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ON IRREDUCIBLE GRAPHS OF DIAMETER TWO
WITHOUT TRIANGLES

FERDINAND GLIVJAK, PETER KYS, JAN PLESNIK, Bratislava

I. INTRODUCTION

In paper [1] there were given some necessary and sufficient conditions
for a graph with a diameter » without k-gons, where 3 < k& < r 4+ 1 (so called
dr-graph), to be extended (or reduced, respectively) by one vertex in order
to obtain again a J,-graph.

In this paper we give some necessary and sufficient conditions for a graph
to be a dz-graph, or an g-irreducible dz-graph, respectively. It is shown that
for every graph @ of diameter r, r > 2, without triangles there exists a d,-graph
H such that @ is a section graph of the graph H. A list is given of all y-irredu-
cible dz-graphs with the number of vertices n, n < 10. It is shown that for
every natural number n, n = 3p + 4, p > 2, there exists a u-irreducible
ds-graph in which the minimum degree is 3. Moreover, for every =, n > 8,
there exists an #-irreducible d2-graph with a minimal degree of vertices 3.
For the #-irreducible da-graph there is given a bound for the maximum degree
which can be obtained. Finally we give some bounds for the number of edges
of a dz-graph depending on the number of vertices and the maximum degree
of vertices.

II. DEFINITIONS AND DENOTATIONS

We use the concepts and the denotations which are not defined here
as we used them in [1]. First of all we repeat some necessary notions and then
we define some new notions.

Let G1 = (Ui, Hy) be a graph and G = (U, H) its subgraph. Let v e U;.
Then we denote Q¢,¢,(v) = {x |2z € U A ga.(x, v) = 1} N U. Instead of Q¢ (v)
we write 2¢(v) if it is clear which of the supergraphs of the graph @ is consi-
dered. By u(G) we denote the set of all u-sets.

Let us have some graphs Gi = (Ui, H1), G2 = (Us, Hs); |Uy| = n. With
every z; € U1 there is associated a set X; = Us. Let it denote by Z' = {X,};.;.
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Then we define the union G1 @ G2 of graphs G1, @G> through the system Z' =
= {X,}i.1 asagraph G = (U1 U U, H; U Hy U H'), where H' = {(%;,2) | z; €
€ Ul, S Xi}.

Let @' be the graph arising from G = (U, H) by omitting a vertex ve U
and all the edges incident with the vertex v. The vertex v is u-reducible if
de) = d(@),

n-reducible if d(G) = d(G’) = 2 and moreover there exists a vertex u € U,
u =+ v such that Q(u) = Q(v). A graph is u(n)-irreducible if every vertex
is not u(n)-reducible, respectively. Let y2(G) be the system of all kernels
of the graph G.

Definition 1. Let @ = (U, H) be the graph and n be a natural number. Let for
t=1,2,...,n be X; €ys(G). Then the system of kernels {X;};, ts called
A) an a-covering of the graph G if

n
LU ZXe=0,
k=1

2. for every two vertices x, y € U with pe(x, y) > 2 there exists k such that
z,y € Xg; o
B) an ai-covering of the graph G if the conditions 1., 2. hold and moreover

3. Xi + Xy fori +j;

C) an ag-covering of the graph G if the conditions 1., 2. hold and moreover

4. for every k =1,2,...,n the system {X;}i — X ts not an a-covering
of the graph Q.

Remark 1. From definition 1 it follows that every «s-covering is also
an oy-covering.

Remark 2. The existence of coverings from definition 1 is obvious. It is
also clear that for a graph more coverings may exist.

Definition 2. We call the graph G = (U, H), where U = {2, 21, ..., 2k},
H={(z0,2) |1 =1,2, ..., k} a star formed by the set of vertices U and denote
it by F.

III. RESULTS

First of all we give some necessary and sufficient conditions for a graph
in order to be a ds-graph or an g-irreducible ds-graph, respectively.

Theorem 1. Let G = (U, H) be a graph; zo€ U. Then G is a d2-graph if and
only if G is the union Fy ® R of the graphs Fy, R = (V, E) through the system
{n;}t |, where R is a graph without triangles and Fy is the star formed by the
vertex set A = {2}, (A NV = 0) whereby mo = 0; {n;}F, is an a-covering
of the graph R.
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(The set of vertices n; = V is associated to the vertex z; € 4).

Proof. Let @ = (U, H) be a d:-graph; zo € U. Let us put 4 = {z} U 2(2),
R = (V,E) where V=U — 4, E = {(x,y) | (x,y) eH; x,ye V}. It is clear
that R does not contain any triangle. Obviously 2r(zo) = 9. It is easy to verify
that the set Qr(2), ¢ = 1,2, ...,k is a kernel of the graph R. Let us put

= Qr(z), 1 =1,2,..., k. The system {.QR(zi)f-‘sl is an a-covering of the
x
graph R. In the opposite case either V — |J 2r(z:) = M + @ and then

o1

oc(x, 20) > 2 for x € M (this is a contradiction with the assumption d(G) = 2)
or there exist vertices z, y € V such that gr(z, y) > 2 and «,y + Q2r(2) for
all 7. Then gg(2, ¥) > 2, which is also a contradiction.

Now we shall prove that the union Fy @ R of such graphs F, R is a dz2-graph.
It is obvious that Fi @ R does not contain a triangle. Hence, we only need
to prove that d(G) = 2.

It is clear that pg(20, ) < 1 for x ¢ V, Let z € V. Then there exists ¢, 1 <
< 1 < k such that z e Qgr(2;) and hence gg(20, x) = 2. The set Qr(z) is
a kernel of the graph R, hence gg(20,2) < 2. If z,ye V and gr(z,y) > 2
then from the definition of an «-covering it follows that there exist ¢, 1 < ¢ < k
such that z, y € Qr(2:) and hence pg(x, y) = 2. It is obvious that pe(z;, x) < 2
for all ze U.

Theorem 2. Let G = (U, H) be a ds-graph, |U| > 4. Then G is an n-irreducible
d2-graph if and only if

1. {m;}}, is an oz-covering of the graph R = (V,E),

2. Qr(x) += Qr(y) forallxz,ye V,z + vy,

3. Qr(x) * O for every vertex x € V.

Remark. The denotations in this Theorem are used in the same sense
as in Theorem 1.

Proof. Let G be an #-irreducible d2-graph. By Theorem 1 G = F; ® R.
If Qr(x) =0 for x €V, then Qr(x) = Qr(2) =0 and so we must have
Q¢(x) = 2¢(20) which is a contradiction. If Qg(x) = Qr(y) for z,yeV,
x % y then we would have Q¢(x) = Q¢(y), but this is impossible. Hence the
system {Qx(z;)};, is an «;-covering of the graph R.

Let the conditions 1., 2., 3. be fulfilled. For ¢ + j we have Q¢(z) + Q¢(27)
because otherwise it would be Qg(2;) = Qr(2;) and that would be a contra-
diction. It is obvious that Qg(z0) + Q¢(z); 1= 1,2,...,k. For zeV we
have Q¢(z0) + Q¢(x) because otherwise it would be Qg(x) =0 and it is
a contradiction. Hence @ is an -irreducible dz-graph.

Assertion 1. Let G = (U, H) be a u-irreducible ds-graph. Let & = {m;}i,,
R = (V, E) have the same meaning as in Theorem 2. Then & is an o,-covering
of the graph R.
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Proof. Let us suppose that & is not an «s-covering of the graph R. Then
there exists a number m such that {n;}}; — 7m is an «-covering, hence the
vertex zp is a y-reducible vertex and this is not possible.

Remark 3. The reverse assertion does not hold as the graph in Figure 1
shows.

Fig. 1.

The system {{6, 8, 10}, {6, 9, 11}, {7, 9, 10}, {7, 8, 11}} is an «s-covering
of the graph R = (V, E), where V = {6, 7, 8,9, 10, 11} and E = {(6, 7), (8, 9),
(10, 11)}; but in this graph the vertex 1 is y-reducible.

Assertion 2. For every graph Gi without triangles there exists a dq2-graph G2
such that Gy ts a section graph of the graph Gs.

Proof. The assertion follows immediately from Theorem 1 if we take for
the graph R the graph G.

Remark 4. Let @ = (U, H) be a d;-graph and |U| = n. Then it is clear
that for every vertex x € U we have 1 < |Q2(x)| < n — 1, with equalities for
the star F'p_1.

The following two theorems give some estimations for the degrees of the
vertices of #-irreducible dz-graphs.

Theorem 3. Let G = (U, H) be an n-irreducible Os-graph. Let us denote
k = max [Q(x)|, |U| =n. Then k < [y] where y is the root of the equation
n—1 €
x=2%-2%
Proof. According to Theorem 2 we may write G = F, ® R, R = (V,E)
where zp is an arbitrary vertex from U, r = |2(z)|, |V| = n — r — 1. Since

the system {Qg(z;)};, is an oj-covering of the graph R, r < |y2(R)| holds.

n—r—1 n—r—1
By Theorem 6 from [1], [y2(R)|< 2 * ,i.e.r < 2 ® .Hencer < [y], where ¥
n—1 x
is the root of the equation x = 2% -2 *,
Remark 5. The values of [y] for some numbers = are in the following table:

n | 5| 61 7] 8] 9 |10] 20| 30| 40 | 50
)| 2] 2| 2| 3] 4| 4|11 2029 | 38
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Remark 6. There exist z-irreducible dz-graphs S(?) with the number
of vertices n = 2! 4 24 4+ 1 where ¢ is a natural number, whereby &k = [y].
We construct the graph 8(z) according to Theorem 2 so that S(¢) = F; @ R,
where the graph R consists of ¢ components; every component has one edge
and two vertices. It is obvious that |ys(R)| = 2! Hence it suffices to put k = 2t.
This construction for ¢ = 3 is illustrated in Figure 2.

Fig. 2.

Remark 7. For the root y of the equation z = 2% .9

holds: i
Y

a) limizlim——’—’—zl,
ns>o p oy + 2logy + 1

K

the following

b) lim (n —y) = lim (y + 2logy + 1 — y) = oo.

Assertion 3. Let G = (U, H) be an n-irreducible da-graph, |U| = n. Let the
minimum degree of vertices in G be s. Then:

a) If s = 1 then G is isomorphic with the star Fs.

b) If s = 2 then G is isomorphic with the pentagon.

Proof. a) Let |Q2(z)| = 1; denote 2(x) = {y}. Then for every vertexze U —
— {z, y} we have z € 2(y) (because otherwise p(z, ) > 2). Hence the graph ¢
is the star F,_; ,which is for every n > 3 5-reducible, so the graph @ must
be isomorphic with the star F.

b) Let |2(x)| = 2, 2(x) = {21, 22}. Let us denote

My = Q1) N 2(z2),
My = {u|ue () A\ ue )},
My = {u|ué¢(z)A\ue ()}

It is clear that z e M,. We have M, = {2} because if a vertex y would
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exist such that ye My, y + « then we would have Q(x) = Q(y), which is
impossible. Let a € M;. Then g(a, z) = 1 holds for every vertex z € M (other-
wise it would be p(a,2) > 2). Hence |Mi| =1 because G is #-irreducible.
Analogously we may prove that | Ms| = 1. Thus My = {a}, M2 = {b}, o(a, b)=1
i. e. @ is isomorphic with the pentagon.

Theorem 4. For every natural number N there exists a u-irreducible do-graph
with the minimal degree s = 3 and with a number of vertices n > N.

Proof. For every natural number p, p > 2 we construct a u-irreducible
da-graph with 3p -+ 4 vertices, (the diagram of this graph is shown in Figure 3).

Fig. 3.

We describe the construction of these graphs using the neighbourhoods
of the vertices; we denote 4 = {¢;}},, B = {§,}%.;, C = {¢;}?,. For every
t=1,2,...,p denote 4; = 4 — {a;}, C'i = C — {c;}. L2(a:) = {ao, bi} U C;;
2(b;) = {bo, ai, ¢i}, 2(c;) = { co, bi} U A;. For the remaining vertices we have
Q(a0) = {v} U 4; 2(bo) = {v} U B; 2(co) = {v} U C; 2(v) = {ao, by, co}. Now
we show that every vertex is u-irreducible. We cannot u- reduce the vertex

v, because then o(ao, bo) = 3,
ag, because then (v, a;) = 3 for ¢+ =1, 2, ..., p. Analogously we find out
that the vertices by, ¢p cannost be reduced.

Fori=1,2,...,p we cannot u-reduce the vertex

a;, because then p(ao, b;) = 3,
b;, because then g(bo, ¢;) = 3 and also o(bo, a;) = 3,
¢, because then o(co, b;) = 3.
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Hence, this graph is u-irreducible, the minimum degree of the vertices
N —14

is 3 and it is sufficient to put p >

Corollary 1. For every natural number n = 3k + 4, where k > 2 ts natural
there exists a u-irreducible da-graph with n vertices. Hence there exists an infinite
number of u-irreducible Os-graphs, and hence also of n-irreducible 6z-graphs.

Theorem 5. Every u-irreducible dq:-graph with n vertices, where n < 10

18 isomorphic with one of graphs shown in Figures 4.

Fig. 4.1. Fig. 4.2. Fig. 4.3.

o 4

Fig. 4.5. Fig. 4.4.

Proof. By Theorem 2 every u-irreducible ds-graph with at least 4 vertices
may be considered as the union Fi @ R, R = (V, E) through the system
of bases &, where R fulfills the conditions 2., 3. of this Theorem and Z is an
a1-covering. By Assertion 3 every p-irreducible dz-graph with minimum
degree s < 3 is isomorphic with a graph in Figure 4.1 or 4.2. Hence it is
sufficient to consider minimum degree s > 3. From Theorem 2 it follows
that | V| < 6. According to Remark 5, |Z'| < 4. By Assertion 1 it is sufficient
to take only those Z which are as-coverings. From graphs constructed in this
way we exclude the u-reducible and isomorphic graphs.

Theorem 6. For every natural number n, n > 8 there exists an n-irreducible
da-graph with n vertices and mintmum degree s = 3.

Proof. For n» = 8 and 9 there are such graphs on Figure 4.3 and 4.4. In the
proof of Theorem 4 we constructed u-irreducible d;-graphs for » = 3p + 4,
where p > 2. By a u-extension through the system A4 U {by,co} we obtain
n-irreducible ds-graphs with 3p + 5 vertices and by a u-extension of these
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graphs through the set B U {ao, co} there arise #-irreducible ds-graphs with
3p 4 6 vertices. Hence we are able to construct an z-irreducible ds-graph
for all » > 8. It is obvious that the degree of the vertex v (see Figure 3)
remains 3.

Corollary 2. Let R = (V,E) be a graph with n wvertices without triangles,
Sfulfilling the conditions 2., 3. from Theorem 2. Let & be an oy-covering of the
graph R. Then for all n > 4

a) |Z] >3
b) there exist R such that |Z'| = 3.

Corollary 3.1. Let G be an n-irreducible do-graph with n vertices and M € u(G).
Then |M| > 3 for n > 5.

Corollary 3.2. For all n > 8 there exists an n-irreducible ds-graph with n
vertices and M € u(G) such that |M| = 3.

Proof of Corollary 3.1. Let M € u(@) exist such that |M| = 2. It follows
from Assertion 3 for n > 5 that M cannot be the neighbourhood of any vertex.
If we u-extend the graph G through M, we get an z-irreducible d2-graph
with n + 1 vertices (n + 1 > 6) and with minimum degree 2. This is a contra-
diction with Assertion 3.

Theorem 7. Let G = (U, H) be a ds-graph. Let |\U| = n, |H| = m.
A Ifk = max |Q2(x)| then m < k(n — k).
B. Ifp= max |M| then m < p(n — p).

Proof. A. Let for a € U be |2(a)] = k. Since for every two vertices y1, y2 €
€ Q(a) we have (y1, y2) ¢ H, hence for every y € 2(a) we have |2(y) < n — k
and for the remaining vertices z € U it is obvious that |£2(z)] < k holds. Thus
we may write: 2m = > |Q2(x)| < k(n — k) + (n — k)k, and hence m < k(n — k).

zeU
n n
B. 1. If p < [5} thenk < p < [;] and hence m < k(n — k) < p(n — p).

n+1
2. We shall prove by induction the assertion for p > [—2-“] Our theorem

obviously holds for graphs with |U| == 3. Let us suppose that the assertion
holds for graphs with at most n vertices. Let us consider a graph G = (U, H)

where |U| =n + 1, ma()é)lMl = p = |M,], M, € u(@). Let y be an arbitrary

vertex from M;. Then there exists at most one vertex x € 2(y) such that
the set (M1 — {y}) U {z} is a u-set of the graph G. In the reverse case there
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exist at least two such vertices x1, 22 and one may form a u-set N = (M —{y}) U
U {1, 22} with |N| > p which is a contradiction with the assumption.

By omitting the vertex y and the edges incident with it we get the graph G’
which we may complete to a d.-graph G” by adding to it some edges. For G”

it is obvious that eithern'lmag M| ==p — 1 and because of |2(y)| < n+1—p
€m(@”)

wehavem< (p—1)[n—(p—1)]+n+1—p=pr+1—p)or max |M|=

Meu(G")

=p and we have m < p(n —p)+n+1—p=pnr+1—p)+ n+1—
. n
—2p) < p(n+ 1 —p), since n + 1 — 2p < 0forp>{—].
Remark 8. Assertion A from Theorem 7 may be evidently sharpened

n n
as follows: m < k—; if k< ; In the proof of Assertion 4 |2(y)| < min (k, n—k)

n
for every y € 2(a); thus |Q2(y)| < k for k < ’s Hence2m < k.k + (n — k)k =

. n
=nk,i.e.m < k—.

Corollary 4. Let G = (U, H) be a graph without triangles. Let |U| = n
2

|H| = m. Then m < n? (See also [2]).
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