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REGULARITY AND APPROXIMATION THEOREMS
FOR MEASURES AND INTEGRALS

BELOSLAV RIECAN

There are unified theories of measures and integrals (see [1], [2], [5]) study-
ing functions whose domains is a partially ordered set S; if S is a set of sets
(ordered by the inclusion), then the measure theory is obtained; if S is a set
of real functions (ordered as usually), then the integration theory is obtained.

A similar method is used in the present paper where we study regularity
and approximation from a general point of view. In the first three sections
we present three various problems (regularity, approximation, completion).

The general postion leads also to a generalization of the notion of measure.
A measure can be studied as a function w8 — R, where S is a lattice; of
course, S and p satisfy some further conditions. In the fourth section we study
the regularity of a measure on a lattice and in the fifth section the regularity
of a measure defined on a logic.

1. Regularity

Let S be a partially ordered set with two binary operations denoted by +
and —. Moreover, let S be a conditionally o-complete, o-continuous lattice,

ie if x,yel, xn £ ¥ay £ 2, 2, €8 (n = 1,2, ...), then there exists \/ z,
n=1
@

and (V 2zz) Ny =V (x Ny); and dually. (We shall write z, 7 \ x;, or
n-1 n=1 i=1
rn N A gresp.) We shall assume
i-1
lL.(@+b)—(c+d) 2 (@a—c)+ (b —d) foreverya, b,c,deS.
)

(
(@ —c¢)+ (d —0b) foreverya b,c,deS.

1.2.(a —b) — (c—d) <

1.3. If a,b,ceS, a £b,thenc—a =c—b, a—c¢c < b—ec. .

14. If a,b,ceS, a £b ¢, then ¢ —a £ (c—b)—l—(b—a), ¢ £ (c—
—b) + 0. , ' _

As an example we can present the lattice of all real — valued functions

(or all measurable or all integrable functions etc.; + and — are interpreted
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as usual operations), or more generally a lattice ordered abelian group. Another
example is the lattice of all subsets of a set (or all measurable sets; + or —,
resp. are the set theoretical union, or difference, resp.) or more generally a Boo-
lean ring.

Now let J : § — R be a function satisfying the following conditions:

1.5. Ifa,b e S, a £ b, then J(a) £ J(b).

1.6. J(a + b) = J(a) + J(b) for every a,b e S.

1.7 If 21, we, w1, ue €8, @1 < @2, ¥1 £ w1, 22 < U2, then J((up U u2) —
— x9) £ J(ur — x1) + J(ug — x2).

1.8. If 21, 22, €1, c2 €8, 21 2 22, 21 = €1, 22 = €2, then J(x2 — (c1 N ¢2)) £
< J(@1 — a) + J(xz — c2).

19.If aef, a,eS (n=1,2,...) and a, 7 a, or a, \ a, resp. then
J(@n — a)—> 0, or J(@a — ap) > 0, resp.

Remark. Since a, < a implies J(a¢) £ J(a — a,) + J(a,), we obtain from
the lim J(a — a,) = 0, lim J(a,) = J(a). Similarly for non increasing sequen-
ces.

Again, J can be interpreted as an integral (linear positive continuous functio-
nal defined on a linear lattice) and on the other hand as a measure defined
on a ring, or more generally as a subadditive measure (i.e. a function J defi-
ned on a ring, J(#) = 0 and satisfying 1.5, 1.6 and 1.9).

Finally we must express regularity in the general case. Let C and U be
subsets of S (in the case of a measure J or C, resp., U can be interpreted as
a system of compact, or open measurable resp. sets) satisfying the following
conditions:

1.10. If e, b eC,thena +beC,aubeC,anbel.

1.11. Ifa,be U,thena +beU,avubeU,anbelU.

1.12. IfacC,be U,thena —beC,b —acU.

1.13. To any a € S there are c € C, v € U such that ¢ £ a < u.

1.14. If ce S, c,eC(n=1,2,...)and ¢, N ¢, then ¢ € C.

115. fueS,upeU (n=1,2,...)and up, 7 u, thenueU.

Theorem 1.1. Let T' be the set of all regular elements, i.e. such elements x € S

that
inf{J(u—c¢); ueU, ceC,c =2z 2u}=0.

Then T is closed under the operations 4+, —. [fxp, €T (n=1,2,.. )y fx €S
or xn Nz €S, then xeT.
. Before proving Theorem 1.1 we want to mention two special cases. The
case of a measure (or more generally submeasure) is clear: If S is a d-ring
of sets of finite measure, then the family 7' of all regular sets is a d-ring; if
moreover § is a o-algebra, then 7' is a g-algebra, too.

Now take the integral. Let So be the set of all simple integrable functions,
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C, or U resp. be the set of all integrable limits of all non increasing, or non
decreasing, resp. sequences of functions of Sp. It follows from Theorem 1.1

that every integrable function can be approximated by functions belonging
to C, or U resp.

Proof of Theorem 1.1. The fact that 7' is closed under the operations -
and — follows from the conditions 1.1, 1.2, 1.5, 1.6, 1.10, 1.11, 1.12.

Let zp €T, zn, # x €8, e > 0. Take ¢, € C, u, € U such that ¢, < 2 £ un
and J(up — x,) <& 27", J(xp — cn) <e 27" If we choose k such that J(x —
— x) <¢f2, then ¢z £ a2 < = and according to 1.4, 1.5 and 1.6

Jax —ck) £ J(@—ax) + Jar — ) <e.

Put v, = |J ui. Then v, € U according to 1.11 and
et )

i=

J(n — x,) £ ZJ(ui —x) < e
i1

according to 1.7. According to 1.13 there is w € U, u = x. Then (with respect
to 1.3, 1.6 and 1.11)

J((vnNu) —xp) < €, voNuel, vaNu = x,.

Put w, = v, Nu € U. Since wy, £ Wni1, wn < u and S is conditionally com-

plete, there is w = \/ wn. According to 1.15 w € U. Since w, / w, there is m

n=1
such that

J(w — wp) < €.
Then
Jw —x) £ J(w— wn) + J(Wn — ) <26

Hence to any & > 0 there are w € U, ¢ € C such that ¢z < « £ w and

J(w — ck). < 3e.
Therefore |

inf{J(u —c); ueU, ceC, uzxzc}=0,

i.e. x €T. The dual asser tion can be proved analogously.
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2. Approximation

Now we shall assume that S is a conditionally o-complete and distributive
lattice. On the other hand no further algebraic structure on S is assumed.

Let J : 8 — R be a function satisfying the following conditions:
21. Ifa,b eS8, a £ b, then J(a) < J(D).

22. Jaub)+Janbd)=4J(@a)+ JOb) foralla,b e S.
23 Ifanel,an £ aptr,0r ay =

an+1 (n = 1,2, ...), resp.and {J(aa)},_, is
L, unded, then there is @ € S such that a, ~ a, or a, \ a, resp. and J(a,) -
- J(a).

Lemma 2.1. Let a;, b;eS (1 =1, 2, L M), ar £ a

Tew 0 (U b)) = Jan 0 (U b0)

< ... 2a,. Then

= Zn:[J(alUbl) — J(alr\bl)]

i1
Proof. We prove the lemma by the induction. Evidently J(ay U b)) —
—JanNnb) £ J(a Y b1) — J(a1 N b1). Let

k k k
J(ax U (U b)) — J(a 0 (U b)) £ 3 [T(as U by) — J(ai O by)].
=1 i=1 =1

Then
k+1 k+1
J(ak U (U b)) — J(aea 0 (U &) =
o1 in1
2 3
= J(@n YbinUaru U b)) — J((ar+1 0 (U bi)) Y (ak+1 N brsr)) =
bart 1

k l~
= J(ara Y brn) + J(ax U J bi) — J((@xn U brn) N (ax U | b)) —
i1 i
k k
— J(ai 1 N (Y b)) — J(@x+1 O bena) + J(aga 0 (Y be) N besa) <
i1

=1

k k
< J(@r Y bea) — J(@xa O ben) + J(ax U | b)) — J(ax 0 (Y b1)
i=1 i-1

k
< J(@r+ Y b)) — T(@gsr O brga) + > [J(ai U bi) — J(ai N by)] =

i=1

o -1
= > [J(a; U b)) — J(a; N by)].
v 1

Lemma 2.2. Let a;,b;eS (t=1,...,n),

1\%
v

aL = as e. Zan. Then
J(an U () b)) — J(@n 0 (rli b)) £ Zl[J(ai U b)) — J(ai N b))
=1 i i=

212



Theorem 2.1. Let L be a sublaltice of the lattice S. Put M = {a;a€8,Ve>
>03dbelL,J(@ub)— J(@anb) <e}. Then the set M is monotone, i.e. a €S,
an€M (n=1,2,...) an S a, or a, N a, resp. implies a € M.

Proof. Let a, 7 a. Let b, € L be such elements that

&
J(an U by) — J(ap N by) <E;.

Put ¢, = U bi. Then c,eL (rn=1,2,...) and according to Lemma 2.1
i1
we have
J(@n U en) — J(@an Nen) £ 3 [J(@ U b) — J(ai 0 by)] <e. "
i1 e
The sequence {c,}_, is non decreasing. Moreover
J(c1) £ J(en) = J(cn) —- J(en N an) + J(cn N ay)

S Jen Y an) — J{cn N an) + J(an) £ & + J(a),

hence {J(cx)};., is bounded. Therefore there is ¢ € § such that ¢, » c. Then -
J(c) = lim J(cn),

J@euc)—Janc)=1lm[J(a, U cy) — J(an Ncy)] £ &.

Now for sufficiently large » it follows

J@Uecy) —J@ancy) = Jacy) — J(a) — J(ca) + J(a U cy)

IA

< J@vec) —J@)— J) + Jc) — Jea) + J@aUc) =
=J@uUc)—J@anc)+ Jc)— J(cn) <2

and a € ). The proof for non increasing sequences is analogous.

Example 2.1. Let S be the set of all integrable functions, L be the «:t
of all simple integrable functions, J(f) = [ f. Then all the assumptions 2.1—2.3
are satisfied. Since the monotone set generated by L is S, then (according
to Theorem 2.1) to any ¢ > 0 and any integrable function f there is a simple
integrable function g such that

JIf — gl = [ (max (f, g) — min (f, 9)) = J(fUg) — J(fNyg) <e.

Example 2.2. Let S be a o-ring generated by a ring L of subsets of a space
X, J be a finite measure on 8. Then according to Thecrem 2.11 the family M
contains the monotone family generated by the ring L and this is (see [4]) S.
Hence to any ¢ > 0 and any E € § there is F' € L such that

JEEAF)=JEUF) — JENF) <e.



Remark. Note that in this case we did not obtain a theorem for sub-
additive measures. Subadditive measures need not satisfy the condition 2.2.

3. Completion

First let H be a conditionally o-complete lattice, S = H a sublattice of
H and J : 8 > R be a function satisfying the conditions 2.1—2.3. We want

to obtain a “complete extension’ of J. For this purpose we use the following
concept :

Definition 3.1. § ={ceH; da,beS, a <c=<b, J(a) =Jb)}.

If ar = ¢ 2 ag, by ¢ = b and J(a) = J(az), J(b1) = J(b2), then (since
2 by and by = a1) J(ar) = J(az2) = J(b1) = J(b2) = J(a1), hence J(ar) =
J(b1) = J(az) = J(b2). Hence we can introduce the following function:

a2

Definition 3.2. Let QGS, a,beS, a<c=b, Ja)=JOb). Then we define
J(c) = J(a) = J(b). -
Theorem 3.1. S is a lattice. J is an extension of J satisfying the following
conditions:
31.Ifa,be 8, a < b, then J(a) < J(b).
3.2. J(a) + J(b) = J(@U b) + J(@anb) _foreverya bes.
33. Ifan eSS, an £ Api1, 0r ap 2 Ap1 (R =1,2, ...), resp. and

(@)}
is bounded, then there is a € S such that a, » a or a, \ a, resp. and J(ay) —

Moreover J is complete in the following sense: if a < b <¢,a,ce8, beH
J(a) = J(c), then also beS.

Proof. If a €S, then evidently ¢ < @ < a and J(a) = J(a), ie. a €S
and J(a) = J(a). Let a,b eS. Then there are ai, asz, by, bs € S such that
a £ a = az, by £b =< b, Jay) = J(az) and J(b1) = J(bs). Then a; U by €8,
a:UbselS, ayUby, £ auUb £ axUbs and

J(ar U b)) = J(a1) + J(b1) — J(ay N b1) =
= J(ag) - J(bg) —_ J(a1 N bl) = J(az) -+ J(bz) —_ J(ag N bz) =
= J(aQUbg) = J(al Ubl),

hence J(a1 U b1) = J(a2 U bs) i.e. a U b € §. Similarly it can be proved a N
NbeS. Moreover,

J(@) + J(b) = J(a1) + T (b)) = J(ar U b1) + J(a1 N by) =
=J@ub) + Janhb),
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i.e. 3.2 holds. If @ £ b, then a1 < a £ b £ bs, hence J(a) = J(a) £ J(b2) =
= J(b) and also 3.1 is satisfied.

Let ap €8, an £ ay+1 and {.T(a,,)}‘f=1 is bounded. Then there are b,, c, €8

such that b, £ ay £ ¢ and J(cp) = J(by). Put d, = U bi, ea=J ci-
i=1 i=1

Then dp, en €8, dn £ an £ Cn, dn < dps1, en S €pa1 (m=1,2,...) and

J(dn) = J(en) = J(an), {J(d,)}54, {J(e,)}s., are bounded hence there are

©

d=\dun, e=YV e, and J(d) = lim J(d,), J(e) = lim J(ey). Since an =
=1

n
Sep e (n=1,2,...) and H is conditionally o-complete, there exists

oC
a =\/ a, € H. Moreover,
n 1

n=1
and

J(d) = lim J(dy) = lim J(ex) = J(e).

Therefore a € § and

J(a) = J(c) = lim J(ez) = lim J(as).

The dual assertion can be proved similarly.
Let finally e £ b < ¢, a, ceS, be H, Ja) = J(c). Then there are a;, az,

c1,c2 €S such that a; £ @ £ a2, ¢1 £ ¢ £ ¢a and J(a1) = J(az), J(c1) = J(c2).
It follows a3 £ b £ ¢2 and

J(a) = J(a) = J(c) = J(ca),
hence b € S.
Now we shall assume similarly as in section 1 that two binary operations,
+ and —, are given on H satisfying the following conditions:

34. If a1 £ as and by £ b2, then a1 + b1 £ a2 + be and (b2 + as) — (a1 +
+ b1) = (b2 — b1) + (a2 — @).

3.5. If ax é as and b1 =< bg, then b1 —az = bg — and (bg — al) — (b1 _—
— a2) £ (b2 — b1) + (a2 — a).

Further let J satisfy the following additional property:

36.If b<a, a, besS, then a —be S and J(a) == J(b) + J(a — D).

3.7.1fa,be S, thena + b e S and J(a + b) £ J(a) + J(d).

Theorem 3.2. Let S be closed under the operations +, — and H, or J resp.,
satisfy the conditions 3.4—3.7. Then 8 is closed under the operations + and —.
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Moreover J(a + b) < J(a) + J(b) for every a, be S8 and if b £ a, then J(a) =
= J(b) + J(a@ —b).

Proof. Let a, be S, a1, az, by, bs €S, a1 S a < as, by £ b £ be, J(ay) =
= J(az), J(b1) = J(b2). Then

ar+bhfa4+bsat+b, a1 —baza—bsa—bh

and
0 = J(az + b2) — J(a1 + br) = J((az + b2) — (@1 + b1)) =
< J((@z — @) + (o — b)) £ J(@2 — @) + J(bz — by) =
— J(az) — J(@) + J(bs) — J(by) = 0.
Similarly
0 < J(az — bi) — J(a — b2) = J((az — b1) — (a1 — b2)) =
s J((a2 — a1) + (b2 — b)) < J(az — a1) + J(b2 — b)) = 0.
Further

J(@ 4 b) = J(@ + b)) £ J(@) + J(br) = J(a) + T (b).
Finally, if b < a, then

J(a) = J(az) = J(b) + J(az — b)) = J(b) + J(a — b).

Example 3.1. Let H be the set of all finite measurable functions, § < H
be a linear lattice of integrable functions satisfying together with the in-
tegral J(f) = [ f the conditions 2.1—2.3; moreover, J is linear. Then evi-
dently S is a linear lattice and J is linear too. Hence we get from a “good
integration theory” another, which is moreover complete.

Example 3.2. Let H be the family of all subsets of a space X, S < H

be a o-algebra, J be a finite measure on S. Then § is a g-algebra, J is a measure
on S and J is complete.

4. Measures on lattices

Now we shall study the regularity of measures on lattices. A measure on
a lattice S with the least element O is a function u:8 > R U {00} satisfy-
ing the following three conditions:

41. If 2 /1 x, xS (n=1,2,...), x €8, then lim u(x,) = u(x).

4.2, u(x) + ply) = px Vy) + ux Ny) for every x, y € S.

4.3. u(0) = 0 and pu(x) = 0 for every z € S.
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If 8 is a o-complete, modular, complemented lattice, then y is a measure if
and only 1f (see [6] theorem 4) u satisfies 4.3 and
4.4. ,u(V an) z ulay) for every disjoint sequence {a,}r; of elements

n—1 n=1
of S. A sequence {a,}; , is called disjoint if for any disjoint sets «, 8 of indices

we have \/ x; N\ a; = 0. We shall need also some further properties of
€ Jj€p

measures on lattices.

Lemma 4.1. Let 1 be a measure on a modular, complemented laltice S, a,
beS, a £b. Then

n(b) = p(a) + u(b N a’)

Jor cvery complement a’ of a.
Proof. If @ = b and @' is a complement of a, then

aubnNnad)y=bnNn(ava)=bnNn1=»b,
hence (according to 4.2 and 4.3)
p(d) = p(a L (b Na’)) = ula) + ubna.

Lemma 4.2. If S is a complemented lattice and p is a probability measure
(i.e. u(1)=1), then u(a’) =1 — u(a).

A lattice S is called o-continuous if a, €8, a€ 8, be S, ap » a implies
apNb 7 anb; and dually.

Lemma 4.3. Let u be a measure on a modular, complemented o-continuous
lattice 8. Let ap €8, ulay) <o (n=1,2,...), a €S, an N a. Then
u(a) = lim p(anz).

Proof. Let a’ be any complement of a. Recall the following lemma from [3]
(lemma 1): If ¢ £ b £ a, ¢’ is a complement of ¢, ¢’ = a’, then there is a com-

plement &' of b such that ¢’ = " = a’. Therefore there exist such comple-
ments a, ofa, (n = 1,2, ...) that a, ~ a’. Further ay N a, » a1 N a’ since S
is o-continuous. According to Lemma 4.1 we obtain

o) — (@) = pla N a') = lim p(a N a)) =
— lim (@) — p(an)) = plar) — lim p(an),
hence
p(@) = lim p(an).

Definition 4.1. Let U, C be non — empty subsets of a lattice S, u be a measure
on 8. An element a € S is called (C, U)-regular (or shortly regular), if



wula) = inf {u(u); uel,u 2 a} =
= sup {u(c); ceC, ¢ £ a}.

Theorem 4.1. Let S be a lattice, C, U = S and x, y € C (or z, y € U resp.)
implies x Uy eC (or x UyeU resp.). Then the joint a U b of two regular
elements a, b € S is also a regular element.

Proof. First let u(a) < oo, u(b) < co. Then to any & > 0 there are c,
d € C and u, v € U such that

c<asu, d=b v uu)—ukc) <e u) —uld) <e.

Thencud £auUbguuy, cUdelC, uUveU and

wa U b) — u(c U d) = ua) + ub) — ulanb) — u(c) — pn(d) +
+ ple N d) = pla) — ple) + pd) — pu(d) + uleNd) — ul@a N b) <2
sincea N'b = ¢ N d. Similarly
wu Vo) = pu(u) + p@) — plune) =
< p(u) 4+ p(w) — pland) =
< p(a) + u(b) — wla N b) + 2 = pla U b) + 2.
If now, e.g. pu(a) = oo, then
p(@ U b) = oo = {supulc); ceC, ¢ <a} <
< sup {u(c); ceC, ¢ £ a U b}
and
ul@Ub) = oo =inf{u(u); we U, u 2 aL b}
since v 2 aUb = a implies o = u(a) < u(u).

Theorem 4.2. Let S be a complemented lattice. Let C, U <= 8 fulfil the follow-
ing property: If c € C, w e U, ¢’ is a complement of ¢, u' is a complement of u,
thencnNu' €eC,unc €U. Let u be a probability measure on S. Then the follow-
ing implication holds: If a, b are regular elements and b’ is a complement of b,
then a N'b' is also a regular element.

Proof. To any ¢ > 0 there exist ¢, d € C, u, v € U such that

csasu dsbso pu)—pl) <e p@) —ud) <e.
Choose such complements v" of v and d’ of d that v" < b’ < d’. Then

manbd) — plenv) = u@a) + pubd’) — ua v b) — ule) — u@) +
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+ ule U V) = pla) — u(e) + 1 — p(®) — (1 — (@) + ple U v') —
— ulaub’) <2
since ¢cUv £ auUb and hence pu(cU’) £ u(aUb). Similarly
plend’) — planb) = u(w) + p(d) — pu U d') — pla) — p(b') + p(a v
Ub) = ulu) — (@) + 1 — u(d) — (1 — p(B) + pla U b') — p(u U d') < 26
since a Ub" £ uwuUd and hence ul@aUbd’) = u(uvd).

Lemma 4.4. Let S be an arbitrary lattice, a; € S, w; € S, w; 2 a;, p(a;) <
t=1,...,n), a1 2 az = ... £ an. Then

n n

w(U w) — plan) £ 5 () — pela)).
i1 i1
Proof. We prove the inequality by induction.

h+1

U ug) — w(@p+1) = U u;) 4+ u(wns1) —

i=

n

(U i) N uns1) — p(@ns).
=1

n 13 n

n
But ay-1 £ wpsa, |J @i £ |J wi implies ap = awrr 0 (U @) £ a0 (U ),
i=1 7=1 i=1 i=1
hence

n+l1

w(U wi) — plan+) £ p(U wi) + p(uns1) — pl@nn) — plan) <
i-1

i=1

n+1

= i (wi) — p(ar)) + p(un+1) — p(@nn) = z (ue(ui) — p(as)).

=1

Definition 4.2. Let U < S, u be a measure on S. We say that an outer
a el 1s outer regular if p(a) = inf{u(u); a < u, ueU}.

Theorem 4.3. Let S be a o-complete lattice, U < Sandu; e S (1 = 1,2, ...) =
=JuweSand JuieS (n=1,2,...). Let i be a measure on S and let
i1 -1

{a,}r.1 be a seguence of inner regular elements, ap ~ a. Then a is also an outer
regular element.

(an)—ooandugaga,,

Proof. If u(an) = o for some n, then u(a) = u
1,2,...), e > 0. Then there

implies p(u) = co. Now let p(an) < oo (n =
are Up = an, Uy, € U and



&
(un) —plan) <— (m=1,2,...).
on

2] H

Patu=Vu,wn=Vei(n=12,...). ThenueU w,cU(n=1,2,...)
n=1 i=1

and according to Lemma 4.3

u(wn) — plan) < 3 (ulw) — pl@) <e.

Since w, ~ u, a, » a, we have
w(u) = lim pu(w,) < lim u(ay) + ¢ = pla) + e.

Theorem 4.4. Let S be a modular, complemented, o-continuous lattice. Let
C, U = 8, U be closed under finite and ccuntable supremums, C be closed under
finite and countable infimums. Let y be a finite measure on S. Then the set M
of all reqular elements is monotone, i.e. an # a (or ap s a resp.), ap € M (n =
=1,2,...), ae8 implies a € M.

Proof. We study only the case of @, » a. In the second case the situation
is similar. We know that a is outer regular; we have to prove

u(a) = sup {u(c); ¢ < a, ceC}.
But
pl(a) = lim u(an).
If u(a) < oo, then to any ¢ > 0 there is such », that
wa) < plan) + e.
Since a, is regular there is ¢ € C such that ¢ < a, < a and
plan) <plc) + ¢,
hence
pla) < ple) + 2e.

If p(a¢) = oc, then to any ng there is a, such that u(a,) > no and therefore
there is ¢ € U, ¢ = a, £ a such that u(c) > no. It follows that sup {s(c);
c=a ceC}= .

Now we can form a closed theory of the Halmos type (see [4]). What did
we assume about C and U?

4.5. C and U are sublattices of S.

4.6. If ce C, u e U and ¢’ or «' resp. is a complement of ¢, or w resp., then
cnu eC and unc el.
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47. IfcneC,orupelU (n=1,2,...) resp., then Aca€C, or \/ u, €U,
n=1

n=1
resp.
Now we add also the following condition

4.8. To any ¢ € C there are up € U (n = 1, 2, ...) such that ¢ = A u,.
n=1
Definition 4.3. Let S be a lattice, u be a measure on S, C, U < §. u is called
a regular measure if every element of S is reqular.

Definition 4.4. Let S be a complemented o-complete lattice, C = S. We shall
say that D < 8 is generated by C if D is the least lattice over C with the follow-
ing two properties:

1. If a, b € D, b’ is a complement of b, then a N'b" € D.

2. IfapeD(n=12,...),a, 7 aora,\ a,then acD.

Remark. It is possible to define a (lattice)-ring as a lattice D satisfying
the condition 1 (see [5]). In our case D is the smallest monotone ring over C.
It is proved in [5] (Lemma 1) that the smallest monotone ring over C coincides
with the smallest o-ring over C i.e. the smallest o-complete ring over C.
The assertion has been generalized for relatively complemented lattices in [3]
(Theorem 3).

Theorem 4.5. Let S be modular, complemented, o-continuous, o-complete
lattice. Let C, U < 8 be sets satisfying the conditions 4.5—4.8. Let S be genera-
ted by C. Then every finite measure on S is reqular.

Proof. Put M = {a €8; a is regular}. According to 4.8 C = M. Now it
is sufficient to prove that M is a lattice satisfying the conditions 1 and 2.
If a,be M, then a Ube M according to Theorem 4.1. Analogously it can
be proved that a N'b € M. The conditions 1 and 2 follows from Theorems
4.2—4.4.

5. Measures on logics

A partially ordered set L with the least element O and the greatest element 1
is called a logic if there is a one-to-one mapping | : L — L such that the follow-
ing properties are fulfilled:

5.1. (at)t = a for all a € L.

52. Ifa,beL,a <b, then b+ <at.

53.anat =0 forallae L.

54.aUat =1 forallaelL.

55.Ifa,be L, a £ b, then there is ¢ € L such that a ¢ = b (i.e. ¢ < at
and a Uc =1b). '
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56.1f ajeL (1=1,2,...) and a; £ ax* for ¢ # k, then \/ a; exists.
o el i-1
In the last case we shall write Z a; =V a;. If a < b, then b < a*; the
i i-1
elements a, b are called orthogonal and we write a | b. If @ < b, then b =
=a VU (b N a'). Finally we shall write « <— b if there are a1, b1, ¢ € L such
that a;y | by, a1 L ¢, by Lcand a=a; +¢, b =0b; + ¢c. If a <> b, then a =
= (a Nb) 4+ (aNbt). (In paper [7] the elements a, b for which « <> b are
called compatible; in the book [8] such elements are called simultaneously
verifiable.)
A measure on a logic L is a function p: L - R such that
5.7. 4 2 0 and u(0) = 0.

58 If aieL (1 =1,2,...), a; L a; (i #})) thenyz z,u
For proving the regularity theorem we shall use the followmff properties

of the given sets C, U < L.
59. IfceC,uec U, thencte U, uteC.
5.10. If ¢1, c2€C, ¢1 1 c2, then ¢; + c2 exists and ¢y 4 ¢c2 € C.
511.If wyeU (1 =1,2,...), then \/ w; exists and \/ u; € U.
i=1 i=1
512. If deC, ve U and d £ v, then vNnd+eU.
513.If deC, ve U, then d<>v and dNvteC.

Theorem 5.1. The set M of all regular elements of L (i.e. such elements a € L
that

(@) = inf {u(u); v 2 a, ue U} =
=sup {u(c); ¢ £ a, c€C})

1s a sublogic of the logic L.
Proof. First we prove that a € M implies al € M. Let ¢ be an arbitrary
positive number. Take ¢ € C' such that ¢ < @ and u(a) — ¢ < pu(c). Then

u(l) — u(a) — & > u(l) — plc),
ie. ‘
plat) —e> p(el) 2 plal)
since al < ¢L. Since ¢L € U (see 5.9) we have
ulet) = inf {u(u); we U, v 2 al},

hence a-l is outer regular. Similarly it can be proved that al is inner regular.
Now let a; € M, a; < arl(i # k). Take ¢; £ a;, ¢; € C such that
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hence there is n such that

<§ (ci) + e = (zcl

i=1

a;) — ¢ <2"j/4(ai)

i=1

LMs

/t(

o)
and we proved (see 5.10) that > a; is inner regular. Take now u; € U such

i=1

that u; = a; and
&

ula) + o > ﬁ(ui).

U)) — €

<s

Then (see 5.11)
wui) —e 2 ('

1

s

-~
I
[

,uz)z
1

Ms

U

(30 =

and we see that Z a; is also outer regular
i-1
b, a, be M, c=bnNal. We want to prove that c e M
<a, b £v and

t

¥

Finally let a <
First take d € C, v e U such that d

pa) — e <u(d), u
Then v=d + k k=vNndl =

() + & > p(v).
Putk=vndl. bNnal =c, keU (see 5.12)
and

pk) = p(v) — p(d) <pd) — w(a) + 2¢ = p(c) + 2¢

hence ¢ is outer regular. Further take fe C, w € U such that f £ b, a < u,

fel, ueU and
pb) — & <u(f), ul@) + e > u(w).

Since f, u are compatible (see 5.13), we have f= fNul - fN u, hence

w(f) = p(fNud) + u(f ) £ p(f 0ul) + u(u)

(u) + 2 <

and therefore

p(e) =

pb Nal) = pub) — ua) <up(f) —p
223



< u(fNul)y + 2.

Finally c=bnal 2 fnul, foul eC, hence ¢ is also inner regular. i.e.
celM.
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