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ON THE EXISTENCE OF CERTAIN GRAPHS
WITH DIAMETER TWO

FERDINAND GLIVJAK, JAN PLESNIK, Bratislava

Under a d.-graph we mean an undirected graph without loops and multiple
edges of diameter two, without triangles. A ds-graph is called y-irreducible
if after removing an arbitrary vertex and edges incidental with this vertex
a graph of diameter more than two arises. We use here the same basic notions
as in [1] and [2].

In this paper it is proved that for every two natural numbersp > 3,7 > 6p-9
there exists a p-irreducible d2-graph with minimal degree p and with » vertices,
except in the case of p = 3, n = 11.

In the papers [1] and [2] some properties of these graphs (as extension and
reduction by one vertex) were studied. Let 4 be a subset of the vertex set
of a graph ¢ and v be a new vertex. Then the adding of the vertex v and the
edges {(v, ) | x € A} to graph @ is called a v-extension of the graph @ by the
vertex v through the set 4. In the reverse case, if u is a vertex of the graph G,
then under the v-reduction of the graph G by the vertex » we understand
the deleting of the vertex » and all edges incidental to it.

Lemma 1. For every natural p > 4, r > max (3, p — 2) there exists a y-irre-
ducible 6q-graph G(p,r) with the minimal degree p and n = p(r — 2) — 1
vertices.

Proof. We shall construct the graph G(p, r). (See Fig. 1). The vertex set
of the graph G(p, r) is denoted by

Y4
U= {vo, v1, ..., 0p} U {1, sz, ..., Up-2} U |J 4;, where 4; = {an, ass, ..., air}.
o1

Let us denote: Ay = A: — {ay}, fori =1,2,...,p;5=1,2,...,r.
We determine the graph G(p,7) by giving the neighbourhood for every
vertex respectively:

Qvg) = {v1, v2, ... vp}

‘Q(/Uj) == {/007 UL, U2, ..., up_Z} U Af, foI‘j B 1, 2.
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Q(v,) — {Uo, ’ui_z} U A4, for ¢ = 3, 4, s P
»-2
Qug) = {n1, va, 1);42} v U Ag,forj =1, 2, e, p— 2
£%i
P
Qay) ={n} U {eu}, fori =1,2,...,r
j=2
V4
Q(azi) = {’I)z, au} v U Aﬁ, forz=1,2, cees T
j=3
-2
Qap) = {vs, o} U Y {wx} U Ao, forj = 3,4, ...,p;i=1,2,...,7.
k=1
k#j-2
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It may be verified that a graph constructed according to the above con-
struction is a ds-graph. The verifying is not difficult, but long and therefore
it is not given. We prove that the graph G(p, r) is a y-irreducible Jz-graph.
After removing the vertex:

vo would be g(vs, vs) = 3
vy would be p(vo, ayy) = 3, fori =1, 2, ..

. 1,2,...,r
ai; would be o(v1, ag;) = 3 and p(az;, ars) =

j= ..

forj=1,2,...,r;
k=3,4,...,p.

az; would be p(ais, aix) = 3 and p(vs, a1y) = 3, fori = 3,4, ..., p;

j=L2 ...,r;k=12,...,rand k % j;
ax; would be g(vg, aj) = 3, fork =3,4,...,p;7=1,2,...,r
uj_swould be o(vy, ar;) = 3, fork =3,4,...,p; 5 =3,4,...,p; 5+ k;
1=1,2,...,r

p;
3,

From the preceding it is clear that the graph G(p,r) has p(r + 2) — 1
vertices. The degrees of vertices of the graph G(p, r) have some of these values:
»,r+2, r+p—2,r+p—1 (p—2)(r—1)+ 2, (p — 3)r + 3. From
the conditions of Lemma 1 it follows that the minimal degree of the graph
G(p, r) is p. This completes the proof.

Lemma 2. For every natural p > 4, r > max (3, p — 2) there exists a u-irre-
ducible S2-graph Qi with the minimal degree p and with the number of vertices
n=mpr+2)—1—Fk where k=1,2,...,s whereby s = (p — 2) r — max
(2(10 - 2)a 7').

Proof. Let us denote Qo = G(p,r), where p > 4, r > max (3, p — 2).
In the graph @ let us v-reduce the vertex ass. It may be seen that g(vs, ai3) == 3
and for every other pair of vertices z,y ¢(x,y) < 2, By adding the edge
(vs, a13) we get the do-graph @y. This is y-irreducible because after removing
the vertex:

vz would be p(vo, as1) = 3 ;
a13 would be o(v1, ags) = 3. Other vertices cannot be reduced (see the proof
of Lemma 1).

Further graphs @;,7 = 2, 3, ..., — 2 can be constructed from the graphs
Qi_1 by the v-reduction of the vertex as,i+2 and by adding the edge (v3, a1,:+2).
The p-irreducibility of graph @; can be verified analogically as in graph @;.
In the set As the vertices asi, agz remained for the sake of p(vs, ) = 2 for
all x € Az .

A graph Q;, r — 2 < j < (p — 8)(r — 2) is constructed from the graph @;_;
as follows. The graph @, for ¢(r — 2) <<j < (¢ + 1)(r — 2), where ¢ =1, 2,

., p — 4 1is constructed from the graph @;_1 analogically :
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Fig. 2

1) by sequential reduction of vertices of the set A,.3, except ag+3,1-; and
ag+3,n Where b = 2(q + 1) (mod 7).

2) after the v-reduction of the vertex ag:3,x we add the edge (vg+3, 01,%).

Graphs @; for (p — 3)(r — 2) << j < s can be constructed from the graphs
@1 as follows:

a) Let 2(p — 2) > r, then s = (p — 2)(r — 2). Then we reduce sequentially
all vertices from the set 4, except apr—1 and ap 5, where b = 2(p — 2) (mod 7)
and after reduction of the vertex a,r we add the edge (vp, a1,x).

b) Let 2(p — 2) < r, then s = r(p — 3). Then let all vertices from the
set 4, be sequentially v-reduced, except the vertices a,,;, wherej = 2(p — 2)
— 1,...,r and after the »-reduction of the vertex a,x add the edge (vp, ai).

The proof of the u-irreducibility of these d:-graphs is too long (however
easy), therefore we do not give it. By the preceding construction of the graphs
@; from the graph G(p, r) the degrees of only the vertices of 42 may decrease
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(at most by (p — 2)(r — 2)) and of the vertices w1, uz, ..., up-2 (at most by
(p — 3)(r — 2)). Hence the minimal degree in every graph @ is p.
In Fig. 2 the graph @5 constructed from G/(4, 4) is given.

Lemma 3. For every natural n > 8, n % 11 there exists a u-irreducible d2-graph
with n vertices and the minimal degree 3.

Proof. Let G(3,r) be the denotation for the section graph of the graph
G(p, r) formed by the following set of vertices:

V = {vo, v1, v2, 3} U A1 U A3 U A3. It is obvious that [V| = 3(r 4 1) + 1.
In paper [2] it is proved that the graphs G(3,r) are u-irreducible dz-graphs
with minimal degree 3.

For the graph G(3, r) let the edge (as1, azs) be deleted and the edge (as1, ai12)
added. It can be verified that in such a case p(az2, ¢11) = 3 and for every other
two vertices z, y o(%, y) < 2. A graph formed in such a way can be v-extended
by the vertex w: through the kernel M; = {ais, aw, ..., a1r, v3, a1, G22}.
This graph, denoted by P;, is a d.-graph which is also u-irreducible because
after the v-reduction of the vertex: as1 would be p(23, @11) = 3

a3z would be g(as1, a12) = 3
a1z would be g(vz, az2) = 3. The other ver-
tices are obviously u-irreducible.

Let further r > 4. For the graph P; let us delete the edge (@34, @21) and let
us add the edge (ass, a11). Then g(a21, @14) = 3 and for every other pair of
vertices z, ¥ o(z, y) < 2. Let us v-extend this graph by the vertex w; through
the kernel My = {ai3, a4, ..., Q1r, ¥3, @21, a@22}. It can be verified that the
just formed graph P is a u-irreducible d2-graph with minimal degree 3. Thus
we have constructed the required graphs for n = 13, 14; n > 16. For n = 8,
9, 10 the required graphs have been constructed in paper [2] (see Fig. 4).
For n = 12, 15 such graphs are in Fig. 3 and Fig. 4, respectively.

Remark 1. From the construction of the graphs G(p, r) it can be seen that
the graph G(p, r) is a section graph of the graph G(p1,n) if p < p1,r <7
holds.

Fig. 3
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Fig. 4

Theorem 1. For every p > 3, n > 6p — 9 there exists a p-irreducible d2-graph
with n vertices and the minimal degree p, except in the case of p = 3, n = 11.

Remark 2. We are convinced that a u-irreducible 82-graph with 11 vertices
and with minimal degree 3 does not exist. We have come to this conclusion
after application of Theorem 2 from paper [2] and after the investigation of
every case.

Proof of Theorem 1. For p = 3 the Theorem is proved (Lemma 3).
Let p > 4; let us denote G(p,r) = (U1, H1); G(p, 7 + 1) = (Us, Hs). Then
|Usg] — |Ui| == p, i. e. between the numbers of the vertices of the graphs
G(p,r) and G(p, r + 1) there are p — 1 natural numbers which are not the
numbers cof vertices of the graph constructed by Lemma 1.

If » > max (3,p — 2) and 7 < 2(p — 2) then in Lemma 2 we shall have
s=@p@P—2)r—2p—2)=@pP—2)(r—2)2p— L If » > max (3,p — 2)
and r > 2(p — 2) then in Lemma 2 we shall have s = (p — 2)r —7 = (p — 3)
r > p — 1. Hence in both cases the graphs @, constructed from the graph
Q(p, r + 1) by Lemma 2, fill this interval.

Thus for n > p% — 1 the required graphs exist. For p = 4 from the graph
G(4, 3) the graphs with the number of vertices 13 and 14 can be constructed
by Lemma 2. For p > 5 the number of vertices of the graph G(p, p — 2) can
decrease sequentially to p2 — 1 — [(p — 2)2 — 2(p — 2)] = 6p — 9. This
completes the proof.

Fig. 5
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Remark 3. In paper [2] it has been proved that every u-irreducible d2-graph
with the minimal degree 1 is the path of the length 2 and every u-irreducible
dz-graph with the minimal degree 2 is a 5-gon.

Corollary. For n = 3,5 and for every n > 8 there exists a u-irreducible 65-graph
with the number of vertices n. For the other n such graph does not exist.

Proof. For n < 10 the corollary follows from [2] (Theorem 5); for n» = 11
the required graph is in Fig. 5; for » > 11 the assertion follows from Lemma 3.
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