L s=o LN ()

ziisti, Ze je
N é’z’zvir’
Feller pocita stiedni hodnotu

N
n=>ru, (2)

r=1

a protoze, jak sam Fikd, neni s to pocitat s« primo, postupuje nepfimo uzivaje té okoinosti, 7¢ soucet
vSech pravdépodobnosti w, davd jednicku

N
;)u, = 1. 3)

O této rovnici Feller fika, Ze ji nelze snadno dokdzat.
Piedchazejici prace obsahuje dva dukazy vztahu (3). A sice ve 2. odstavci je podan dukaz Gplnou
indukei, ve 3. odstavei je tato rovnice dokizana jednoduchou analytickou metodou, pfi niz se vychdzi
. L - nt ok
7 vytvorujici funkce pro binomické koeficienty ( . ) .
k

V poslednim odstavci je této metody uzito k vypoctu stiedni hodnoty ge.
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