Matematicky casopis

Bedrich Pondé€licek
A Note on Radicals of Semigroups

Matematicky casopis, Vol. 23 (1973), No. 1, 14--16

Persistent URL: http://dml.cz/dmlcz/126996

Terms of use:

© Mathematical Institute of the Slovak Academy of Sciences, 1973

Institute of Mathematics of the Academy of Sciences of the Czech Republic provides access to
digitized documents strictly for personal use. Each copy of any part of this document must contain
these Terms of use.

This paper has been digitized, optimized for electronic delivery and stamped
with digital signature within the project DML-CZ: The Czech Digital Mathematics
Library http://project.dml.cz


http://dml.cz/dmlcz/126996
http://project.dml.cz

Matematicky &asopis 23 (1973), No. 1

A NOTE ON RADICALS OF SEMIGROUPS

BEDRICH PONDELICEK, Podébrady

Let S be a semigroup. For each ideal .J of S, M(J), L(J), R*(J), C(J) and
N(J), respectively, will denote the McCoy (prime) radical, the Sevrin (locally
nilpotent) radical, the Clifford (nil-) radical, the Jiang Luh (completely prime)
radical and the set of all nilpotent elements with respect to J. J. Bosdk [1]
proved that

(1) M(J) < L(J) € R*J) < N(J) < C(J)

for every ideal JJ of a semigroup 8. R. Sulka [2] proved that if S is a commu-
tative semigroup and J is an ideal of S, then

@) M(J) = L(J) = R*(J) = N(J) = C(J).

Further, J. E. Kuczkowski [3] proved that if S is a Cp-semigroup then (2)
holds for every ideal J of § (by a Cz-semigroup we mean a semigroup S with
the property that xyzyx = yazay for all z, y, z€ S). In this note we shall
study the necessary and sufficient condition such that (2) holds for every
ideal J of a semigroup 8.

Let @ be an element of a semigroup S. The principal ideal generated by a
we denote by J(a).

Theorem. Let S be a semigroup. Then (2) holds for every ideal J of S if and
only if
(3) J(@a) N J(b) = M(J(ab))

forall a, b € 8.

Proof. Let (2) hold for every ideal J of S. Let x € J(a) N J(b) for some
a, beS. Let us assume that x ¢ M(J(ab)). Then it follows from (2) that x ¢
¢ C(J(ab)). The Jiang Luh radical C(J(ab)) is the intersection of all completely
prime ideals of S including J(ab). This implies that there exists a completely
prime ideal I of S such that J(ab) = I and x ¢ I. Evidently, ab € J(ab) < 1
and so a€l or bel. Thus zeJ(a) = I or xe€J(b) = I. This contradicts
x ¢ I. Therefore x e M(J(ab)). Hence (3) holds for all a, beS.

Let (3) hold for all @, b € S. According to (1), it suffices to prove that C(J) =
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< M(J) for every ideal J of S. Let x € C(J) for some ideal J of 8. Let us assume
that o ¢ M(J). By [2] M(J) consists exactly of such elements x that every
m-system containing z has a non-empty intersection with J. This implies
that there exists an m-system A4 of § such that A NJ = 0 and x e 4. Let I
be the union of all ideals of § which do not meet 4. The ideal I has the required
maximal property. We shall prove that I is completely prime. Suppose that
a¢l, b¢l and abel for some a, beS. Then J(@) N A £ 0 # A nNJO).
There exist u, ve S such that weJ(@) N A and veJ(b) N A. Since 4 is
an m-system of S, then uzv € 4 for some z € S. Evidently, wzv € J(a) N J(D).
It follows from (3) that wzve M(J(ab)). Since wuzved N M(J(ab)), then
AN J(ab) #0. Now, abel implics that J(ab) =< I and so A NI +#0O.
This contradicts 4 NI = 0. Therefore, I is a completely prime ideal of S.
Since x € 4, then x ¢ I and thus x ¢ C(J). This contradicts « € C(J). There-
fore, we have xe M(J). Hence C(J) = M(J). .

Denote by L(z), R(x) and Q(x) the principal left, right and quasi ideal
of a semigroup S generated by x e 8, respectively. Clearly Q(x) == L(z) N
N R(x).

Corollary 1. Let S be a semigroup and let for every element a of S

(4) J(a) = N(Q(a)),
(5) ac ;0\ M(J(ar)) N
n=1

hold. Then (2) holds for every ideal J of S.

Proof. We shall prove that (3) holds for every a, be S. Let x € J(a) N
N J(b). It follows from (4) that x € N(Q(a)) N N(Q(b)). Since N(A4) is the set
of all nilpotent elements with respect to 4, then z” e Q(e) < L(e) and z™ €
€Q(b) = R(b) for some positive integers n, m. Then an+m € L(a) R(b) < J(abd).
Evidently, J(zntm) < J(ab). According to (5), we have x € M (J(x?+m)). Thus,
by Lemma 7 [2], we obtain that « € M(J(ab)). Hence J(a)) N J(b) < M(J(ad).
Theorem implies that (2) holds for every ideal J of S.

The principal biideal generated by an element x of a semigroup S we denote
by B(z), i.e. B(x) =Sz U 22U x. Clearly B(x) < Q(x). '

Corollary 2. Let S be a semigroup and let for any elements x, y, z of S
(6) yxzxy € B(x)
hold. Then (2) holds for every ideal J of S.

Proof. Let a € 8. We shall prove that (4) and (5) hold.

1. Let x € J(a). We shall show that 23 € Q(a). Evidently, x may have several

forms: a, sa, at or sat, where s, t€S.
(i) If 2 = a then 23 = a3 € Q(a).
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(ii) If « = sa then, by (6), we have a3 = (sasas)a € B(a)a S B(a) < @(a)’

(iii) If 2 = at then similarly we obtain that z3 € Q(a).

(iv) If @ = sat then, by (ii) and (iii), we have a3 € Q(sa) N Q(at) < Q(a).

Hence, x € J(a) implies that 23 € Q(a) and so x € N(Q(a)). Thus (4) is true.

2. Let 4 be an arbitrary m-system containing a. First we shall prove that
A N anSar + () for every positive integer n. Clearly aza € A for some z€ S
and so 4 N aSa # 0. The statement is true for » = 1. Assume the statement
to be true for n = k. Then, by the induction hypothesis, 4 N akSak 0.
There exists w € S such that a*ua* € A. Since A is an m-system of S, there
exists ve S such that y = afua*vatuar € 4. 1t follows from (6) that ye
€ a*B(a¥)a¥. Since y € A, there exists we S such that ywy e 4 N a*B(ak) .
. akwa*B(a¥)ak = A N a¥+18ak+1 and so that A N ak*1Sak+l £ (). Hence
the statement is valid for every positive integer n. Since arSan < J(a®),

then 4 N J(a?) # O for any n. Thus we have a € N M(J(a”)) and (3) is true.

n=1

A semigroup S is called a duo semigroup if every one-sided ideal of § is
a two-sided ideal. Clearly L(x) = J(z) = R(z) for every z € S.

Corollary 3. Let S be a duo semigroup. Then (2) holds for every ideal J of S.

Proof. We shall show that (6) holds for every =z, y,z € S. Evidently, we
have yxzxy € L(z)zR(x) = R(x)zL(x) < B(x).

A semigroup S is called normal if S = Sz for every x of S. Evidently,
every normal semigroup is a duo semigroup.

Corollary 4. Let S be a normal semigroup. Then (2) holds for every ideal J
of S.

Corollary 5. (Cf. [3], Theorem). Let S be a Cs-semigroup. Then (2) holds for
every ideal J of S.

Proof. We shall show that (6) holds for every z, y, z € S. Evidently, we
have yxzxy = xyzyx € B(x).

Cor ollary 6. (Cf. [2], Theorem 7). Let S be a commutative semigroup. Then
(2) holds for every ideal J of S.
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