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MATEMATICKO-FYZIKALNY CASOPIS SAV, 12, 2, 1962

O HEROTOPBHBIX HOATPYINIIAX I-TPYITY
MAPUA SSKYBHMKOBA (Miaria Jakubikova), Koiuuie

B monorpadguu Cysyki [4] uccicaoBaHHbBL CBOWCTBA YACTUYHO YHOPSH/I0UCHHOTO
MuoxkectBa A 00pa30BAHHOIO BCCMU HOATPYIHAMU JAHHON rpynnbl G (OTHOWICHHE
UQCHIUHOTO YIOPSAOUCHHSI MPATOM PABHO MHOXCCTBEHHOMY BKJtoucHHI0.). Crie-
O B [4] paccMaTpuBaiuch YCIOBHA, KOTOPBIC 0JDKHA UCHOJIHUTE rpynna G,
G100 M Obljla CTPYKTYpPa C ONPEICIICHHBIMHU CBOMCTBAMU (HAmp. JAHCTPHOYTUBHAS
CiPVRTYPA. ICACKHHI0BAsI CTPYKTYPA, CTPYKTYPA HCNIOJILHAKOLLASI HCKOTOPBIC YCTORHS
s peneit, uor. ). Anajgorudcckas npoOseMarrhka MoxeT ObITh Hecenosana st
HECTIMHO YHOPAJIOUCHHOM rpy bl G, K CHCHMANILHO JUTI CTPYKTYPHO YNOPSLIOUCHITON
1pyititl (~rpynast). Tlycrs G—/-rpynna. Mbl OyZieM 110J1b30BATHCS CJICIYIOUIHMU
AR EIRCIGHITISHE

G MHOIRCCTBO BeeX noarpynt (adcrpaxtuaoit) rpynnst G,*

Y0 MDOWCCTBO BeeX [~nioarpyrni rpynnel G,

A0 MHEOMCCTRBO BCCX BBIMYKJBIX moArpynit /~-rpynmnst G,

#1 MEOWCCTEO BCEX BLIIYKJbiX [-noarpynmn /-rpynnst G.

Kawoe 13 Muokects @, L, ', A Mbl CUNTAEM YaCTHUHO YTIOPAAOUYCHHLIM C 110-
MOUILIY MHOKCCIBCHHONG BKJIIOYEHHA. Mbl JO0KaXEM HEKCTOPbLIC TCOPCMbI Kaca-
oniiees CBOHCTB YACTHYHO YIOPSIoOUeHHbIX MHOXecTB ', 7, . Teopema 1. 10
uBlige et 0000wcHiem oanoit Tecopembt [ Bupkrodda ([1], xan. 14, reopema 10).

TIPHITOMITLIM HCKO rOPBIC onpeacacHus, TIpeanosiokum, urto G = G (<) —— 1ac-
THUHO  YHOPSLLOMCHIIOS MEOIKCCTBO (OTHOUICHHE YACTHUHOIO yhopsinouctist B ¢
OCO3HANIM CHiMBONIOM =) 1L uto da G onpejiesicHa OMHapHas CrepatHs -+ Tak,
wio G(-R) aBatsicren rpyinod. (Onepatidsi + MOXKET HC ObITh KOMMY FaTHBHOIL.)
Yoy rpynnst G odosnavua G, flyers fance ans JoObIx dieMenTor X, 3, ¢ G
. TV E A4y =y Tips oorix ape-

P = Z

oo oo v <,

PMCCTH MeCio X - Do
HOMOWSHIEX ( HA3LIBACTCY YACTUHITO Yhopsitoucnuol rpynmnoi. Ecau npuron G (:2)

s pictCsl CIpykiypoil, rtora O (=. +) Ha3bisacicss CTPYKTYPHO YNOPSIouCHHOI
ipyaitol (Arpyitioit). B Takom cayuiac o0o3naunuM CTpykTypHbic oricpaniu B G
sopen A, UL B oaaneleiiuiem mbl npeinonaraem, uro G — Frpynia. Muozaeciso
A< G naspigacrtest [-noarpynnoii B G, et A -— fioar pynia B G (4 ) M OAHOBPSMCHHO
A - nojcipykTypa B G (). MoamuomecrBo A4 < G Beinykaoe (B G), eciu juis

“ 1poi1a Mbt OyeM nineath 6odce noapodHo G (G) Bvecto ) M anANOTMUCCKH AUIS CHMBOIOB

A A

37



JHOOBIX YNCMCHTOB .\, ), Z € G U3 cooTHOIIeHHH X, 1€ A. v < - £y BbITCKACH - € A.
B cienytoniemM Mbi UCHONB3YCM HCKOTOPBLIC (YHAAMCHTAABILIS CBORCTBA /[-rpynn
([1], kan. 14, §1, §4) 6¢3 0coObix ceblytok. CHMBOUIBLE A, & 0003HIYAI0T MEOKCCTBCH-
HOE MEePECeUCHHE M MHOMCCTBCHHYIO cyMMY. G co0TB. (G~ - MHOWKCCIBO BCe
2eMeHioB v e G HenosroWnX HepaseHeTso v = G cosie. v £ 0. (Ouesuano
G o= {xixe G, xeGP) Mycib S — nonnas crpykrypa, S, < S, S; nasnizacics

i

<

MOJHOW NOACIPYKTYPOR B S, eCan JUIst KQXAOro NOLMBOXKCCTs: A4 .5 1iMeet
mecto sup 4 € 85, inf 4 €S, (cumsodbl sup. inf 3rech oTHOCSTCH K CrpyRIype S).
Mbl Oyaenm 110J1L30BA1LCH CATAYIONIMM NPOCTHIM VIBCPAK ICHHECM ¢ HOAMHOKCCTBAN
CTPYXTYP.

(7) Hycis S - cipykiypa, A < B S. Ecna p S mmeer Mecio stin A4 = m o e
nme B, 1oraa 1oxce sup (B) A = m. (CumBoa sup (B) obo3HavacT cviiperiym 0rHo-
CHTCBHO K YACTHYHO YHOPSAOUCHHOMY MHOXCCTBY B.) AHAJOMUCCKOC VIBEPR IC-
HHE UMCET MECTO s HHDUMYMA.

§ 1. Yaeruauo yuopsiournno» wuosocerso A

1.1, Besikoe us yacmuuino yropsaoouennslx aioscecing G, L. AL 17 agagemcs
HO_IMOIO CHIPYKPLYPOTL, 8 KOMOPOU CHIPYRINYPIOe HePCeCCUCHUe PASILAEN] i ML) CCCHIGCH-
HoMY nepeceuenyio.

Joxazateabcipo. [ycTb # 11000e MHOKECTBO M3 MHOXKECTB %, &', i, 4
{A;} < . Tlyctb S — cucrema BCEX NOAMHOXKECTB MHokecTsa G (42CT1HMHO
yNOPSIIOUEHHAS! C TTOMOUIbI0 MHOXECTBEHHOrO BKJtOUeHMS). Taxk kax £ A; €. .
ro coraacho (T) inf (#){A4;} = N A,. Tak kak .# ob1anaer HanOGIILULIM YIEMCH-
Tom (1. e. G), # -— nojiHas CTPYKTypa.

CrpykTypHyto onepauuto inf (#') Oydgem B Kax[acii cipykrype # 0003HAYdIb
CUMBOJIOM A, CTPYKTYPHYIO ornepauuto sup (57) obo3zHaunm VvV (). (Ecnn a3
CBS3aHHOCTH Oy/CT ABHO BBITEKAaTb O KaKOH CTPYKTYPC peub HACT, TOraa Mbl 0y 1¢M
nucalb TOJILKO V.)

1.2, Hyemv z,,z5,...,2,€GY, xeGY, v <z, + z, + ... + z,. Toeda cir-
WeCmBYblm DACMENMbl X{, Xy, ..., X, mak, umo 0 < x; < z, dag i = 1.....0n.\x =
=N+ X o+ oy

Hoka3arenbcTBo. YTBepk/acHUE BbITEKaeT NPU MOMOIIM MaleMaTHUYCCKOHN
wHAYKUMH 13 [1], ra. XV, gemma 3 (crp. 245).

L3. ITycmo {A;} c A, {A;} &= 0. Toeda V(G {A;} e .

HoxaszatenbctrBo. OGo3Hauum V(%) {A;} = B, nycts b, b, € B. Toraa cy-
IIECTBYET KOHEYHOE YMCJIO BBINYKIBIX /l-moarpynn A, ;, Ay € (A} (j=1,....n:
k =1,...,m) Tak, 4To A1g ya0OHO BLIOPAHHBIX JEMEHTOB z; ;€ A, ;, 25 4, € A3y
UMEIOT MECTO YpaBHEHUS
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by ==zii+ i+ ot 2y,

by =2+ 0t o4 2y .

JICTRO y3HaTL, 410 MOKHO npeanoaratb n=m, A, ;= A, ; ana i = 1....n
Ecou, nanpumep. by = a + b + ¢, b, = d + e, rac Beakuii n3 asnementos a, b, ¢, d. ¢
HAXO/MTCS B HCKOTOPOM M3 MHOXCCTB 4;, 10r/1a MOXHO BbIOpaThL # = 5 u nono-
wiie by =a+b+c¢c+0+0, b =0+0+0+ d+ e. B panpueieit 1pax-

TLOBKC HPUBC/ICHHOC NPCIINOJAOKECHUC Cutacics Bblﬂ().ﬂHCHHblM.)

a) Jlokaxkem, wro B -— gbinyksoe noamuoxectso B G. Myctb ze G, by £ - £ b,
Torza
Oz b =hy b=z + 0+ o+ Zap = Ziw Ziwe e
N N i PN I PRI S-S U - B - R B IR
[To 1.2, cyrectBytoT MIEMEHTbI Xy ;, X, (i = 1. ..., n), TaKkue, 410 UMEKT MCCTO

COOTHOIICHWUS ©

() 0=sx =]z 0= xSzl

N

(2) Z /71 :.\'2_1 +.\‘2.2+...+,\‘2.n+.\'l~"+.xl‘"-1 + ... +V’C1’1.

Tax xak A; — seinykasie /l-noarpynnel B G, |zy |, |z, le A(i=1,....n).
BeusieacTBre vero no (1) Toxe xy ;, x, ; € A;, W, ciaenoBaTesbHO, No (2) Toxe =
b, € B. nosTomy z € B.

0) B nmanbheituiem nokaxem, uto B sascrca [-moarpynnoit B G. O603HaunMm

by =1z, |’*‘|:1.2|~~--‘—[Zl.nl‘*‘l22,1]*’|22.2|**---"‘|52,n[~

3

by =1zl + o2l + o+l F ol +Hlzal+ o+ za].

DjeMeHThl by, b,y aBasitoTCst djieMeHTaMn MHoxecTBa B. [asee b, b, € {by, b,>.
i, TAKUM 00pPa30M, TOXKe IMeMEHTbl by N b,, b, U b, HAXOAATCS B 3TOM HHTepBale.
Onnako no a) <{bs, b,) = B, cnenosatenbHo b, N b, € B, b, U b, € B.

1.4. Teopema. Cmpykmypa %' q648emces noaAHOM NOOCMPY<mypoll 6 Kaniooit u3
cmpykmyp 4, L, A

NoxkazaTcabcTBo. [loJsib3yeMcsi OQMHAKOBBIMU MPCANOJOKEHUSAMU H 0003HA-
yeHUsIMU Kak B caydae 1.3. Tlyctb & Oyner mobas u3 cTtpyktyp ¥, %, 4. Mo
1.3 — V(%) {A;} e #, cnenosatensho no (T) V(%) {A;} = v(#) {4;}. U3 sT0r0O
paBeHcTBA M U3 |.l. BbITeKaeT NOKa3blBAEMOE yTBEPKACHHE.

3amevanue. Ecim G — kommyTatuBHas /-rpynna, Torama % aelekMHAOBA
crpykTypa (cp. Hanp., Kypouwr [2], cTp. 285), BcieacTBue 4ero B 3TOM ciyyae .~
ABJISICTC MOAYJSAPHON CcTpykTypoi. OO00OLIEHHEe 3TOro YTBEpXIAECHMA NPUBEACM
B a63. 1.10.
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1.5. ITyemo A — nodepyrina ¢ G, nycinb 0.9 Geanoco dy,d, a G5 0 A wweem
weemo ag O dy € A Hyemo 4 6ydem nanpas.iennsive o yObisauig Liios ecmeon
{OMHOCHINEALIO K YQCHIMUHOMY YRHODASOUCHWIO, daliioriy onuionieined < . Toedy |
anasences l-nodepynnoit ¢ G.

Hoxkazareabctrro. fyers ¢, a,c G Y A. W3 ypasuchust (¢, U a5} -, =
=d,—(a; nay) (ep. U], crp. 219, Teopema 4) BuITERACT MO HPLIORCHIIO
aynva, €A Nyete by, by e A, Tlo NPCANOMCHERD CYIICCIRYST HyE A Tak, 10
hy < by, by < b,y. THonowum ¢y = b, —hy, ¢, = b, —by. Tornac,, c,cG" M 1,
hdopy by) - by = ¢(op) c,, tAec (op) sivasicicst ai0Doil 13 onicpannii ., w. i3
HOCJICHCTO YPABHCHKSE W 113 BbILIC TOKA3aHHOTO BhIteKacT h,(op) b, € A,

3amcuanuc. B npeasiayiici acMme HEsb3s BLIOPOCHTL IIPCAONOKEIHC O 1O,
410 A ABRFErICs HalipaBACHHBIM NO YObIBAHKIO MHOKCCTBOM.

1.6, Iyemo x,yel, x>0, y >0, xny=0. Hycmo G siioncecingo 6eox
2aestenmos z ¢ G oeuda = = mx -+ av, 2de m, n ye.ably vucia. Toeoa Gy asaiaeiic
l-nodepynnoit ¢ G.

HJoxazarcenbcrso. M3 orvowenua x Ny = 0 BLITCKAST N -+ 3 = XU ) es
= ¥ 4+ X, U, TakuM 00pazoM. G, sBasiecrcs noarpynnoit 8 G. Hyers =, = mov + i,
i = 1,2, O6osnaunm ny = min {n,, 0y}, ny = Max {#,, 1], 1 11yCib CHMBOIbE
My, N, WMCIOT alAJIONHUECKOEe 3HAMCHMC., DACMCHT 13X —+ /131 aBiseics HIDKHCH
I'PAHBLIO MHOXKECTBA {Z,, Z,}, W, 1akuM 00pasom, G| SIBASSICS HAGDABICHHBIN 1O
VOLIBAHUIO MIIOKCC IBOM.

ITycrb z;, = 0. Torna. oueBUaHO tie MOXKeT ObITL OAROBPSMCHIO #1; < Ul ny < L.

flycrs, my, < 0. Torna iy = 0, BeaeaciBie ¥cro nyy = (—-my) .y, Opako. w3 ol-
Hocnusg v 0 p = 0 jiig J1o0bIX HS OTPULATENbIbIX LEILIX YHCCH 1, £1 BLUICKLT ¢
mx N oay = 0, [eYITOMYy 110 HPCAbLIIYLICMY HepaBeHeTsy m:y = 0. Ecinir raknw
obpazom, z; = 0, notrom JOJBKiO ObITL fi7; = 0, ¥ anajoinuecki a2, = O.
flycie 2,20, z,=20. Torja ;U z, = (mxNx+ 11y iN + .0y =
(mx v nl ) (y v 1:2)') = MmN Uy =0

vz e, No 1.5 reM o yTBepuIcHIE JIOKA3a110.

L 4 g ve L CICIOBATCILHO,

L7, Teopema, Hyenns Fepyana G ne 0ydem yiopadoucnioil. Tocda aniodceciiny
LA e GeALI0Me T ROQCIMPYREIY DAMU 8 CHIPYRINYDe 4.

Jdorazatcascrso, Tak kar 0 HC YHOPSAOHCHHAS TPYIIIL, CVHISCEBYG 8 G
HO CpaBHEMBIC Didemen:bl vy, py. GOosnaumm X o= A A N N

—(xy s roraa v > 00 v > 00 vny = 00 Flyets 4 avee OoUiaeosoe sia-
HCHUC KdK B 116'3. Lo Hycts a == v + 23, b = 2x + 3, nycis A coors. B coois.
SABJISICTCSl MHOMKCCTBOM BCCX MWICMCHTOB BHIA /it COOTB. /119 COONB. st -+ 1P, . 1L
n, m-—uesbic yucna. Torna 4,8 — nonrpyniibt 8 G oqHoBpeMento 4, 8 — yiio-
PSIOUCHHBIC MHOKCCTBA, H, TaKHM 00pa3zom, oHu [-noarpyriiet B (. ilsect
mecto C = Vv (¥) {A, Bl. Onnako C He ssagcrea [-moarpynnoii s . 1ax Kak.
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HALP. JICMSHT X 4 ) = a N b He nipuHauiexknT K MuoxectTsy C, W, TakuM 00pa3zom.
V(Y)Y (A, BY £ V(%) {A, ), u3 uero BbiTekaeT, 410 £ He ABJIACTCS MOICTPYKTY-
poii B 9.

Iycin ¢ = 2v— 2, nycib ¥V OyAeT MHOKCCTBO BCEX DJICMCHTOB BUAA /10, T/IC 1
nestoe unede. flycis 4 1e0pCTUKOMHOIKCCTBCHHAS CYMMa HHTEPBAIOB - #X, AN ).
11 1 HpoO0dCTac s MEOKECTBO BCeX HaTypanbHbiX uuces. Fycis W Oymer MHOMKCCTBOM
BCOX MICMCHTOB BUaa a, + v, riae a; € A, vy € V. Jl5is mebblX Takux JICMCH10B
nvieeMm | @y | oy | = 0; U3 2TOrO BHITEKACT paBeHCTBO ¢, + v, = v, + a,, H, Ta-
kit o0pasoM, K ssasercs noarpynnoii 8 G. Torna, ouesnano, W= v (%) (A, V]
Kaxwtit vieMent vy € V, vy 4= 0 ue cpasuumbiii ¢ 2memenToM 0, U, CACI0BATCABIO,
BCUKHC ABA PA3HLIC DJIEMCHTA W3 MHOMecTsa P B3anmuo we cpasHumbl. W3 otoro
SbiteRact, 4o Vo—Beinykies nourpyrnina o G. Ouesuido, A4’ Beinykias [-noit-
rpyring B G Tak kax 2ve A, ve V, 2y -— 2y — 2p) = 2p > y > 0, UMeeT MCCio
e v tAL V). Mipeanonoxum, 4to Obiuio Gei ye W. Torjga cyuiecTBoBan Obi
LICMCHT Z € A’ 1 HCJIOE WUC0 M Tak, 4To v = = + m(2x — 2y): najiee CylecTBoBa0
Obl HATYPAIbHOE YUCAO 71 TaKoe, YTO -— iy < = < nx. VI3 npeasbiayiunx oTHOICHII
HOAYHACTCS .

(I + 2m)yyv = - + 2mx,

—Ix £l +2m)y £ Ix,

e [ =n+ 2| m|. O6o3nauum | | + 2m | = k. Torga S > 0 1 K3 npeabayLICT O
HepaseHeTea noayvaeress — /v < ky < Ix, v cienosatenibHo, Toxe [ > 0, ky N Ix =
= ky. Oanako u3 OTHOWEHUsE X N p = 0 BbITEKAET [JIs JIIOOLIX HATYpPaJbHbIX
uncedl Ay, /j paeenctso k,;y N /yx = 0, 4To He Bo3MOxHO. Takum obpa3om y¢ M,
sk v(a) {A, V) n A He aBiiseTcst NOACTPYKTYpoit B 4.

1.8. [1ycmin A, Be #', A* <« B*. Toeda A < B.

HoxkaszateancTtBo. W3 oTHowenua A"« BY BonitekactT A~ < B~ Tak Kak
an0<a<avu0ang moboroae A, u Tak Kak B - BbINYKJI0€ MOJAMHOXKECTBO
B G, noayuaetes a€ B, 1. e. A< B.

JamcuaHue, ﬂ.ﬂﬂ MHOXECTBa -4 aHa 0T M4CCKOC YTBCPKACHUE HC UMCET MCZTO.

1.9. [Tyemn (A <, (A} = 0, B= Vv iA}L,* bye B b, > 0. Tocda cyuyecm-
syviom oaesenmel ¢(j = 1,...,m), 2de n 4619emct NOOX00SUWUM HAMYPAAbIbI M
anedom, mark, umo by = ¢ + ¢y ¢, ;20 ans j= 1., m u kadxncooe ¢
HANOOUNICY 6 HeKOIMOPOM U3 MHoNcecms A;.

1

HokasatenpbctBo. [JOCTATOYHO MOJIOKMTL B /10KA3a1€/bCTBC YTBEPIKACHHS
1.3, by = 0, - = b, u UMeThb B BUIY ypaBHeHuUC (2).

* Jlo Konma § | oprietess Vosmecto Vo (A7)



1.10. Teopema. A gsasgemes Juempudymusioil cmpyrkmypoil.

JdoxazarensctBo. [llpeinoaoxum, 410 cTpykTypa 4 HC AMCTpHOY1HBHAS.
Toraa 8 4" waxonstes l-tpynnel A, B, C, U, V Tak, 4TQ BbINOJHEHbL! COOTHOLLIC-
tinst A = B, ANC=BAC=U, AvC = Bv( = flycts he B*. Toria oaHo-
spenicHHo b e V = Av C, Takum obpa3om, 1o 1.9 cymecTByrOT ICMCHTbB! ¢ ., ...
a, €A, ¢, .., c,eCrak,utoa; 2 0,¢; 20,b=a, + ¢, +a, + ¢+ ... +u, + ¢,
W3 npuBeaeHHbIX OTHOUIEHUH BbiTekaeT O < ¢; < b, 1 ce10BaATEILHO, HY OCHOBAHIH
BbilYKJIOCTH mMHOXecTBa B, ¢;e B, c,e BMC = BAC =U = AA(C. caeiosa-
1eiikHO, ¢; € A. Takum odpasom t1oke he 4, B" < A%, nodtomy no 1.8 Bc A.
Anasiorudeckum nytem aokaxetcst 4 < B. Takum odpasom B = A, 4o HC BO3-

MOKHO.

3ameuarne. Ecau A, B-— l-uneann B G. 1oraa A n B asaseics [uacanon
B8Gu v(%9{A, B} no 1.3 voxe l-upean B G. Muoxectso # Beex /-Hiacaios B (.
HACTHYHO YIOPSIOYEHHbIC NPU NOMOLUM MHOKCCTBEHHOTO BKAOUCHHS 4BJACICH
raK¥M o0pa3oM NMOACTPYKTYpoi cTpykTypbl .# . V13 Teopembl 110, raxiy odpasont.
BBITCKACT B KauecTBE HACTHOro ciyvast teopema 10, ra. X1V, []]. YTBCPK 110l
CIICAYIOLLME

Miuoncecmso ecex l-udea.os l-epynnst G —— QUCIIPpUOYNUGRAst CIPYRINYPA.

O000LLeHeM TIPCILILYLLUEH TEOpeMbl SIBJISETCS

L1 Teopema. Hyemo Ac A7, 0 £ (AL cx’. B A wseem veemo caedyiou
GCCKONCUNBITT OUCIMPUD YIUBIIBIIL 3AKOIL:
AN(VA)= V{AAA)

Aoxazareabctso. Ouernado, V(AAA) AA(V A). Oycib ve da{v.d)
vz 0. Toraa xe AA4;, U, CICAOBATCNLHO, NO [.9 CyWICCiBYOI )icMIILL ¢,

¢; 2 04j=1,...,m) 1ak, 4To OGO 3ACMEHT ¢; HAXOAWTCSH B IICKOIOPON H3
MHOKESTB  A{c; € Ay ;) M, OAHOBPCMEHHO, X = ¢ + ¢, + ... + ¢,,. Tak Kk

0 = ¢; £ x u 1axK xaKk A — BhINYKJIOC NOAMHOXKECTBO B G, ¢;€ AN A, ;. cliclosa-
1eabio, X e V{AA A Tlo 1.8 1torna AA(VA)c VIAAA).

3amedanue. {lycre G, — [l-moarpynna nosanoil /-rpynnel G. Mbi Oviem Ha-
spiBatTh Gy nonﬂoﬁ [-nonrpynnoi#i 8 G, xoraa u3 cooTHolucHnii A < &y sup 4 = m
BhliexacT M1 € () (CHMBOJI SUP OTHOCKTCS K HACTUUHO YIOPSIOUEHHOMY MITOKEC T BY
Gh.

L12. Teopesa. /yems G - nodnas l-epynna, nyems A - no.anad l-nodepynna
¢ G, 0+ {4} 7. Toeda eeino.insenics ypagieine:

AVIAA) = AAVA,).

Hoxaszareasvcrso. OueBuano A(AV A) D AV(AA). flycib ve A(AV A,
XN = 0. Takkak ve A v A; u G saBiseTCad KOMMYTATHBHON /-rpynnoii (em. [1]. c1p. 229)
1o 1.9 cyulecTByrot ais kaxaoro A, snemMentsl a' € A, a; € A, Tak, uTo
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(3) x=d+a, d=20, a

= 0.

Mycis X' —mHoxecTBO Beex 2jieMeHToB a € A, a < x. Tak xak G noaHas [-rpynia,
cytecteyer 8 G odacMeHT sup X = q,, npukieMm a, € A, ncTomMy 410 A — nosjHas
[-nesupynina B G. Bbipasum JIEMCHT X B BUlIe ¥ = d + b. Tax kak ¢, = x, uMceMm
h = 0. T1o onpeaencHuio MHOKeCTBa X jUis BCAKOTO @' 13 (3) BLINOSIHEHO OTHOLICHUE
a'e X, rakum obpazom a' < a,. U3 ypasienus a' 4 a; = a, + b BbiTeKacr 3aicm
h £ ¢; 11, cea0BATENLHO, HA OCHOBAHMY BLIMYKJOCTH MHOXCECTB A; /LIS KaXIlOro
A spnontsicicst be Ay, 1. e be AA;. V3 ypaBuenus x = a, + b 3atem Bbirekael
veAVaAd). CacnoBatenbho, (A(AV AN < (AV(AANT. dns 3asepuictius
LOKG3Q1CABLCTBA 10CTATOUHO NPUMEHSATDL 1.8,

{33, Crwjecrnsyen kovmmymamusnad l-epyana G, 6 komopoit 04 yoodnoeo A € 47,
VALY et waeem vieemo AV(AA) = A(AV A

lipamep. flycrs G MHOMCCTBO BceX (DYHKUMH, ONPEACNCHHBIX lid MHTEpBaIC
0.1>, 1 nenpepsIBHLIX B8 TOUKe 1) Ooniepaulus + M 4acTUUHOE YNOPsAAOYCHHE MYClb
Oyt 8 G onpeieiicHo 00bIKHOBEHHbIM cocoboM. [lycTb Oynet 4 MHOXECTBO BCeX
fc G, koetopeix f(1) = 0. das xaxaoro y e (0,1) nycts A, OyaeT MHOKECTBO
seex /e G, suinosiHsownx aas kawaoro x e (0,1), x < y otHowenue flx) = 0.
Toraa AA, = 0L*E AV (A A= A. OnnospeMeHHO At kaxaoro A, Av A, = G,
CHEIOBATCILHO A(AV A) = G.

§ 2. Crprrypa A

2.1. Tycib G xOMMYyTAaTUBHAS HACTUHMHO YNOPsA0UYCHHAs rpynna. Ecau cyuiecrsyct
1onoMopproc otobpaxe:me ¢ G—H, kac H — yacTU4HO ynopsigoueHHas rpynna
(upitic roMomMopdH3mM @ OTHOCHTCSI K TPYMNOBON onepauuu + M K 4aCTHUYHOMY
VIONTA0UNHIO, T, e g gioboro X,y e G (Y 4+ p) o =x@ + yo, XSy X9 S ve),
P00 MHONGCIB0 A = (v v e D, ap = 0} asagerca BuinyKoi noarpynnoit 8 G
tai wro A = 0. K seskob swnykici noarpynine C < G, Hao0opo1, cyuiectByct
HuCTHUHO yropaiodednas fpynna v romomopdproe otobpaxenue ¢, : G— H Tax,
wio Coe = 0. TlycTh R(p) Oyset KOHIpYCHUMEH™* HA 4aCTHUHO YMOPSI0UEHHOI
1Dy G OHPI/IC/ICHNONR TOMOMOPDHIMOM ¢ (CAeMEHTBI X, ) € G HAXOANTCH B 1OM
1CCC 10 KOHI PYDHUMY, KOTAa x¢p = y ). Besikast KoHrpyaHums R Ha G umect BUJIL
R = E{¢p) uid yaobHoro romomopihusma ¢. Kaxnoii seinyksoi noarpynne C < G
OIBCHACT CAHA W TOJIBKO ONHA KOHIPYIHHus R, Ha G, B KoTOpoit MHOxkecTBO C
00PAIYET OTHH KJaCC M, HA00OPOT, e R -— KOHTpysHuUust Ha G, Toraa kjaacc B R,

MUK

* Cunvbon 0 3aech 0003HAYAET CILIHMYHBIA Y1eMeHT rpynnb! G.
BT ¢l OutapHoe peduICKCHBHOE, CHMMETPHYECKOE M TPAH3MTMBHOC COOTHOCHHe Ha (),
HPHYCM JUIST KOKROTO X, v, 2 € G ¥MeeT MeCcTo

a) YRy ov 4 Ry 4, b) xRy, x -z~ » > xRz
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coicpxkaluni asemcHt 0, sBasercs Beinykioil noarpynmoit B G. (fipisLiyuuie
YTBCPIKACH:ST BBITEKAIOT M3 pe3ysbTaTos padorwt [5], § 1)

2.2. Mycip teneph G KoMMyTatusHast (~rpynna. MHOXKECTBO BCeX KORI Py OHLIHI
Ha [-rpyprie G (T. ¢. TaKWX, IPH KOTOPBIX COXPANSIOTCH ofepai 4+, N, L), of-
o3Hauum K(G). G MOXCT OMHOBPEMEHHO DACCMalPHBATLCS KAk YaCTHUHO YNOPs 10~
yeHHas rpynia; nycts K (G) —— MHOKECTBO BCeX KOHTPYsHUMiT Ha G KAk uacrusite
ynopsaaouenuoit rpynne (T. €. B cmpicae ad3. 2.1). OCueninno, K(G) < AjpG.
MHuoskectBa K(G), K{(G) Mb! cuWracst 4acTHUYHO YIOPAIOUSHHbIM {cp. [1]. c1p. 22).
Mo [1], crp. 222 K(G) M30MOPPHOE C HACTHYHO YHOPSOUCHHLIM NMHOKCCTBONM BCC
luacasioe B G. YactnuHo ynopsipodeHHoe MHowecrso K (G) no 2032, 2.1 -
MOPHHOS € YACTHYHO YNOPSOUCHHBIM MHOXECTBOM % . JHawiti. npH 13y4sii
CTPYKTYpbI £ ONHOBPCMEHHO M3yuaeTcs (B cliydae KOMMYTATUBHOCTH /[-rpynns: ()
YACTUYHO YMOPSIJIOUCHHOE MHOXECTBO BCEX KOHIPYIHLHII HA YACTHUYHO VIIOPSAI0UCH-
HOH rpynne G.

YacTuiHo ynopaaoucHHoe MHOXecTBO K(G), KakK M3BCCTHO, siBiAsicicd 1MCTPII-
OyTUBHOU CTPYKTYpoii. Eciu mMbl paccmatpusaeM G Kak 4aCTHYHO YMOPSIOUCHHYIO
rpyfnmny, MnoJjiyyaeTcsl CYIECTBEHHO OTJMyYalollicecs noJjiosieHue. (B tepatiosiorun
Maunbuesa [3] G B kauecTBe /-rpyniiel siBaseTCst anrcOpoii, G Kak YaCTHYHG YHOPSII0-
YeHHAs TPYNna sBJsCTCs aJredpanycckoil cuctemoii, Ho oHa ke anrcbpa.) CrpykTypa
K(G) B o0uieM He TOJALKO HE JUCTPUOYTHUBHAS, HO M HC JICJACKHHIOBAsI.

2.3. Teopema. TTyeme l-epynna G ne ynopsdouena. Tozda cmpykmypa A ie de-
0eKuidoeas.

HokazarenbciBo. [losb3ysach Temike 00O3HAUEHWEM KaK B J10KA3aIC/IbCI B
Teopemsbl 1.7, 0003HaUMM [ = X — y U NYCTb OyneT T MHOMKECTBO BCEX JIEMEHTOB
l-rpynnsl G, UMEIOLLIMX BUA At, TAE A SBISETCS NEAbIM 4ncIoM. Kaxblil daeMcH1
t, %= O rpynnbr 7 He cpaBHUMBILI ¢ 31eMeHTOM 0, BeaeacTBue yero 7 — Bbinykias
noarpynna 8 G. Umeet mecro Ve T, V£ T u tak V(A ) {A, V] cv(H) 4, T).
Oucsugno xe v (A) {A’, V}. U3 nokasatensctBa Teopembl .7 mno.ayuacics
ye v(A) {4V}, seneactsue vero te V(X) {A, V}. VU3 mocieaHero BhiTekact
Tev(H){A, V), nu 1ak V()Y {A, Ty Vv(£){A, V), 4TO0 OTHOCHTE.ILHO
K npeapiaywemy paet vV (4) {A', T} = v (#) {A", V}. s kaxaoro a € A nyvicen
lalny=0. Ecnu nt = nx —nyed, 10 —nyed,|n|yny=0,spauur n = 0.
Cneposatenbto, A'AV = A'AT = {0}. Bemyxubie noarpynnst (01, A, V. T.
V(X)) {A', V) 0obpasyloT TakuM 00pPa3oM, MOACTPYKTYPY B .4, HC SIBISIOIILYIOCS
OEACKUHI0BOM.

3ameuanue. Bozmoxtho Toxe Qopmysmposatb cieayroiuid Bonpoc: Karwoe
HeoOXoaAMMOE M A0CTATOYHOE YCJOBHE, KOTCPOE JOJDKHA BBIMOJHSTL IMOJIHAS
CTPYKTypa S, uToObl OHa Oblla M30MOpdHA ¢ CTPYKTYpoil #(G) dast y10o0HO#R
[-rpynnbl G?
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2.4. Ilyemo G ynopsoouennas epynna. Tocoa 87 = A7 (u, caedosamenvio, #
LGNS QUCMIPUOVINUBHOL CIMPYKINYPOI ).

HNoxaszarcsverso. Ecnu G ynopaioucHuas rpynna, Torjaa Kaxaas noJrpyriia
ipyinibl G osiBasicics OJHOBpeMeHHo /-noarpynnoit B G, u, noyromy A4 = .47,
fio i.10 " aasgcrTes IMCTPUOYTUBHOIM CTPYKTYPOId.

2.5, ITyems G ynopadovennas epynna. Toeoa K aeasemes yenvio.

Hoxkaszarcuvcerso. Tlycry, G —— ynopsinoueHuaa rpynna, 4, Be 4, A& B. Cy-
iectByer Takkm obpasom a € A, a ¢ B. Moxuo npzanonarats a > 0, (ccan a < 0,
1O Mbl paceMatpusann Obl ieMceHT ——a). {lycte be B, h > 0. He moxer Owirn

b Z ¢ (B H10oM chyvae M3 BBITYKJIOCTH Tpyriiiel B cnenosajio Obl a € B), no3roMy
b < . be A K. Takum obpazom, B A.

Cucuncrsue. Ecnu G ynops/iodeHHast Trpynna, MOToM .4 siBJAsieTCSl JIMCTpH-
Oy tuBHOIt cTpykTYypoit. (B oTiinunu o1 B 2.4 Mbl B HACTOSIILEM CJyyae HC T0JIb30-
BaHich 1copemoit 1.10)

2.6. Teopewa. Cmpykmypa A" s6.49€mcest 11envio mo20a u mo.ibko noeod, koeoa G
YROpAOUeNad epynnd.

HdokazaTte nbcTBO. YTBEepXkKIcHUE BbITCKaeT w3 2.5 u 2.3.

2.7. Hycme G ynopsioouennas epynna. Cmpykmypa A AGAsSemMCH CMPYKIMYPOLt
¢ QONOIMEeHUSMUY M020a U MOALKO Mo2dd, ecau KA codepucum mouno 08a diemeimd.
Joka3zaTeabCTBO BbITEKaeT HEMOCPCIACTBCHHO U3 2.6.

2.8. Teopema. A ugiasemest 0e0ekundosolt cmpykmypoit moeoa u moAabko moz2od.
roeda G — ynopadouennas epynna. Ecau A —-- dedexundosast cmpykmypa, moeoa %
HEALCIICA OUCIHIPUO YIMUBTIOL.

HoxasarteiibeTBo BbiTEKaeT u3 2.3 u 2.4,

2.9. Teopema. Ilyemo G ne as.asemces ynopadouennoit epynnoii. Toeda A~ e
GOINOINACHT YCAOBUC YOISAIOWUX Ifenell.

Hokaszartcnbcrpo. TlpuMmeHum T1e ke 0OO3HAYEHMsI KaK B JIOKa3aTeJIbClBax
rcopem 1.7 n 2.3, [1ns KaXA0r0o HaTypabHOrO uicia n nycTb 0yneT 7, MHOMXCCTEO
BCCX DJICMCHTOB Buaa 2"mt, rae m npoGeract Bee uesble yucia. Torpa T, sBisieTcs
Buinyksoii noarpynnoit B G, ang ny < n, umeer mecto T, # 71,,,. 7, o T,,.

2.10. [lycib A O6yner /-uaeanom B /-rpynne G, nycts G; — /-pakTop-rpynna G/A.
Iycins B noarpynna 8 G. PacemoTpum coorBercTsue B—B, rae B — MHOXKECTBO
BCCX KJIACCOB X = X + A, mpuueM X € B. B OuEBUIHO sBISCTCS TPYMNON M 1pw-
BC/ICHHOC COOTBCTCTBUE onpeaessaeT uzoMmoppusm ¢ untepsana (A, G) CTPyKTypbi
G(G)Y na crpykrypy 9(G,).

Myvcry Be . #(G), B> A4, 1)1,53 e B, YeG,, [:, <x < i;z. Torna by = by N x.



b, = by v N M, CJICI0BATEIIBLHO, by nx, b, UXx€EB, u3 uero BbITeKacl N € B,
xeB, Be A(Gy). Haobopot, nycts Be H(G,), Bo A, ¢(B) = B. b,. b,e B,
xeG, b, £ x<b,. Tornab, £x < b,, u, ciiefoBateibto, X € B, x € B, Be #(G).
[10100HBIM CIOCOOOM MOXHO j10ka3aTh: Be #(G) Torga u 1T0JIbKO TOTAd, KOT1a
B € Z(G,). U3 npeablaylero paccyx/aeHusi BbITCKACT:

Mycte # noboii cumBoa u3z &, ', %', Toraa

(A (G) O A, GY) = H(G)).

2.1%. Teopema. Hycme G oydem xostvymumamusnoic l-epyanott, A, Be % '((G).
Tyemo I = (A, BY — unmepsa.i ¢ cmpyxcmype X (G). Ecau 1 ne «as.iqaemcst yennio,
iiiveda I codepyucum odecroneunyro yosisaiouyo yeno B = Byo B, 5B, > ... > 1,
B+ B,,,.i=0/12 ...

Hoka3zateabcrBo. O603Hauum G| = B/A. ITo 2.10 cyuecrsyetl nuzodophirsm
¢, mutepsana [ na crpykrypy 4 (G,). Iycru 7 He Oynet uenbro. Toraa uu 4 (Gy)
He SIBJIACTCS UCTIbO, CJICAOBATCIBHO, N0 2.6 G, He yrnopsinovuenHa. 1o 2.9 cyuieciByet
B #{G,) DeckoHeuHas yowiBatowas uenb G, = Coo2C;,2Cy, o ..., i =0,1,2,
Ciq F C;. [ist 3aBCpIICHUA [10KA3ATEAbCTBA AOCTATOUHO MUMETh B BHY T¢ 1101
rpynnel D; rpynnst G, wist KOTOpbIX umeeT mecto (D)) = C;.

2.12. Mycte X, y € GF. Byaem nucath X <€ y, €CHd IS KAX/I0TO HATYPALILHOTO
HUCHIA 7 UMEET MECTO Ax < y. Mbl CKaxem, 4To MHOXCCTBO M < G' odiaaiact
CBOMCTBOM (@), €cJid JUts BCSIKMX /IBYX Pa3HbIX JJIEMEHTOB /iy, i, € M Oy1et nim
my < my Wil m, <€ my.

Aastx e G, x > Onycrb A(x) = U ——nx, nxy(n = 1,2,...). Cuesnimo A(v)s .47
Ecan x, ye G, 0 < x < y, Torna A(x) < A(y), A(x) = A()).

213. I1ycmo G - ynopsoouenias epyand. Cmpykinypa # O ASGem VO10BHE
ROHeUIbLY (ered (T. €. BCE OFPAHMUCHHbBIC LENH B .4 KOHCUHbL) 10204 1! 1110.16K0 in0dd,
ec.ut cearoce anioscecineo M < G od.waoarougee ceoiilemeost (G), 48.149¢01CH KOHCUIIbLM .

Hoxasarenscrso. Yirsepxichue ,,10.1bKo roraa‘™ Bblickact u3 2,12, Flpoa-
HOJI0KUM, UTO CTPYKTypa 4 HE BLINTOAHACT YCJOBUSI KOHCUHBIX teneii. Toriaa v .4
cyweersyet uens (Cil i =1,2,3, ..., C; #+ C;,, 1agkum obpazom. uro i C,=C, _,
aast sesikoro 4, wim C; o Ciy( adia Besikoro i Buibepem mitst 7 = 2.3, ... vievient
N e Cp, x;p > 0 1ak, uroObl B nepom caydae v; € C; — C;_;, BO BTOPOAI CliyHae
N; € Cp— Ciy . (CMMBOJI — MMECT 3[1eCh TCOPETUYECKO-MHOXKECCTBCHHOC 3HAUCHIC. )
[MonyuaeTcst GECKOHEUHOE MHOXKCCTBO {.X;}. HMCIOLee CBOMCTBO (d).

2.14. Teopema. Cmpyrmypa X' gbinoansiem yeA06ue KONCHIOCIU Yenell 1moedd
iU Moabko moedd, Koeoa G AGALemMcA YROPAIOUCHHOL 2PYANOL U 8CAKOC MUONCCCHIBO
M < G, umerowee ceoticmeo (a), A6.11emes KOUEUIbIM.

JdokazatciabcTBOo. YTBepxkIcHHUe ., Toraa’* BbiTekaet w3z 2.13. Yisepw icHie
. ToabKo Toraa‘ Boitekaet u3 2.9 u 2.13.
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2.15. ITycmo G ynopsidouennas epynna. Cmpykmypa X' 96.49emcst Cpykmypoli
¢ QOROANENUAMU 1M02CA U MOAbKO mo2da, Koeda l-epynna G 46.41emest apXxusmeoosoll.
Y rBepx/ieHue BbitekaeT U3 2.7 v 2.12.
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Hoctyniio 230 12, 1961 1. Katedra matematiky
Vivsokej $koly technickej
v KoSiciach

UBFRGEWISSE SYSTEME VON UNTERGRUPPEN EINER /-GRUPPE
Miria Jakubikova
Zusammenfassung

t's sci G cine -Gruppe. Wir benutzen die folgenden Bezeichnungen:
4 dic Menge alier Untergruppen von G,

¢’: diec Menge aller /-Untergruppen von G,

%1 dic Menge aller konvexen Untergruppen von G,

70 die Menge aller konvexen /~Untergruppen von G. Jede von diesen Mengen ist durch dic

mengentheorctische Inklusion teilweise geordnet. Es wird bewiesen:

Us sei H el LA A7}, Die Menge A ist cin volistindiger Verband, in dem der verbands-
theoretische Durchschnitt gleich dem mengentheoretischen Durchschnitt ist. Der Verband .4 ist
cin vollstindiger Teilverband in jedem Verband #e {9, %L, % ). Wenn G nicht geordnet (- lincar
geordnet) ist. so ist keine der Mengen .. %" ein Teilverband in . Der Verband .4 ist distributiv.
(Aus diesem Satz folgt als Speziallfall der Satz 10, Kap. X1V, [11) Ist A€ 47, 0 4 14,0 < A
so gilt

() AVIAA) AV A).

Ist & cine vollstindige /~-Gruppe, so ist auch die zu (1) duale Gleichung im Kraft. Wenn G nicht
vollstindig ist, so braucht die zu (1) duale Gleichung nicht zu gelten. Wenn G keine geordnete
Gruppe ist, so ist der Verband .4 nicht modular. . ist cine Kette genau dann, wenn G cine geordnete
Gruppe ist. .4 ist modular genau dann, wenn G geordnet ist. Wenn G nicht geordnet ist, so erfiillt .4
dic absteigende Kettenbedingung nicht. Es sei G kommutativ, A, Be A/, A c B, ¥ - {Cl Ce N
1« C < B}. Wenn f keine Kette ist, so enthilt ¢ eine unendliche absteigende Kette.
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