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LATERAL PROJECTIONS OF NON-HOLONOMIC JETS

ELENA PAVLIKOVA, Zilina

Dealing with the holonomic or semi-holonomic jets, one has a unique natural projection
of r-jets into s-jets, s < r. In the present paper we first introduce some further canonical
projections (called ,,)lateral*‘) of non-holonomic r-jets into s-jets, s < r. Then we show
that some natural properties of non-holonomic jets can be simply characterized by means
of these lateral projections. For the sake of simplicity we restrict ourselves to C*-mani-
folds of finite dimension, though it seems to be easy to extend all investigations to
arbitrary Banach manifolds in the sense of [4]. I would like to express my thanks to
doc. I. Koldai for suggesting the topic of this paper and for several useful discussions.

I. Lateral Projections

Our considerations are in the category C”. The standard notation of the
theory of jets is used throughout the paper, see [2]; in particular, J7(3/, V)
or Jr (M, N) or J7(M, N) means the space of all holonomic or semi-holonomic
or nonholonomic 7-jets of a manifold M, dim M = m, into a manifold N,
dim N = n, respectively.

On J7(Rm, R*), we introduce the coordinates
(1) g, ,ae=1,..,n1i=1..m k=0,1,...,m

by the following induction procedure, cf.[3]. On JOo(R™, R*) = Rm X R®,
we have the natural coordinates wi, x¢. Let i,z ; , be the coordinates
on Jr-}(Rm, B*) and let X e Jr(Rm, R"), X = jlo(v), where o(v) is a cross-
-section of Jr-1(Rm, Rn) determined by some functions y?_,. . (v). Then we put

(2) wH(X) = ui(aX),
T ka0 (X) = Yyt (%)
Tyt i X) = O Yy x5 ()
It was shown by Virsik [5], that X is semi-holonomic if and only if
(3) (X)) = @, 2, (X)
whenever the r-tuples (ki, ..., k) and (k;, ..., k,) differ only by the displace-
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ment of zeros. Further, if u! or z¢ are some local coordinates on M or N,
respectively, then i, 2% are naturally extended to some local coordinates
ui, 2t . on Jr(JM, N).

Let jrt: Jr(M, N) - Jr=1(JI, N) be the target projection. We define

=g e JN(M, N) > Js(M, N),s <r.
In the above-mentioned coordinates we have
(4) @ 205 X) = T 2, 0.0 (X) -
N
(r-8)-times
Definition 1. Let X € J7(M, N), X = jla(v), where o(v) is a local cross-section
of Jr=Y(M, N). Then j5-1a(v) is a local cross-section of Js=1(IM, N) and we define
(5) BX = jijilo()] e (L, N), s>1.
The mapping U = 1 :Jr(M, N)—Js (M, N) will be called the first lateral
projection of J'(M, N) into J5(M, N).
Lemma 1. Let X e Jr(Rm, R*). Then the following holds
(6) 2y GX) = 2k 0.00(X) -
—
(r-8)-times
Proof. If X = jlo(v), where o(v) is determined by some functions yf,_;, . (v),
then, according to (4), j-1o(v) is determined by the functions ¥} _;,_ 0.0 ()-
00
-8
Applying (2), we obtain our lemma.
Proposition 1. Let X eJr (M, N) and let t <s <r. Then we have
(@) (X)) =jX,
(b) IEX)=1IX.
Proof. By (1) and (6) we obtain

. 1l 0(X))) = 2,1 0.0(X)
——
r-t
. 2 (B0(X))) = 2% 1y 0..00(X) -
()
r-t
This implies directly Proposition 1.
Remark 1. The projections ‘4’ and “I” do not commute, i.e. the jets
I!(j°X) and j{(X) are different in generall since their coordinates are

o w5 X)) = 2, 1., 0...0% w(X) )

s-t r-8



o, 1K) = af, z0.0(X) -

Remark 2. In particular, every X € J7(M, N) determines the following r
jets of the first order, which are different in general (after colons, we write
their coordinates in a local coordinate system)

cl . a .
(7) Jr X 1 %00, U
—~—
-1
1/ 2 . i
1(J:X) @ 0py0..00 U
2
7

1/ 4t . i
L(j:X) 1 25 o1, 0..05 W
——
t-1 r-t

1 . ol i
LX s ag o, ub
——

r-1

Definition 2. Let X € Jr(M, N), X = jlo(v), where o(v) is a local cross-section
of J*=Y(M, N). We define the p-th lateral projection *I : Jr(M, N) - J5(M, N),
p < s, by the following induction

() TX =X,
(b) X = A de(v)] -

Remark 3. Recently, dealing with the prolongations of fibered manifolds,
Virsik [6], introduced some similar projections.

Lemma 2. Let X € Jr(R™, Rn). Then

(8) @y, 1. CLX) = X% 1y 0. 0kepir i (X))
=

r=8

Proof. For p = 1, Lemma 2 coincides with Lemma 1. By the induction
hypothesis, the coordinates of ?"';-1o(v) are y§, 1., o..0k_u.tes (¥), Provided
[

r-8

we have used the notation of Lemma 1. Then we deduce (8) directly by (2).

Proposition 2. Let X € Jr(M, N). The composition of some lateral projections
obeys the following rules

(2) (LX) ="EX for p<qg<p-+s—t,
(b) LORX) = " (TNX) for p s —t <q.
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The proof is quite analogous to the proof of Proposition 1.

Definition 3. We shall say that an s-jet ¥ € J5(M, N) is subordinated to an
rjet X e Jr(M, N), «X = oY, pX = BY, s <r, if there exist some integers
1:1, ...,7.'],1:1 + + 1:]' =s and ALy .oy Aj41, A1 —l— voe —|— Aj41 =T — 8, such
that the following holds

a - a "o
(9) xh...k.( Y) = Zo...0k, wktn 000K 1141 woKintia 00001 1iac1 000K 10 ti24. . 48Gm1) 41 o ookp1 4. 415 0.0 (‘X)
— — —~ —— ——

ai az as aj ajg-1

in some local coordinates.

Proposition 3. An s-jet Y is subordinated to an r-jet X if and only if ¥ can
be derived from X by a sequence of lateral projections.

Proof. Assume that X and Y satisfy (9). Then a straightforward evaluation
based on (8) gives

¥ = (I, (IR ) )

Remark 4. In particular, Proposition 3 shows that Definition 3, in which
some local coordinates are used, has an invariant meaning.

II. Some Applications

We first deduce that one can characterize some special non-holonomic jets
by means of some properties of their lateral projections. In accordance with
Ehresmann [2], we introduce the following concepts. Let @ be a submanifold
of Jk(M,N),k>1. Then JY®) C J+1(M, N) will denote the set of all
elements of the form jlo, where o is a local cross-section of @ satisfying the
additional condition

(10) Juldii0] = o(u) .
By induction, we introduce
(11) Js (D) = JYJ~1(D)) .

In particular, if k=1, s=7r — 1 and @ = JY(M, N), we obtain the space
Jr(M, N) of all semi-holonomic r-jets of M into N, i.e. J-Y(JYM, N)) =
— Jr(M, N).

Lemma 3. Let X € J7(Rm, R*). Then X €Je(Jr—¢(R™, R)) if and only if
(12) B Krmgikrgor (X) = By 2ot 2 (X)

whenever the (¢ + 1)-tuples (kr—q, ..., k) and (k_,, ..., k) differ only by the
displacement of zeros.



Proof. We shall proceed by induction with respect to ¢. Let ¢ = 1. If
X = jio(v), where o satisfies (10), then (2) and (10) imply.
(13) x}:x...k,-zok(X) = x;:x.‘.kr—:kO(X) >

which is (12) for ¢ = 1. Conversely, let X satisfy (13). Consider the section
a(v) determined by the functions

(14) y;:x...k,_l(v) = x]?;...kr—xi(vi - ui) + x;:x...kr-lo 4

Then o(v) satisfies (10) and X = jlo(v). Further, assume that Lemma 3 holds
for ¢ — 1 and we have to deduce it for q. Let X = jlo(v), where a(v) is a cross-
-section of Je-1(Jr-¢(Rm Rr)), so that its coordinate functions satisfy

ykl Kr—g-1kr-q.. Lr—l(v) y;fx ky-q-lk'r-q...k'r-x(v)

whenever the g-tuples (kr—, ..., k1) and (k,_,,..., k,_;) differ only by
displacement of zeros. Then (") and (10) imply (12). Conversely, let the
coordinates of X have the above-mentioned property. Consider the section
g(v) determined by (14). Then, by the induction hypothesis, o(v) is a cross-
-section of Je-1(Jr—4(Rm, Rr)) and one sees easily that it satisfies (10). Hence
X e Je(Jr-9(Rm, R*)), QED.

Proposition 4. Let X € J'(M, N). Then X e Jo(Jr-9(M, N)) if and only if
(1) X =urlX =2 = ... =4 'X
X = WX = oK = . = a-X

JIX = yrex

Proof. This is a direct consequence of Lemma 3 and of the coordinate
formulae for lateral projections.

Corollary 1. A non-holonomic r-jet X of M into N is semi-holonomic if and
only if
(16) X =X =2 1Y = . =271 =r-i1X

JPX =X =K = .. =X

J2X = 12X = 22X
JIX = 11X .

Proof. In Proposition 4, we set ¢ = r — 1.
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Remark 5. This Corollary was also established by Virsik [6].
As an example of iterated applications of Proposition 4, we state the
following obvious.

Corollary 2. Let X € Jr(J, N). Then X € Ja-Y(JY(Jr-¢(M, N))) if and only if
JX =X =27 = .. = YlX
EX =YX =2 = .. = 22X

JirX — ey
G = 0K = )
G = M) = RGN = = )

L= Tl TG

I

JIX = L (jriX)

Now we shall show that the lateral projections can be also used for a simple
characterization of invertibility and regularity of non-holonomic jets.

Proposition 5. Assume dim M = dim N. A non-holonomic r-jet X of MM
into N 1s invertible «f and only if all the jets of the first order (7) are regular.

Proof. First assume that the jets (7) are regular. We shall proceed by
induction. For » = 1, we get a well-known result. Assume that our assertion
is true for r — 1. Set ¥ = j/"'X. Since

G = X, B2 T) = DX, . I T = 0G0

Y is invertible by the induction hypothesis. Moreover, since the subset of all
invertible elements is open, we may write X = jlo(v),0(u) = Y, where ¢(v) i~
local cross-section of Jr—1(M, ') all elements of which are invertible. Further.
since I} X is regular, we may assume that the local map ¢(v) = Bo(v) of M into V
is a local diffeomorphism. Hence &(z) = o~1(p~1(z)) is a local cross-section
of N into Jr-1(M, N). Put Z = jL &(z), w = @(u). Using the definition of the
composition of non-holonomic jets, [2], one finds easily ZX = 5! idy;. XZ =
= jpidy. Thus, X is invertible.

Conversely, assume that X is invertible. Let a , ,ui or zi ,, i be
the coordinates of X or X-1 respectively in a local coordln‘lte svstem
According to a paper by Dekrét [1], we have xo 00..0%..0j0..0 = O,
for every t = 1,...,r. Hence det |x0 0i0..0l 70 for every ¢, i.e. all the
jets jIX, ..., ltlj,’X ., I!X are regular, QED.

Definition 4. Let X e J(M, N), dim M < dim N. We shall say that X is
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regular, if there exists a jet Z € J'(M, N), aZ = BX, pZ = aX = u, such that
ZX = jlidyy.
Proposition 6. 4 non-holonomic r-jet of M into N, dim I < dim N, is reqular

if and only if all the jets of the first order (7) are regular.
The proof is quite similar to the proof of Proposition 3.

REFERENCES

[1] DEKRET, A.: The coordinate form of the composition of non-holonomic jets. To

appear in Préce a $tudie VSD.
[2] EHRESMANN, C.: Extension du calcul des jets aux jets non-holonomes. CRAS

Paris 239, 1954, 1762—1764.
[3] KOLAR, I.: On the higher order connections on principal fibre bundles. In: Shornik

VAAZ, Brno, 1, 1969, 39—47.
[4] VER I:ZECKE, P.: Géométrie différentielle. Fasc. I: Calcul des Jets, Sdo Paulo. 1967.
[5] VIRSIK, J.: Non-holonomic connections on vector bundles. Czech. Math. J. 17,

94, 1967, 108—147.
[6] VIRSIK, J.: On the holonomity of higher order connections. Cahiers Topologie

Géom. Différentielle 12, 1971, 197—212.

Received February 17, 1972
Katedra matematiky a deskriptivnej geometrie

Fakulty strojno-elektrotechnickej
Vysokd $kola dopravnd
Zilina

190



		webmaster@dml.cz
	2012-07-31T18:57:35+0200
	CZ
	DML-CZ attests to the accuracy and integrity of this document




