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MATEMATICKY CASOPIS
ROCENIK 17 1967 ¢isLo 2

REMARKS ON SOME ALGEBRAIC IDENTITIES

LEONARD CARLITZ, Durham, N.C. (U.S.A.)

1. Let
a; (t=0,1,...,m)
and-
x; G=1LL2,...,m)

be given complex numbers; the a; are distinct while the x; are arbitrary.
Put

n

(1) S(m, n) zi—‘ (a; — 21)(@s — x2) ... (@5 — Tm)

- (GL,; — ao) (ai — ai_l)(ai — ai+1) (a; — an) '
i=0

Bartos and Kaucky [2] have proved that

n n+1
@ St + 1,m) = > ai — > a,
i=0 -1
3) S(n,n) =1,
4) S(m,n) =0 (m < n).

Two proofs of these formulas are given, one by induction and one using the
calculus of residues.

It may be of interest to point out that these results can be obtained very
rapidly by means of the Lagrange interpolation formula. We recall that if p(x)
denotes an arbitrary polynomial of degree < n, then

n

@ — S D) pla)
P = L, — (D’(ai),

=0

where
D(x) =(x — a)(x — a1) ... (x — an),

Qi’(a;) = (CE@; — ao) e (at — ai_l)(ai — az+1) (ai — a,,).
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Now consider the polynomial

n

D(z)  fla)
(5) Flz) = Ex e

=0

where
J@) = (@ —m)(@ — 22) ... (@ — ¥m).

It follows at once from (5) that
F(ai)zf(az) (’l:=0, 1,...,n).
Therefore F(x) is the remainder obtained when f(x) is divided by @(x), that is

(6) f(z) = Q@)P(x) + F(),

where '
Q) =0 (m < mn),
degQx) =m —n — 1 (m > n).

If we put
F(x) = coxm + c1zn1 4 ... + ¢q,

it is clear from (1) and (5) that
co = S(m, n).

Hence if m =n 4+ 1, Q) = 1 and we get (2); if m = n, Q(x) = 0, cp = 1;
ifm<mn, Qx)=0,co=0.
By means of (6) we may compute ¢y for any m > n.

2. Barto§ and Kaucky make several applications of (2), (3) and (4). In
particular, by taking

a;=ai +12, = —x—]j,

i( N (?)Z(x + n —; ai + iz)

they obtain

( i )( n—i )
n (n)z(w—{-m—i—ai—i—@?)
i m
=0 i  — 4
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If we put
@r=ua@+1)...(a+k—1), (a)o=1,
(7) and (8) become

) z (@)i(3 @ + 1)i(—n): (x 4+ n 4 ar + 12

t!Ga)i(a +n 4+ 1)\ . ) = (—=1)*(a + 1),

(10) 2 @)i(Fa + )i(—n) (w +m+a + Z'2) =0 (0 <m<n).

tlda)ile + n + 1) m
=0
If we define
(@)i(}a + 1)i(—n)e .
R = 2 m,
(11) (n, m) z 0@+ 7+ 1), (a2 + 12)
-0

it is clear that (9) and (10) are equivalent to

—1)rnla + 1), (m = n)

(12) R(n, m) = { ( 0 0 <m<n).

It follows at once from (11) that

n

N (1 _
umzma=zgp4WMmmwm=zgﬁMw%%m(n» =
ilda)le + n + 1) 2+ ai + 32
m=0

=0

If we put
e=Pra=p+yz+ai+i2=F+i)y+ i),

(13) becomes

- a, %a‘ + 13 ﬁa 7’, —n
9 CCRE] I VR AN

in the usual notation of generalized hypergeometric series. If we recall that

[1, p. 25]

1 —
(15) 5F4[“’ ze L . 4, "] =

ia,a—c+1l,a—d+1,a+n-+1

@+ Dal@ — ¢ — d + 1),
@—c+ Dula —d + 1),
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we find that (14) reduces to
! -1 ! 9]
(16) Rae) — nl@+ n _ nl(e + 1) .
(y+ Da(B+1 T1 G+ ai + i)
i-1

We have therefore obtained a generating function for R(n, m). Clearly (16}
contains (12).

3. Consider next the sum

n

] N @dda+ Di—=n) .
1n  Um,m) = 2 hana T n g1y Dnla =t i

i-0
It is easily verified that

a, 3a+1,a, m+1, —n
= ml(a — 4
U(n, m) = m!(a m)m-sF[ la, 1, a — m, a+n+l]

Applying (15), we get
(18) U(n, m) = (—1)» m! (’;‘) @ (@ -+ 1),.

(@ — m)n
In particular we have

[ (=1mla + 1) (m = mn),

If we define the coefficients A(m, k) by means of
m k
m =" A(m, k) [] (z + ai — 1?),
k=0 t=1

then

am(a 4 x)m = Z A(m, k) ﬁ (x+i)a+x—1) = %A(m, k)@ + Vi(a + = - k).
Thus, comparl:lg (17) a El( 11), we get kzo
(20) R(n, m) Z A(m, B)U(n, k).

k=0
In particular (20) implies the equivalence of (12) and (19).
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