Matematicky casopis

Miloslav Duchon
On Tensor Product of Vector Measures in Locally Compact Spaces

Matematicky c¢asopis, Vol. 19 (1969), No. 4, 324--329

Persistent URL: http://dml.cz/dmlcz/126662

Terms of use:

© Mathematical Institute of the Slovak Academy of Sciences, 1969

Institute of Mathematics of the Academy of Sciences of the Czech Republic provides access to
digitized documents strictly for personal use. Each copy of any part of this document must contain
these Terms of use.

This paper has been digitized, optimized for electronic delivery and stamped
O with digital signature within the project DML-CZ: The Czech Digital Mathematics
Library http://project.dml.cz


http://dml.cz/dmlcz/126662
http://project.dml.cz
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ON TENSOR PRODUCT OF VECTOR MEASURES
IN LOCALLY COMPACT SPACES

MILOSLAV DUCHON, Bratislava

Introduction. In this article we are concerned with some properties of vector
measures in the product of two locally compact spaces, assuming we are given
a Borel vector measure on each of the factor spaces. Our approach is that
used in [14] and [2].

We prove, for example, that if x4 and » are regular vector Borel measures
on the locally compact spaces X and Y, then there exists one and only one
vector regular Borel measure g on X X Y which extends the inductive tensor
product u & » of y and ». This result is useful in the case whenever the Borel
sets fail to ,,multiply*, because in such a case, if y and » are Borel measures,
the product u X v, resp. u & », resp. u @ v as defined in [1], [13], [7], resp.
[10], resp. [8], [9], may fail to be a Borel measure for want of sufficient domain.

1. Natations and preliminaries. Let X be a locally compact (Hausdorff)
topological space. The class of Baire sets in X is the sigma ring generated
by the compact G4’ s, and is denoted Zy(X). The class of Borel sets in X is
the sigma ring generated by the compact sets, and is denoted #(X). The
class of weakly Borel sets in X is the sigma ring generated by the closed
(or equivalently, open) sets, it is a sigma algebra, and is denoted %, (X).
This terminology is drawn from [1] and [13].

If S and T are any two sigma rings, the 8 X 7' denotes the sigma ring gen-
erated by all ,rectangles of the form E X F, with ,,sides* in S and 7', re-
spectively [1, Theorem 35.2] or [13, p. 140].

For any pair of locally compact spaces X and Y, the following relations
hold:

(1) Bo(X) X Bo(Y) = Bo(X X Y) [1,p. 179 or 13, p. 222] .
(2) B(X) X B(Y) < BX x Y) [1, p. 118] .
(3) Bu(X) X Bu(Y) = Bu(X X Y) [1, p. 118] .

In general, the inclusion in (2) or (3) is proper (cf. [13, p. 261] and [14]).
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For the rest of the paper, M and IV denote locally convex spaces with a to-
pology defined by a family {|:|p} p € P, {|*ls}, ¢ €@Q of seminorms, respecti-
vely; JI and IV denote their completion, respectively.

Let Z(X) be aring of subsets of X and u : Z(X) - M an additive set function.
We say that u is regular if for any £ € #(X) and for any ¢ > 0 there exists
for every p € P, a compact set C'in #(X) and an open set U in Z(X) with
C < E < U such that

lu(H)|p <e
for every H in Z(X) with H < U — C (cf. [3], [4], [5], [6] and [15]).

A vector Baire measure on X is a vector measure uo : Zo(X)— M. A vector
Borel, resp. weakly Borel measure on X is a vector measure u: %(X)— M,
resp. Buw(X)—> M .

It is known that every vector Baire measure is regular ([15, Lemma 1] or [6])

and there exists a unique regular Borel, resp. regular weakly Borel measure
w: B(X)—> M, resp. Bu(X)~-> I such that u(E) = uo(E) for E € Bo(X).

Proposition. If u is a regular vector Borel measure extending a vector measure
po : Bo(X)—~ M, then u takes its values in M.

Proof. For every continuous linear functional 2" € M’ we have, for a suitable
real number ¢,

Z'uo(Bo) = ¢t for every By e Ho(X) .

Since z'u is a regular Borel scalar measure, for every Borel set B, there exists
a Baire set F such that o'y (BAFz) = 0 [1, Sect. 68]. Hence z'u (B) =

'y (Fy) = a'uo (Fer) 2 t for every BeZ(X). Therefore every -closed
half-space in M containing {uo(Bo) : Bo € %o(X)} contains {u(B) : B € #(X)}.

2. Inductive tensor product of two regular vector Borel measures. The in-
ductive tensor product of two vector Baire measures uo: %o(X)—> M and
vo : Bo(Y) - N (according to [10]) is the unique vector measure uo & vo with
values in M & N (the inductive tensor product of M and N [18], cf. [12] or
[17] where this is called the topology of bi-equicontinuous convergence)
on the sigma ring Zo(X) X %o(Y) such that

(0 & v0) (B X F) — uo(E) & vo(F)

for all Baire sets £ in X and F in Y.
From the relation (1) we have at once

Theorem 1. If uo is a vector Baire measure on the locally compact space X with
values in M and vo is a vector Baire measure on the locally compact space Y with
values in N, then the inductive tensor product vector measure po & vo ts a Baire
vector measure on the product topological space X X Y with values in M & N.
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As to the inductive tensor product of the regular Borel vector measures u
and », it is according to [10] the unique vector measure u & » on the sigma
ring #(X) X #(Y) with values in M & N such that

(v &v) (B X F)= wE) & vF)
for all Borel sets £ in X and F in Y.

Now if ug and » are the Baire restrictions of 4 and », respectively, then the
inductive tensor product of o and »y, namely po & o, is according to Theorem 1
a Baire vector measure on X X Y.

If Borel sets do not multiply, x4 & » fails to be a vector Borel measure, but
there is a regular vector Borel measure ¢ on X X Y, namely the unique
extension of uo & vo to a regular vector Borel measure; this always exists
([15, Lemma 1] or [6, Theorem 5]). We must prove that ¢ is an extension
of 4 @ ». Proving this, we may use the procedure used in [14] and [2].

Theorem 2. If u:B(X)—> M and v:%B(Y)—> N are regular vector Borel
measures on the locally compact spaces X and Y, respectively, then there exists
one and only one reqular vector Borel measure on X X Y with values in M & N
which extends u & v. This measure is simply the measure o described above.

It is useful to prove a slightly more general result which we shall need in
the sequel (cf. [2] and [14]).

Theorem 3. Let X and Y be locally compact spaces and suppose that T is
a vector measure on the sigma ring B(X) x B(Y) with values in M such that
(i) for each compact set C1 in X, the correspondence

Es—> 1 (01 X Ez) (EZG.@(Y))

s a regular vector Borel measure on Y with values in M, and
(ii) for each compact set Oz tn Y, the correspondence

E1— 1 (B X C2) (E1€ #(X))

is a regular Borel vector measure on X with values in M. Then v may be extended
to one and only one reqular Borel measure o on X X Y with values in M.

Proof. The uniqueness of ¢ follows from the fact that the domain of defi-
nition of 7 includes the Baire sets of X X Y (cf. formula (1) and [15, Lemma 1]
and [6, Theorem 5]).

The restriction of 7 to the class of Baire sets of X X Y is a Baire vector
measure 7o. Let ¢ be the unique regular Borel extension of 7p which exists
according to [15] or [6].

Our problem is to show that
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*) e(B) = ©(E)

for all sets £ in #(X) X #(Y).
It is sufficient to show that for every continuous functional z’ in M’

(**) z'o(E) = «'t(E)

for all sets £ in #(X) X #(Y). Clearly we may suppose that 2o and 2’z are
real-valued measures; g is a finite regular Borel measure, therefore the upper
variation (z'p)t and the lower variation (z'p)~ of 2’¢ are finite non-negative
regular Borel measures (cf. [5, § 15, Prop. 23] or [11, III. 5. 12]).

By (i) for each compact set C; in X, the correspondences

Ey— (2'7)*(C1 X Ez), Ez— (2'7)~(C1 X ),

(B2 € #(Y)) are regular Borel measures on Y ; similarly, by (ii) for each compact
set Cz in Y, the correspondences

E1—> (&'7)*(BL X CO2), E1— (2'7)~(E1 X C5),

(E1 € #(X)), are regular Borel measures on X. Now ¢ and 7 agree on the Baire
sets of X X Y both being extensions of 79, hence we may pose (z'7)+ = (x'p)+,
(x't)~ = («')~ for Baire sets in X X Y. Since Theorem 3 holds for non-negative
measures (cf. [2, Theorem 3]), we have (z'7)+ = (z'9)*, (z't)~ = (2'p)~ for
all Borel sets in X X Y, therefore

z'o(F) = 2't(E)

for all sets £ in #(X) X Z(Y).

Theorem 3 is proved.

Proof of Theorem 2. We apply Theorem 3 to the product vector measure
T = u ® v; conditions (i) and (ii) are verified using the fact that

(B X Ba) = p(Br) & v(B2), |t(Br X Ba)l,, = |u(Br)lp [V(E2)lq
for all rectangles with Borel sides.

The next theorem shows that if u ® » is nonzero, then no regular Borel
extension of u & » is possible, unless 4 and » are both regular (cf. [14]).

Theorem 4. If there exists a nonzero regular vector Borel measure o: (X X Y)—
- M & N which extends u & v, then both u and v are regular.

Proof. (Cf. [14]). If ¢ is a regular Borel extension of u & », it is a regular
extension of the Baire measure yo ® 7. It follows from Theorem 2 that o
extends u’ ® »', where u’ and »" are the regular Borel extensions of uo and »,
respectively. Hence ' @ v = u @ », and thus

# () & v'(Bs) = u(B1) & v(He)
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for all Borel sets E; in X and K2 in Y. Since p, and hence x4 & », are nonzero,
it follows that p = p" and v = v".
From Theorem 2 we have

Theorem 5. Let M be nuclear ([12, I1. 2.1] or [17, IIL. 7.1]). If u : B(X)> M
and v:PB(Y)—> N are regular vector Borel measures on the locally compact
spaces X and Y, respectively, then there exists one and only one regular vector
Borel measure on X X Y with values in M & N (M & N denotes the projective
tensor product, cf. [12] or [17]), which extends u & v. This measure is the measure o
defined as tn Theorem 2.

From Theorem 4 we have

Theorem 6. Let M be nuclear. If 9: B(X X Y)> M & N is a nonzero
regular vector Borel measure on X X Y which extends u & v, then both u and v
are regular.

Proof of Theorems 5 and 6. If M is nuclear then M & N and M @ N are
topological isomorphic [17, IV. 9.4, Corollary 2].

A bilinear mapping U : M x N - L, where L is a locally convex space,
is said to be hypercontinuous, if the linear mapping induced by it on M @ N
is continuous under the inductive tensor topology (cf. [18]).

Theorem 2 gives the following

Theorem 7. Let U : M X N—> L be a hypercontinuous bilinear mapping
and L be a (sequentially) complete space. If p: B(X)—~> M and v:B(Y)—> N
are regular vector Borel measures on the locally compact spaces X and Y, respec-
tively, then there exists one and only one reqular Borel vector measure g on X X Y
with values in L for which

e(Br X o) = U(u(Eh), v(Ez)), EreZB(X), Eze B(Y) .
Proof. If g is the unique regular Borel vector measure on X X Y with

values in M & N which extends u & » from Theorem 2 and U is a mapping
induced by U, we define a set function g : #(X) X #(Y)— L as follows:

o) =TU@E®), GeBX)x B(Y);

o is a regular vector Borel measure on X X Y with values in L [11, IV. 10.8].
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