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COUPLED SYSTEMS OF TYPE T

VACLAV HAVEL, Brno

In § 1.3 of [1] there is e..plained the standart theory of free planar extensions
of incidence structures. The incidence structures can be aiso interpreted as
some specia. ,,coup.ed systems’’ ([1], Proposition 3 on p. 6). We have app.ied
this viewpoint a.ready in [2] for the study of partition properties of incidence
structures. It is further possibie to extend the mentioned free p.anar extension
theory of incidence structures to the free comp.ete extension theory of general
coup.ed systems. This is indicated in [3]. Note that in genera: coup.ed systems
the points (lines) are, essentially, the sets of some pairs of lines (points). On
the other hand, the free complete extension theory of m-tuple systems with
at most n-tuple intersections (m — 1 > n = 1) can be built up.

In the present Note we wish to deduce first the properties belonging
to the free complete extension theory of ,,coupled systems of type T’ (here
the points (lines) are, essentially, the sets of certain lines (points) with some
prescribed cardinalities).

Let T be a fixed class of cardinal numbers. By a coupled system (of type T)
we mean a collection C = (8, fi; ¢ = 1,2) where S1, 8z are nonempty sets
and f; is a map of a set domfi = {X < 8| card X € T'} into Sy; (¢, ) = (1,2),
(2,1). If especially dom f; = {X = 8| card X € T'} for + = 1,2 then C is said
to be complete. :

Let C = (Si, fi;1 = 1,2), €' = (8}, f:; 1 = 1,2) be coupled systems(!) such
that S; = S; and f; = f;ls,, for i = 1,2. Then C is called a coupled subsystem
of C'.

Let C, C’' be given coupied systems. By a surjection o: C— C’ we shail
mean a pair (o1, 02) where oy : S; — S; is a surjection for ¢ = 1,2. A surjection
o:C— C' is called an epimorphism if (i) {X191|X € dom f;, card X1 e T} =
= dom f; for Xl91 defined as {owx|xr € X} where X edom f;; i = 1,2 and
(ii) £:X1) = g5(f;X) for all X € dom f; with card X0l € T; (3, §) = (1,2), (2,1).
A bijective epimorhism is called an isomorphism.(2)

(1) This denotation will be preserved throughout the whole paper.
(%) Note that if o is a bijective epimorphism then ¢~! = (07!, 03 1) is also an epimorphism.
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Construction 1. Let C be a coupled subsystem of a complete coupled
system C’. We put C° = C and suppose that C» is already given for some 7.(3)
Construct C»+1 in such a way that dom f*! = {X < 8| card X € T}, S;‘“ =
=8]uT;, T} ={fiX|Xe dom f*!\dom f?} for (¢,7) = (1,2),(2,1). By
induction we get a sequence (C"), ,. Now there is precisely one minimal
coupled system C., containing all Co, C1, C2, ... as coupled subsystems.

Construction 2. Let C be a coupled system. First put C® = C. Secondly
suppose that C® is already determined for some ». Then construct C(+1
in such a way that dom f}*' = {X = 8| card X e T}, S = 8§ u T
where S NT™M =0 with cardT{" = card (dom f("“)\ dom f{) and

CPlaomse = f0, f §"+1’Idomf§"+"\domf§"’ : (dom f §"+l’\d0mf ) > T is a
bijection for (7, j) = (1,2), (2,1). Inductively we obtain a sequence (C)> ..
Now there is precisely one minimal coupled system C containing all C®, CO .. .
C is necessarily complete and is determined up to isomorphisms.

Proposition 1. Let C be a coupled system and C' a coupled system such thax
Cc = C'. Then there is an epimorphism ¢ : C — C with ¢|c = idc.

Proof. Let ¢© = id.. Suppose further that there is an epimorphism
g™ : Cn) » C» with |, =id¢ for a certain n. Then construct p(n+1) : Ce+l) —»
— Cn+l in such a way that ¢{"""X = f@+1DX®"] for X e dom f{"*V with
card XP™eT, X" = {¢zlx € X} whereas ¢}*'X will be defined as an
arbitrary element of S**!if X € dom f**, card X ¢ T; (4,5) = (1,2), (2,1).
It is easy to see that p(®+D is an epimorphism with p®+D|. = id.. By induc-
tion we get a sequence (¢p(™);,_,. Now there exists precisely one epimorphism
@ : C— C’ prolonging simultaneously all ¢®, ¢, @, . ... Q.E.D.

Proposition 2. Let C be a coupled system and C' some coupled system with
C' = C. such that there is an epimorphism vy : C' — C with y|c = idc. Then
v is an tsomorphism.

Proof. Let (p :C— C be the epimorphism from Proposition 1. Putting
oM = @lem, P* = Plex (» =0,1,2,...) w3 shall show by induction that
On = g™ o yr ig equal to ide. for each n = 0,1,2, ... . First @0 = id. because
of ¢ = yy = ide. Suppose further that @» = id.. for some n. Then, to
every zeT} there is X edom f7*' such that f*' X = z; because of card
XeT, card XWwleT(#) it follows that gz = fr* X0, g(ysz) = f2+
(XW)lol = f"+1 X =2, as O" = ide. by assumption ((3,5) = (1,2), (2,1)).
Thus (0™)2-° is a sequence of identity mappings and consequently y o ¢ = idc-
so that  must be an isomorphism. Q.E.D.

(3) More detailed: C" = (S}, f7;¢ = 1, 2). Similarly for analogous cases.
(4) Xt¥1 = {y;x |x € X} and similarly further for Yol
() Xto") = {o}x |z € X}.
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Let C be a coupled system with dom fi = dom f; = . Then C is called
a free coupled system.

Proposition 3. To each complete coupled system C’ there is an epimorphism
0:C—> C' where C is such that 81 = 8;, 8z = S,, dom f; = dom f; = 0.

Proof. Inductively we shall construct a sequence (¢"),_, where each o”
is a surjection of C™ onto some coupled subsystem of C’. Ifz e T\, z € f*VX,
card X" € T (respectively, ¢ T), define o}z = f; X"l (respectively, o} ™! z =
an arbitrary element of 8{**?) for (i,j) = (1,2), (2,1). The common prolon-
gation g : C - C’ of all 09, 62, 62, ... presents the required epimorphism. Q.E.D.

Proposition 4. Every complete coupled subsystem of a free coupled system
18 free.

Proof. Let C be a coupled system such that dom f; = dom f = @ and
let C’ be a complete coupled subsystem of C. Construct the set S} consisting
of all elements of S; N S; and of all elements in S; having (as elements of

e}
U 8§) the form f"P X, X edom f{"*’\dom f{® where X contains an

n=0
element of S™\S8;; (¢,j) = (1,2), (2,1). Then C% = C for C* = (82, f7;
¢ =1,2), dom f{ = dom f = 0. Q.E.D.
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