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Matematicky &asopis 22 (1972), No. 4

EXTENSION OF LINEAR OPERATORS

EUGEN FUTAS,
Kosice

§ 1. Basic notions.

Consider a lattice X with operations U and N interpreted as usual. Let
Zn € X, ®n S Tp41. Then we shall write x, 7 z, if x is the 1. u.b. of the sequence
{xn}n.1- Analogously, Zn Nz for x, > zn41. Let us define in the lattice X two
more operations: 4+ and —. Let X, together with operations 4, U, = and N
be a lattice-ordered Abelian group.

Furthemore, let the following hold in X:

S1: For 2, X, 2p < Zp11 < 2o X there exists x € X such that z, 7x.

Let 4 be a sublattice of X which is closed under operations + and —
(and is therefore a group). On A4 let us define a function gp whose values lie
in some Banach space Y. For go, let the following relations hold.

Mi: For z, y € A we have go(z + y) = po(z) + @o(y).
M;: For z, € 4, £, X0 we have lim @o(xn) = 0.

N—->0
M3: For x € A we have sup {|po(y)| 1y > 0; ye 4, y < |z|} < oo.

For any x€ X we define |g| =2V (—x), 2t =2U0, 2~ = (—zx) U 0.
Evidently |z| = at 42—, ® =2+ — 2.

The following well-known lemmas which will be necessary in the sequel
are stated without proof for completeness’ sake.

Lemma 1.1. For x, > xp41 = o€ X there exists x€ X such that za \z.
Lemma 1.2. 2,y > 0= (x — y)” < y.

Lemma 1.3. |z 4+ y| < |z| + |y|-

Lemma 14. [z — y| < |x — 2| + |z — y].

Lemma 1.5. [(@a U b) — (cU d)| < la —¢| 4+ |b — d|.



Lemma 1.6. [(a N b) — (cNd)| < |a — ¢| + [b —d].

Lemma 1.7. (@ — b) — (¢ — d)| < |(@ — ¢)| + |(@ — b)|.

Lemma 1.8. J (z» + )= U #» + ¥.
n=1 n=1

Lemma 1.9. ﬁ (X0 + y) = ﬁ Zn + y-

n=1 n=1

o k
Definition 1.1. Z lzal = U 2 |#nl.

n=1 k=1 n=1

o

Lemma 110. y = Y U v = [y — yal < z i1 — yil-

n=1 i=n

0

Proof. ly —yal =N Uy — ual =

[ee]

=IF] G(yz—yn)l < ﬁUlli(ym—:w)l <

k-1 ik k=1 ik j-n
w © z-_}
<N U2 lya— il
k=1 i=k j=n
0 @ k =]
=N U 2lya—u<U
k=1 p=k-1 j=n p=k j=
(-]
= > g — yl.
j=n

§ 2. Construction

Definition 2.1. For x € A put |g||(x) = sup {|po(y)I

Evidently:

L lgll(0) = 0.

2. |lgli(x) > 0.

3. [lgll(l=l) = lipli()-

4.2 2 0= lpo(x)| < llgpll(x)-
5.22y 2 0=|ol@ = lely)

Lemma 21 fz) < 3 [zl = lpl(e) < 3 )

n=1

Proof. Clearly we can suppose that z > 0,
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k
2 Iy —yl =

y=20,yed, y< |2}

2 > 0. First let |lgl(x) < oo.



Let us choose an arbitrary' ¢ > 0. From Definition 2.1 we see that there
exists ye A such that 0 < y <« and |po(y)| + &> |gll(z).
Let ym=ynNna,

Yntr = (¥ — Z Yi) N Tna1.
i1

Evidently 0 < yu < 2n, yn€ 4.
We prove by induction that

n n
Zyizthxi.

i=1 i=1

Evidently y1 = y Na1. If > y: = y N> z; for some n, then
i bat

n+l n
DY = Yi+ Yat1 = Eyz+(y—2y)nxn+1
-1 i i1

=[jzlyt+ (y—;yz)]ﬂ[;yz + Zp1] =

Yyl NS @) + Tl =

i=1
n+1

—?/ﬂ(y-l-xnu)n(in+x,,+1)_ynzxi

=1

Therefore y = > ¥x, 80 that
n=1
Poy) = 2 ¢o(y)

and |go(y)| < Z lpo(yn)ls  lipll(®) — & < lgoly)| < leq)ol(?/n) Z lli(yn) <

< 3 lplten), giving lple) < 3 lpl(en)

Now let |lg||(x) = co. We choose a natural number N. By Definition 2.1
there exists y € 4 such that 0 <y < and |po(y)] < N.

In a manner similar to that of the previous case we could construct the
sequence {ya},.; With the following properties:

0 < yn < 2n, po(y) < Z l@o(yn)l, I, yn€ 4,

n=1
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N < gl < S Igo(ya) i leligm) < 3 lplza) = 3 gl(e) = eo

n=1

o]

Definition 2.2. w(x) = inf {3 |lgll(@s) : zn € 4, |2] <2 |2al}.
n=1

n=1
Evidently:
1. w(0) = 0,
2. w(x) > 0,
3. o(|z]) = w(),

4. Jz| > |yl = o(2) > w(y),
5.x2€ 4 = o) = |g||(v).

8

)

Lemma 2.2. [z < > |24 = o(z) < 2 o(2a).

n=1 n=1

Proof. We take all 27" € 4 such that |z,| < > |7|. Then
m=1

o) < inf {3 > lleliy) 2y € 4,

n=1 m=1

12l Szlw,’?l} z{mfzuqan(x'") 2 e 4,

n=T

ol < 3 a1} = 5 ().

m=1 n=1

According to M3, for every x € 4, w(x) < co. This supposition is not always
satisfied, as the following example shows.

Example 2.1. Let M ={0,1,2,...}. Let X be the system of all real
functions defined on M we permitItheir values to be infinite. Let N be the
system of all finite subsets of M and their complements. On N we define
the function » in the following way: »() — is the number of elements in E,
if E is finite and the number of elements in the complement of £ — multiplied
by —1, if £ is infinite.

L=

Let 4 ={feX:f= > oy xg, Eie N, a;; o; are integers, B; N Ex =@
a
for i + k} and go(f) = 2, our(Ei).
i

Let f= 1. Then |lgll(f) > |po(c)] = » for any natural number n, where
L=1{1,23,...,n}. Therefore clearly w(f) = |lgll(f) = .
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Definition 2.3. F = {r € X : o(z) < }.
Note. The above supposition is equivalent to saying that 4 < '
Definition 2.4. g(z, y) = w(x — y) for x, y € F.
Lemma 2.3. T'he function ¢ is a pseudometric on F.
Proof. 1. o(x, ) = w(r — ) = w(0) = 0.
2.0, y) =@ —y) =o(r—y) =y —2|) = oy —2) =
= o(y, @).
3.0, y) = 0@ —y) = o(le — yl) < o(le —2[ + [z —y]) <
< o@—2) + oz — y) = o(® ?) + ez y)-

Theorem 2.1. The pseudometric space (F, o) is complete.

Proof. Consider a Cauchy sequence {za};, ,. From among its members
se select a subsequence {y,}, , such that o(¥a, yn+1) < 27". To prove the
convergence of {x.}. ,, it is enough to prove that {y.}, , is convergent.

From among the members of the sequence {y}, , we choose the element y

mentioned in Lemma 1.10. Then o(y, yu) = oy — ya) < 2 oW1 — Yi) <

k=n
@

< S 27k = 21-n, so that lim e(y, y») = 0.

k=n n->0

Evidently |y| < ly1] + 2. [Yn+1 — Ynl.

n=1

Therefore w(y) < o(y1) + 2 ©(Ynt1 — yn) = o(y1) + > 0(Yn+1 — Yn) <
n=1

n—-1

<o)+ 22" =o0(y)+ 1 <o, so that yeF.
n=1

Lemma 2.4. y, x € A = |po(z) — go(y)| < 2e(, y).

Proof. |po(@) — go(y)l = llgol® — (@Ny)) + po(zy)] — [poly — (*NY)) +
+ go(eny)]l = lpole — @Ny)) — goly — @) < lpli@ — (@0w) + llelily —
—(zny)) = o —(@Ny) + oy —@Ny) < oE—Yy tol—y
= 20(z, y).

The last estimate is true, since
k—@nyl=lz—2)U@—y)=|z—yH=@E—y" <y
ly —@ny) <lz—yl

Lemma 2.5. z, y € 4; o(x, y) = 0 = @o(x) = Po(¥).

Proof. |po(x) — go(y)| < 2¢(, y) = 0.
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Theorem 2.2. The function @o is uniformly continuous on A.
Proof. This follows from Lemma 2.4.

Definition 2.5. R = 4.

According to Theorem 2.1, R is complete. By Lemmas 1.5, 1.6, 1.7 and
Definition 2.4, R is a lattice-ordered group. By Theorem 2.2 and the extension
theorem for uniformyl continuous functions there exists exyctly one uniformly
continuous function d defined on R such that for every x e 4 = glz) =

= @(@).

Lemma 2.6. z, y € B = |p(x) — ¢(y)) < 2¢(x, y).

Proof. Let ¢ > 0. As ¢ is a continuous functions and 4 is dense in R,
there exist x,, yn, € A such that o(zn, ) < 1/n, 0(¥», y) < 1/n and |p(x) —
— @)l <& lpy) — elyn)l <& o) — o) < lp) — o) + loy) —

— @(yn)l + lp(@n) — @(ya)l < 2¢ + 20(xn, Yn).
The continuity of metric gives us

lp(x) — o(y)] < 2 + 20(z, y); (@) — @) < 20(, y).

Lemma 2.7. Let x € R. Suppose that there exists xn€ A such that |x] <
n U |z:| and Z w(xn) < 0. Then w(x) = 0.

n=1 f=n n=1

Proof. Let ¢ > 0. Take k such that Z (@) < e Thenlz| < () U lasl <
1=k n=1 i=n
< U lzi], hence w(z) < Zw(lel) <e
1=k i=k

Lemma 2.8. Let € A; Zn = Ty = 0and o([) xn) = 0. Then lim |po(zn)] =
n=1 n->0

== 0.
Proof. Let () s = x; €> 0. There exists y, € A(yn > 0) such that

n=1

2| < Z Yn and Z (Yn) = Z llpll(yn)

n=1

Evidently z, = (xn — Z Yyt — (X0 — Z ¥i)~ + Z Yis
i1 i1 i-1

Po(Zn) = go((xn — Z 4i1)*) — @o((xn — Z yi) )+ + qoo(Z i)-
Clearly

— Z Y)T N 0, so that lim |po((xr — z y:)¥)| = 0.

=1 N->00
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From Lemma 1.2 we have

n n
(xn — > yi)~ < éyz,

t=1

ol(en — 3 0] < lpll(en — 3 57) =

= o((@n — Zl?/ )7) < ZlJi) Zl o(y:) < le(?/i) <sg,
I<P0(Z yi)l < HqDII(Z Yi) = w(z Yi) < _21 oly) < ;w(yz) <e,

therefore

lpo(xz)| < |lpo((wn — Z yi)*t)| + 26, lim sup |po(zn)| < 2,

and therefore lim |@o(x,)| = 0.

N—>0

Theorem 2.3. Let x, € R, 2, 0. Then lim ¢(z,) = 0

n—->0
Proof. Let ¢ > 0. Consider y, € 4, yn > 0 such that o(@s, yn) < e .27
We put z, =[] ¥:. Clearly z,€ 4 and

=1

n n n
oEn—an) =Ny — N @) <2 oy — ) =
=1 =1 =1

n
= > o®i, yi) <e.2I"" < &

i=1

Evidently
Iﬂ1 2| = ﬂ1 2y = ﬂlyn = {l¥r — @n O 2a)] + (T0 N ya)} =
N N= N= n=1

[Yn — (yo N Zn)] + ﬁ (0 N yn) = F] [Yn — (Yn N x0)] =

n=1 n=1

I
s

3
I
-

s

[Yn — (Yn O 24)].

1

3
I

In Lemma 1.6. put @ = b = ¢ = yp; d = z,.
This yields

[yn — Yn N Zn)| < |Yn — Zal,
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hence

|ﬂ Zn| = ﬂ [Yn — U O\ 22,)] < F] [Ya — 20| < F] lj i — wil,
n=1

n=1

Nzt < AU e —u

n-1 n=1 t=n
and

0

zw(xﬂ—?/n :Z 0(@n, yn) < & < 0.

n=1
By Lemma 2.7 o([) z.) = 0.
n=1

From the definition of z,, we have z, > zn11; therefore, according to Lemma
2.8 lim |@o(2p)] = O.

Nn—->0

By Lemma 2.6

l(P(xn) - <P(zn)| < 2@(90n, Zn) <e.22n K 2¢,
so that lim |p(xs) — @(24)] = 0; lim |@(zs)| = 0.

n->o n->0

This gives us lim |p(xs)| = 0 = im @(z,) = 0.

n->w0 >0

Theorem 2.4. Let x, y € R. Then ¢(x -+ y) = ¢(x) + ¢(y).
Proof. We take u, v € A such that o(z, u) < &; o(y, v) < e.
Then p(x + 9, u +v) =@ +y — v —v) < 0@ — u) + o(y — ?) < 2¢
lo@) + o) — e + 9)| < lp@) — e(u)] + lo¥) — e@)] + o) +
+ o) — ¢(v + V)| + |p(w + v) — @@ + y)| < 2o(x, u) +
+ 20(z + ¥y, u + v) < 2¢ + 2¢ + 4e = 8e.
Theorem 2.5. Let x, xn€ R. If 2\ @ or z, 7z, then lim g(xs) = ().

n->0

Proof. Let z,\ z. Then z, — 2\ — 2 = 0 = lim ¢(z, — ) =0 =limg .

- (xa) = @(2).
Let xy 7x. Thenz — z,\ (& — 2 = 0 = lim g(z — x5) = 0 = lim @(zy) =
N>

n—->0

= @().

Definition 2.6. For z € R put |lp1ll(x) = sup {lp()| :y e R; y > 05 y < |«l}.
Evidently ||lp1l[(x) > llgll(2) for z € 4.

Theorem 2.6. z € 4 = ||g||(x) = llgall().
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Proof. It suffices to prove that for x € 4, = |jg1ll(z) < |l¢ll(x). It is there-
fore enough to prove the existence of an element z€ 4; z > 0; 2z < |z, for
which |lgall(x) — |p(2)| is small enough.

Let |lg1ll(x) < oo and &> 0. There exists y € R such that y > 0; y < |z|
and |@(y)| + & > |lgill(x). We choose ue A such that o(y,w) <& and put
z =ut N |z

Now o(y, 2) = g(ut N |a], y N |o]) < e(ut, y) = eV 0,5V 0) < ou,y) <
<e o) — o) < 2(y,2) < 2 = |p(y)| < 2e + lp@@)s lleill(@) < lp(y)] +

+e<lp) + 3e.
Now let |'py||(x) = 0. We choose a natural number N. There exists y € R

such that ¥y > 0, y < |z| and |p(y)| > N. In a manner analogous to the above
construction, we construct an element z€ 4 such that z > 0, z < |z| and
oy,2) <e.

Now |p(y) — @o2)] < 20(y,2) < 26 = N < |p(y)| < |po(2)| + 2¢ = |po(z)| >
> N — 2¢ therefore ||p||(x) = co0; z € 4, which is a contradiction.

From Theorem 2.6 it can be seen that repeating the original construction
would not yield any further extension of the functicnal ¢. We should get
the same pseudometric ¢ and R = R, since R is closed with respect to ¢.

§ 3. Saturability

Let A = X be a lattice ordered group. On A let us define a functional o
for which relations M; — M3 hold.
Let ¢ be an extension of @o on R. We shall use the notation of § 2.

Definition 2.1. We say that functional o is saturable, if for every xn€ A

and xo € R such that z || < 20, we have Z |po(xn)| << 0.

n=1 n=1

e o]
Lemma 3.1. z,€ R, z, > 0; xp€ R, an\xo»x—aneR

n=1 n=1
Proof. 0 < 2 < xp = w(z) < w(a:o) < oo >zelk.
Let u, = z xz, o(x, up) = Z x) Z llpll (2)-
1=1 t=n+1 . z_n+

We must prove lim g(z, ux) = 0. For that it is enough to prove Z lpll(za) <
n-> 0

< 0. Let e > 0. There exists vn € A, |vg| < 2y such that [jg]|( xn) < ltpo(vn)l +

+ &.2-7. Then z lloll(zn) < 2 |po(va)| - & < 0o because ? lval < Z Tn <
n=1 =1 n=1
< zo e R. ThusxeR "
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Theorem 3.1. x,€ R, 2y < Znn1 < €R, x =) % =2 € R and ¢(z) =
n=1

= lim p(zs).
Proof. o 7z. Let o =1, yn1 = a1 — 2n 2 0, yoe R, 21 + Z?/n =
n=2

(oo}
= &, Zyn=x—x1 < x9 — 21 € R.

n=2
@

By the abovementioned lemma we have > yn € R, therefore also z e R.
n=1

The second assertion of Theorem 3.1 follows from Theorem 2.4.

Theorem 3.2. 2, €R, %n > Tpy1 > MeR=>2=[)zneR and ¢) =

n=1
Proof. Let Yn = — Zn; Yo = — Zo. Evidently Yo, Yn € R and yn < Yn+1 <
< Yo, ?/—U?/n—U( xn)=—(n$n)*—x
By the Theorem 3. 1 y € R, therefore also z = — y € R. Using Theorem 3.1,
we get
px) = p(—y) = — ¢ly) = — lim ¢(ya) = liﬂi [—o(yn)] =
n->

— lim ¢l —yp) — lim g(za).

n->0 n->0

-]
Theorem 3.3. x, € R; 2n < 20€ R => 2 = |J zn € R.

n=1

n
Proof. Let y» = |J z: € R, as R is a lattice ordered group, y» << yn+1 <
i-1
< Xo.

By Theorem 3.1.2 = |J y» = |J 2n € R.
n=1 n=1

e}
Theorem 3.4. 2, € R; 2y > 20 e R > 2 = [) zu € R.

n=1

Proof. Analogous to that of Theorem 3.3.

§ 4. Measure and integral

We shall now show that the abovementioned construction may be used

to extend a vector measure and integral.
1. Let X be the system of all real — valued functions defined on the set A/.
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The operations 4, —, U and N together with the relation <, are interpreted
in the usual way.

Let A be the system of all simple integrable functions. Let @o(f) = f Jd u.
Let go satisfy the axiom M . Then the construction of §2 gives us an ex
tension theorem for the vector integral, where R is the system of all integrable
functions and ge R— f gd p = @(9).

2. Let i be a vector measure. Let 4 be the system of all real valued functions

n

which can be written in form f = > « yg, where «; are real numbers, E;
i1

measurable pairwise disjoint subsets and yz the characteristic function of

n
the set B;. Then @o(f) = > oy w(By). Only vector measures u such that go
i=1

satisfies the axiom Ms will be considered. X will again be the system of all
real — valued functions defined on M. Using the construction of § 2, we can
extend the functional ¢o to ¢. Then »(E) = ¢(yg) is the required extension
of the vector measure pu.
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