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THE EMBEDDING OF SOME LATTICES INTO LATTICES 
OF ALL SUBGROUPS OF FREE GROUPS 

IVAN ZEMBERY, Bratislava 

Philip M. W h i t m a n showed ([3], Theorem 2) t h a t any lattice is isomorphic 
t o a sublattice of the lattice of all subgroups of some group. B. J o n s s o n [2] 
posed the question whether the class of all lattices which are isomorphic to 
lattices of subgroups of commutative groups can be characterized by means 
of identities. In this note it is proved t h a t any distributive lattice is isomorphic 
to a sublattice of all subgroups of a commutative group. Moreover, an estimate 
for the cardinality of the group is given. 

Let K be the class of all groups or the class of all commutative groups. 
Let X be a set. A group G e K generated by X is said to be a free K-group 
over X if for any group D e K and any mapping / : X -> D there is exactly 
one homomorphism g : G -> D so t h a t gi = f where i : X -> G is the injection. 

Theorem 1. Any distributive lattice L is isomorphic to a sublattice of the lattice 
of all subgroups of a free K-group G. Moreover, the cardinality of the set of free 
generators of G is not greater than 2 m where m is the cardinality of L. 

Theorem 2. Let L be a lattice satisfying the following two conditions: 
(i) If a G L is join-reducible then a = b U c where b, c are join-irreducible. 

(ii) If a, b, c, d, e e L, a = b^Jc = d^Je, a ^b, a ^ c, a =£ d, a ^ e then 

either b = d, c = e or b = e, c = d. 
Then L is isomorphic to a sublattice of the lattice of all subgroups of the free 
K-group over L. 

P r o o f of Theorem 1. The lattice L is isomorphic to a ring R of sets over 
a set 21 (G. B i r k h o f f [1], Theorem 25.2). Let F(2I) denote the free K-group 
over 21. If S e R, then S C 21 and the free K-group F(S) over S is a subgroup 
of the group F(M). Denote by P(F(21)) the lattice of all subgroups of the 
group F(M). To complete the proof we need the following 

Lemma 1. The mapping f ' : R -> P(F(M)) defined by f(S) = F(S) is one-to-one 
and preserves the operations of join and meet. 

Proof . Let A, B e R, A ^ B. If aeA, a$B, then aeF(A), a$F(B) 
and s o / i s one-to-one. We shall write the elements of F(M), except the unity, 
in the form x^x^2 ... x^, where Xj e M and kj are non-zero integers. The 
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unity will be denoted by l. Let A, B C M. We shall now show that F(A) / 
A F(B) = F(A n B). Let zeF(A) A^(B), this means zeF(A), zeF(B) 
and let us have twro expressions z = x^xl2 . . . x\n and z = y^y1.? . . . yh

m . 
where x\, xo, . . . , xn e A, ij\,y2, ...,yn.eB. Both of them contain the same 
generators from M, hence x±, x2, ..., xn £ A n B, which means z eF(A n B). 
The converse inclusion is obvious. Next we shall show F(A) V F(B) = 
= F(A U B). Both of these sets contain exactly the elements of the form 
x^x1?2 ... x^n, where each x3- e A U B and the element A, which proves the 
lemma. 

Thus the ring R of sets is isomorphic to the lattice of all free groups generated 
by the elements of the ring R. Since M can be considered as the set of all 
dual prime ideals of the lattice L, its cardinality is not greater than 2m. 
Now Theorem 1 is proved. 

Any lattice satisfying (ii) is obviously distributive. 
Lemma 2. Let L be a lattice satisfying the conditions (i), (ii). Then from a b. 

c =£ a, c — b it follows that c <a, c < b or c > a, c > b. 
Proof . Suppose 6 l| c and consider a U b,b U c. The inequality a U b <b U c 

would imply b U c = (a U b) U c, a U b || b U c would imply (a U b) U c -
= (a U b) U (b U c). Both of them as well as the equality a U b = b U c 
contradict (ii). Similar arguments yield a contradiction with the assumption 
a | c. Hence c must be comparable with both a and b, which proves the lemma. 

Lemma 3. Let L be a lattice satisfying the conditions (i), (ii). If a = b U c. 
a =£ b, a — c, then there is no element e ivith a\\ e. 

Proof . If a ]\ e, then aKJe = bUc\Je, which contradicts (i) and (ii). 
P r o o f of Theorem 2. We shall construct a suitable ring of sets over L. 

We define the set T as follows: S e T if and only if S = (a] U (b] for some 
irreducible a,b e L, where 

(a] = [x | x eL, x ^ a, x is irreducible}. 

Applying Lemma 2 we conclude that T is a ring of sets. We shall show that T 
is isomorphic to L. Define a mapping g : L -> T by the conditions 

j(a] if a is join-irreducible 
l(b] U (c] if a is join-reducible and a = b U c, a =£ b, a ^ c. 

We shall prove g to be a one-to-one mapping. Let be a, b e L, a ^ b. 
First, suppose a <b. If both a and b are irreducible, then g(a) = (a] -7-= (b] 

= g(b). If both a and b are reducible then a = c U d, b = e U t, where c, d. e. t 
are irreducible. We shall show a < e. The inequality e < a Avould imply 
b = eKJt^aUt and on the other hand a < b, l < b imply a U t ^ b. 
hence a KJ t = b, which contradicts (i) and (ii). The equality a = e is not 
possible because a is reducible and e is irreducible. The incomparabilit^^ a ( 
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contradicts Lemma 3 hence a < e. Now e $ (c] U (d] and g(a) = (c] U (d] ^= 
-^ (g] u (t] = g(b). If a is irreducible and b is reducible, then similar arguments 
as before prove e (£ (a] or a = e, hence g(a) = (a] ^ (e] U (£] = #(6). If a is 
reducible and b is irreducible, then b e (&], b ^ (c] U (rZ], which implies #(a) = 
- (c] U (d] - (6] = g(b). 

Further, suppose a \\ b. Then, because of (i) and (ii), a, b are irreducible. 
I t follows tha t g(a) = (a] ^ (6] = g(b). 

By this way g was shown to be a one-to-one mapping. An element (a] U (b] 
has an inverse image a U b. Obviously, g is a lattice homomorphism. Hence 
g is an isomorphism from L onto T. To complete the proof we proceed similarly 
as in the proof of Theorem 1. 
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