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SUFFICIENT CONDITION FOR THE NON-OSCILLATION
OF THE NON-HOMOGENEOUS LINEAR »TH ORDER
DIFFERENTIAL E QUATION

MILAN MEDVED, Bratislava

M. Svec deals in paper [1] with the following second order differential
equations

(a) © 2+ ple) = fla),

(b) Y +play =0,

where p, f € C(— oo, ). He proves that if the function f(z) has a constant
sign for all the value x and if the differential equation (b) is non-oscillating,
the differential equation (a) is also non-oscillating (see the definition in [1]).
In this paper this result will be generalized for the n-th order differential
equations, where the presupposition about the function f(x) will be weaker.

The following differential equations will be dealt with:

(1) Lyp(z) = 2™ 4 gz=D | 4 apz = f,
(2) La(y) = y™ + ary®D 4 ... + any = 0,
where a;, as, ..., ax, f € Co(a, b).

If ar e Cui(a,b) (k=1,2,...,n), then the adjoint differential equation
to the differential equation (2) is denoted by

Ly(uw) = (— 1)7 u® 4 (— 1)2-1 (qu)®=D 4 ... 4 apu = 0.

The function F(x) == 0 is said to be oscillating in an interval (a, b) if at least
one of the points a, b is the limit point of the zeros (belonging to the interval
(@, b)) of F(x). By the non-oscillating function in the interval (@, ) we mean
the function which is not oscillating in this interval.

The differential equation (1) (resp.(2)) is said to be in the interval (a, b):

(TI) non-oscillating if all its solutions are non-oscillating in (a, b)
(II) n-non-oscillating if every of its solution has at most » — 1 zero pointsin (a, b)

By the symbol w; = w(ui, u2, ..., u;) we mean the Wronskian of the
functions w;, u2, ... u; € Ci_1. The sequence wy = 1, w; = w(ur, Uz, ..., Ui)
(t=1,2,...,m; ur,us, ..., Um € Cpp_1) is called the complete chain of the
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Wronsgkians of the functions wu;, us, ..., un, analogously as in paper [2].
If all numbers of this sequence are different from zero in the interval (a, b),
then this sequence is called the complete chain of the Wronskians without
zero in (a, b).

First several lemmas will be proved.

Lemma 1. Let y1, y2, ..., Yn—1 be the solutions of the differential equation (1).
Then the Wronskian W = w(z, y1, Y, ..., Yn—1) ts the solution of the differential
equation

(3) Y+ a1 Y = (— )" fw(ys, y2, ..., Yn—1)-
Proof.
W = (— 1)+l (— @z D) — ... — apz + f) w(y1, y2, ---, Yn_1) +
4 (= 1)+2 (— a ") — ... — anyn) Wz, Y2, s Yno1) F ..
+ (_ 1)2"' (_ a’ly(ln-l) T T anyn_l) 'LU(Z, Yi, .., Z/n—2) =
= (— 1)”+1fw(y1, Y2y eves Yno1) — aW —asWe — ... —anW,
where
‘ z % . Yno1 |
2' yl yn—l
Wi = | oo =0(6=23,...,n)
2(n—2) y(n-2) y;n_-f)
20yt d )

From this the assertion of the lemma follows.

Lemma 2. Let p, f € Co(a, b). Then if the function g is non-oscillating in the
interval (a, b), the differential equation

(4) v t+pr=yg

18 non-oscillating in (@, b).

Proof. Let v be an arbitrary solution of the differential equation (4) and
let u be a solution of the corresponding homogeneous differential equation.
The Wronskian W(v,u) = — g » is a non-oscillating function in (e, b) and
therefore from the Theorem about the separation of zeros for second order
differential equations it follows that the function v» is also non-oscillating in
{(a, b). Thus Lemma 2 is proved.

Lemma 3. Let ay € Cp_i(a,d) (k=1,2,...,n), y,z € Cula, d).
. d
If Luy) = L, L,,, ... Loy, where L, = d— +b(i=12,...,n), then
x
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_ d
Ly(2) = Ly,Ly, ... L, 2, where L, = — a— +b(E=1,2,...,n) in the interval

(a, b).
Proof. The proof is accomplished by complete induction. For n = 2 the
assertion of the Lemma is easy to prove.

Let L, L, ,... Lo, 2 = Ly, L, ... L, 2. It is sufficient to prove that

(5) L, InLz=L.L - Loz

Let L,,, ... Ly2z =20 4 ¢2n-2 4 ... 4 cp_12. It is easy to prove
the following assertion: L, L, , ... Lp,z = 2™ 4 Piz®=D 4 ... 4 Pz,
where P; = buci_1 + ¢i_1 + ¢;, where ¢co =1, 4 =1,2,...,7 and ¢, = 0 by
the definition.

L, ... LoLz = (— 1)m® 4 (— 1)p=Ycz)@=2 ... — 12’ +
+ (— 1)1 (bpz)®—D 4 (— 1)772 (c1bp2)®=2 + ... 4 Ca_1bn2.
(6) L L, ...L,z=(— 1)2z® 4 (— 1)~ (b, + c¢1)2~D

+ (— 1)n=2 (byey + C; + ¢2)2=2 + ..+ (bpcn—1 + G;_I)Z.

After the simple modification of the right side of the equality (6) it is possible
to prove the equality (5).

Lemma 4. Let wy = 1, w1 = w(y1), w2 = w(y1, ¥2), .-, Wn = W(Y1, Y2, +++5 Yn)
be the complete chain of the Wronskians without zero ponits in the interval (a, b)
of the solutions of the differential equation (2). Then for every y; (1 < i < n)
there exist such numbers dy, ds € (a, b) that wo = 1, wr = w(yi), W2 = w(Yi, Y1),
ooy wt+1 = w(yi,yl, ooy Yi-1, y¢+1), ooy
Wn = WY, Y1y «oos Y1, Yirl,s -, Yn) 18 the complete chain of the Wronskians
without zero in the intervals (a, d1), (dz, b).

Proof. From assumption of the Lemma according to [2] it follows that
there exist such real functions by, b2, ... by, for which

d d

La(y) = (—d -+ bn) (d_ + b1) ¥ in (a, b), where y; is the solution of the
x x

differential equations

(As) Ls(y) = (—d‘ -+ bs) (—i + b1) y=0fors=1,2,...,9—1, ¢+ 1,
dx dx

...,nand fyz=0for s =1,2,...,7 — 1. By complete induction with the help
of Lemma 2 the functions fy(s =1,2,...,7 — 1) are easily proved to be
non-oscillating in a, b).

Let Ls(y) =y 4+ a1sy® D 4 ...+ a5y (s=1,2,...,n). According to
Lemma 1 w; + ay®; = g;, where g; = (— 1)+ fay_1(j =1, 2,...,¢ — 1),
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wy=(— 1)1 w (j=1i,7+1,...,n). From Lemma 2 it follows that the
functions w; (j = 1,2, ...,%¢ — 1) are different from zero in (a, b). Evidently
there exist such numbers d;, dz € (@, b) that w; 40 (j=0,1,...,7) in the
intervals (@, d1), (d2, d). Thus the Lemma is proved.

Lemma 5. Let the differential equation (2) be n-non-oscillating in the interval
(@, b). Then for any solution wu(x) of the differential equation (2) there exist such
numbers dy, dz € (a,b) and such a complete chain of the Wronskians (a, dy),
(d2, b) of the solutions of the differential equation (2) that w, = u(x).

Proof. The differential equation (2) is n-non osecillating in (@, b) and there-
fore according to [2] there exists a complete chain of the Wronskians wy = 1,
W1 = wWY1), -+, Wn = WY1, Y2, ..., Yu) Without zero in (@, b) of the solutions
of the differential equation (2). Then u(x) = ciy1 + cay2 + ... + cayn in (a, d),
where ¢; (7 = 1, 2, ..., n) are constants. Because the differential equation (2)
is nm-non-oscillating in (a, b), there exist such numbers @, b; € (a, b) that
u(z) # 0 in the intervals (a, @), (b1, d). It follows that there exists such
ac #=0that¢; =0 fori < j=<mn+ 1 (we define csr1 = 0).

Let us construct the following sequencs of the Wronskians:

(c) Wo = 1, W = W, ..., Wi_1 = Wi_1, W; = WYLy «vvy Yiol, W)

Wit1 = WYLy ooy Y11, Uy Y1)y ooos Wn = W(Y15 oo Yirl, Uy Y2 + 1, «ovs Yn)
Witnout difficulties it is possible to prove that @; = cjw; (j = ¢, ¢ + 1, ..., n).
It follows that (c) is the complete chain of the Wronskians without zero in
(@, b) of the solutions of the differential equation (2). According to Lemma 4
there exist such numbers dj,dz € (a,b) that we = 1, w, = u(x), ..., wn =
= w(u, Y1, .-, Yi-1, Yis1, ..., Yu) is the complete chain of the Wronskians
without zero in the intervals (a, d1), (d2, b). Q. e. d,

Now with the help of the preceding Lemmas the following Theorem will be
proved.

Theorem. Let ax € Cun_i(a,b), (k=1,2,...,n). Let the differential equa-
tion (2) be n-nom-oscillating in the intervals (a,d,), (d2,b) (di,dz € (a,Dd)).
Let u(x) be the solution of the differential equation adjoint to the differential
equation (2) such that u(x) % 0 in the intervals (a, d3), (da, d) (dy = d3, d2 =< d4)
and the differéntial equation

’

u
(7) v+ v=f

is mon-oscillating in (a, ds), (da, d). Then the differential equation (1) is non-
-oscillating in (a, b).

Proof. The differential equation (2) is n-non-oscillating in (a, d1), (d2, b)
and therefore according to [2] there exist such real functions b, b2, ..., bs

102



d d
that L,(y) = (d_ + bn) (d_ + bl) y = 0 in every of the intervals (a, d;),
x x

d
(d2, d). According to Lemma 3 Ly(z)=|——+ bi}...| — — 1+ ba] 2.
dz dx

According to [2] and to Lemma 5 there exist such numbers a; € (a, d1), b1 €
€ (dz, d) and such a complete chain of the Wronskians without zero in every
of the intervals (a, @1), (b1, b), wo, w1, ..., ws of the solutions of the adjoint
differential equation adjoint to the differential equation (2) that w; = u(x).
According to [2]

d d Wp—i+1
Lp(u) = d——q ?——cn u, where ¢; = D lIg ¢t=1,2,...,n),

x x Wn—1
wy u' .
Cn = Dlg? = According to Lemma 3 in every of the intervals
0

(a, @), (b1, b) we have

d w\[d d
(1) Ly(z) = (— 1)» (a + Z‘)(a + Cn._]_) (E =4 61) z=f.

Let us consider the following system of the differential equations:

(B1) 2+ ez =,
(Bo) uy + coup = ug,
(Br-1) u,,,-g + CnyUn—2 = Up_1,
’ u'
(Ba) Upy + U1 = (= DS

Without difficulties it is possible to prove that the arbitrary solution of the
differential equation (B;) is also the solution of the differential equation (1')
and if z is an arbitrary solution of the differential equation (1), then there
exist such functions uy, ua, ..., Un_1 (ux € Cu_r, k = 1,2, ..., n) that z is the
solution of the differential equation (B;) (in every of the intervals (a, @),
(b1, b). From the assumption regarding the differential equation (7) it follows
that the differential equation (B,) is non oscillating in (a, @), (b1, b). By the
complete induction it is possible to prove without difficulties that all the
differential equations (B1), (B2), ..., (Bx) are non-oscillating in (e, @), (b1, b).
Because the differential equation (B;) is non-oscillating in (a, a1), (b5, b) the
differential equation (1) is also non-oscillating in (a, @), (b1, b). Hence it
follows directly that the differential equation (1) is non-oscillating in the
interval (a, b).

Remark. Evidently Theorem 3 of [1] is the direct consequence of our
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Theorem. The method of the proof of our Theorem is different from the method
used in [1], which is applicable only in special cases. :
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