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Abstract. For an end 7 and a tree T' of a graph G we denote respectively by m(r)
and m7p(7) the maximum numbers of pairwise disjoint rays of G and T belonging to 7,
and we define tm(7) := min{my(7): T is a spanning tree of G}. In this paper we give
partial answers—affirmative and negative ones—to the general problem of determining if,
for a function f mapping every end 7 of G to a cardinal f(7) such that tm(7) < f(7) < m(7),
there exists a spanning tree T' of G such that mp(7) = f(7) for every end 7 of G.
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1. INTRODUCTION

In 1964 Halin [4] introduced the concept of an end-faithful subgraph (i.e., a sub-
graph H of a graph G such that each end of G contains exactly one end of H as
a subset), and stated his well-known problem of determining if any connected infinite
graph contains an end-faithful spanning tree. This problem, which we showed [11]
to be closely related to the one of characterizing the connected graphs which have
a rayless spanning tree, has been answered for one-ended graphs by the negative by
Seymour and Thomas [15], and later but independently by Thomassen [17].

On account of these negative results it is quite natural to ask if any connected
infinite graph G has a spanning tree T" such that, for each end 7 of GG, the maximum
number my(7) of pairwise disjoint rays of T belonging to 7 is minimal in the sense
that mr(7) < myp/(7) for every spanning tree 7" of G. This minimum number will
be called the tree-multiplicity of 7 and denoted by tm(7), the multiplicity m(r) of 7
being the maximum number of pairwise disjoint rays of G belonging to 7.
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Another aspect of Halin’s problem was considered by Zelinka [18] who conjectured
that if G is a connected infinite locally finite graph and 7 an end of G, then, for any
cardinal k£ with 1 < k < m(7), there is a spanning tree of G having exactly k ends
included in 7. He proved it in the particular case when m(7) is finite and 7 can be
separated from all other ends by a finite set of vertices. Later [12] we completely
proved the conjecture and even got more general results of the same type.

In this paper we combine these two variations of Halin’s problem by studying the
following general problem: Let G be a connected infinite graph and f a function
which maps every end T of G to a cardinal f(7) such that tm(r) < f(7) < m(7).
Does there exist a spanning tree T of G such that mp (1) = f(7) for every end T

of G?

2. PRELIMINARIES

The terminology will be for the most part that of [13] and [14]. Moreover, in order
to get a more self-contained paper, we will recall the results of [10], [12], [13], [14]
that we will need. In particular, throughout this paper, by a countable set we will
mean a set whose cardinality is at most N, that is a set which is either finite or
countably infinite.

Graphs considered in this paper are undirected and contain neither loops nor
multiple edges. For a set A of vertices of a graph G we denote by G[A] the subgraph
of G induced by A. If A is any set of vertices and H any graph, we define G — A :=
GV(G) —Aland G — H := G-V (H). If Ais a set of edges of G, we will denote
by G\ A the spanning subgraph of G whose edge set is E(G) — A. The union of
a family (G;)ier of graphs is the graph (J,.; G; given by V(U,c; Gi) = U, V(Gi)
and E(U,c; Gi) = U,e; E(Gi). The intersection is defined analogously. If (Gi)ier
is a family of subgraphs of a graph G, the subgraph induced by the union of this
family will be denoted by \/,.; Gi. For x € V(G) the set Ng(z) := {y € V(G):
{z,y} € E(G)} is the neighbourhood of x in G. If H is a subgraph of G and X
a nonempty subgraph of G — H, the boundary of H with X is the set B(H,X) :=
{r € V(H): Ng(x)NV(X) # 0}. The set of components of G is denoted by C¢, and
if = is a vertex, then Cg(z) is the component of G containing z. If H is an induced
subgraph of a graph G and N an induced subgraph of a component X of G — H,
then we set N + (H) := NV G[B(H, X)]. A path P = (x¢,...,%y) is a graph with
V(P) ={zo,...,2n}, & #x; if i # j, and E(P) = {{zs,zit1}: 0 < i <n}. A ray
is a one-way infinite path (xg,x1,...). A subray of a ray R is called a tail of R.

The ends of a graph G (a concept introduced by Freudenthal [2] and Hopf [7]
to study discrete groups, and independently by Halin [4]) are the classes of the
equivalence relation ~¢ defined on the set of all rays of G by: R ~g R’ if and only
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if there is a ray R whose intersections with R and R’ are infinite; or equivalently if
and only if Co_g(R) = Cg—s(R') for each finite S C V(G) (where Cq_s(R) denotes
the component of G — S containing a tail of R). We will denote by [R]g the class
of a ray R of G modulo ~¢ , by T(G) the set of all ends of G, and for 7 € T(G)
and any finite S C V(G), by Cg—s(7) the component of G — S which contains some
ray belonging to 7. Notice that if G is a tree, then two rays of G are equivalent
modulo ~¢ if and only if they have a common tail; hence two disjoint rays of a tree
correspond to different ends of this tree.

A subgraph H of G is end-respecting (or end-faithful (or coterminal in [10])) if
the map egg: T(H) — T(G) given by egc([R|n) = [R]g for every ray R of H, is
injective (bijective, respectively). We denote by Ty (G) the image of eyg, i.e. the
set of ends of G having rays of H as elements. Furthermore, for A C T(G), we set
A(H) = ANZu(G).

Throughout this paper, we will assume that the end set T(G) of a graph G is
endowed with the topology introduced by Jung [8], called the end topology, for which
the closure of a subset A of T(G) is the set

A= {1 € Z(G): for each finite S € V(G) there is 7/ € A
such that Cg_s(7) = Ca—s(7")},

i.e., is the set of all ends which cannot be separated by a finite S C V(G) from .A.

By [13, Theorem 4.8] the end space T(G) of a graph G is scattered (i.e., contains no
non-empty subset which is dense in itself) if and only if G has no subdivision of the
binary tree as an end-respecting subgraph. Furthermore, by [13, Proposition 4.7], the
end space of the binary tree is homeomorphic with the Cantor space 2¢. Therefore,
the cardinality of the end set of a countable graph G is at most g or exactly 280 if
T(@G) is scattered or not, respectively.

For A C T(G) we define

m(A) :=sup{|R|: R is a set of pairwise disjoint elements of [J.A}.

For 7 € T(G) we write m(7) for m({7}), and call it the multiplicity (or thickness)
of 7. By [11, 11.5] the supremum is attained, i.e. there is a set of pairwise disjoint
rays in | J A of cardinality m(A). This was already proved by Halin [5, Satz 1] and
[6, Satz 1] when A = T(G) and |A| = 1, respectively.

For a subgraph H of G, we set mpg(7) := m(c;6(7)). By the remark we made
about ends of trees, we can note that if H is a tree, then H is end-respecting (end-
faithful) if and only if mg(7) <1 (= 1, respectively), for every end 7 of G.

We will denote by D (or by D¢ if necessary) the relation between V(G) and T(G)
defined by « D 7 if v € V(Cg_g(7)) for every finite S C V(G — z), or equivalently
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if there exists an infinite set of paths joining x to the vertex set of some ray R € 7
and having pairwise only « in common. If 2 D 7 then we will say that the vertex x
dominates the end 7 (or is a neighbour of 7 in [10]), or that 7 is dominated by z.
For x € V(G) (or 7 € T(G)) we will denote by D(x) (or D~1(7)) the set of all ends 7
(all vertices x, respectively) such that « D 7.

An infinite subset S of V(G) is concentrated in G if there is an end 7 such that
S—V(Cq—r(7)) is finite for each finite F' C V(G) (we also say that S is “concentrated
in 77). For example, the vertex set of any ray of a graph G is concentrated in G.
Note that every infinite subset of a concentrated set is also concentrated.

A set S of vertices of G is dispersed if it has no concentrated subset. Clearly, any
finite set of vertices is dispersed, and every subset of a dispersed set is dispersed as
well.

An induced subgraph M of a graph G is called a multi-ending of G if it possesses
the following properties:

M1. M is connected.

M2. The boundary of M with every component of G — M is finite.

M3. Any infinite subset of V(M) which is concentrated in G is also concentrated
in M.

M4. Dy (1) = D5t (e (1)) for each end 7 of M.

M5. For any family (R;);er of pairwise disjoint rays of G such that {[R;]¢: i € [} C
T (G) there is a family (R});cr of pairwise disjoint rays of M such that R; N R,
is infinite for every i € I.

By M3, a multi-ending of G is an end-respecting subgraph of G. By M5, m(7) =
m(enq (7)) for every end 7 of M. A multi-ending which is rayless is called a 0-ending.
A 0-ending M is then a connected induced subgraph of G, whose vertex set is dis-
persed and whose boundary with each component of G — M is finite. A multi-ending
M is an ending if |[T(M)| = 1; it is a discrete multi-ending if Ty/(G) is a discrete
subspace of T(G).

For any subset A of T(G) we denote by M(a) the set of all multi-endings M of G
such that A = Ty (G).

Lemma 2.1 ([14, 6.5 (ii) and 7.9]). M(a) # 0 if and only if A is a closed set.

In particular, M(7) # ( for every end T, since the end topology is Hausdorff.

Lemma 2.2 ([13, 4.15] and [14, 6.11]). Let G be a graph. For any closed discrete
subspace Q of T(G) there exists a 0-ending M of G which pairwise separates the
elements of Q, i.e., Ca_s(7") # Cg—_s(7) for every pair {7,7'} of distinct elements
of Q.
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Lemma 2.3 ([14, 6.10 and 6.15]). For every induced subgraph H of G satisfying
M3 there exists a multi-ending M of G which contains H and satisfies Tp;(G) =
Tu(G).

An immediate consequence of this result and the fact that, if some cofinite subset
of a set S is concentrated, then S is concentrated as well, is the following assertion.

Corollary 2.4. For every multi-ending N of G and every finite A C V(G) there
exists a multi-ending M of G such that AUV (N) C V(M) and Ty (G) = TN (G).

Lemma 2.5 ([14, 6.17]). Let H be a connected induced subgraph of a graph G
whose boundary with each component of G — H is finite. Then any multi-ending
of H is a multi-ending of G.

Lemma 2.6 ([14, 6.19]). Let M be a multi-ending of a graph G and X a com-
ponent of G — M. Then any induced subgraph N of X satisfying Axiom M3 can be
extended to a multi-ending N’ of X with the following properties:

(i) N’ contains a neighbour of each element of B(M, X);
(ii) TN (G) =IN(G);
(iii) N’ + (M) is a multi-ending of X + (M).

Lemma 2.7 ([14, 6.18]). Let N be a multi-ending of G and, for every com-
ponent X of G — N, let Nx be a multi-ending of X + (N) containing B(N, X).
Then M := NV Uyce,_, Nx is a multi-ending of G such that Ty (G) = Ty (G) U

UXECG—N "-‘CNX (G)

3. TREE-MULTIPLICITY

Definition 3.1. Let G be a one-ended graph. The tree-multiplicity of G is the
cardinal
tm(G) := min{m(T"): T is a spanning tree of G}.

Seymour and Thomas [15, 1.5] and Thomassen [17] proved that there is a one-
ended graph G such that R; < tm(G) < 2%, The next result shows that this example
of a one-ended graph having no end-faithful spanning tree is, in a certain sense, the
simplest possible such example when assuming the Continuum Hypothesis.

Proposition 3.2. Let G be one-ended. Then tm(G) > 1 implies tm(G) > Rg.

Proof. Suppose tm(G) countable, and let T' be a spanning tree of G such that
m(T) = tm(G). Let (Ry)n<tm(c) be a family of pairwise disjoint rays of 7" which is
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maximal with respect to inclusion. For all positive integers n < p < tm(G), since
R, ~c Rp, thereis aray R, of G which meets R,, and R,, in infinitely many vertices.
Let H:=TU U0<n<p<tm(G) R,p. This graph is a one-ended spanning subgraph of
G with m(H) < N, thus, by [10, 3.4], it contains an end-faithful spanning tree Ty.
This tree Ty is then a one-ended spanning tree of G, thus end-faithful with G. O

Lemma 3.3 ([11, 10.1]). If G is one-ended, then tm(G) = 0, i.e., G has a ray-
less spanning tree if and only if it has an end-faithful spanning tree and its end is
dominated.

Definition 3.4. Let 7 be an end of a graph G. Then the tree-multiplicity of 7
is the cardinal

tme(7) := min{my(7): T is a spanning tree of G}.
We will write tm(7) for tmg(7) if no confusion is likely.

Proposition 3.5. Let T be an end of a graph G, and let M C M(7). The following
assertions hold:
(i) tmg(r) < tm(M).
(ii) There is M' € M(7) such that M C M’ and tmg(7) = tm(M’).

Proof. (i) Let T be a spanning tree of M such that m(T) = tm(M). Extend
T to a spanning tree 7' of G. Then, since no component of G — M contains a ray
belonging to the end 7, it follows that tm(7) < my/(7) = mp (1) = tm(M).

(ii) Let T be a spanning tree of G such that mp(7) = tm(7), and z a vertex of M.
Let T" be the least subtree of T' such that V(M) C V(T") and that it contains all
the rays of T belonging to 7 and originating at x. Clearly T7/(G) = {r}. Besides,
by the minimality of 7’, the graph X NT” is finite for each component X of G — M.
Thus, by Lemma 2.7, M’ := M VT’ € M(7), and T’ is a spanning tree of M’ with
tm(7) = mq (1) = tm(M’). Therefore tm(M’) = tm(7) by (i). O

Definition 3.6. A multi-ending M of G will be said to be G-perfect if there is
a spanning tree T' of M such that mr(7) = tmg(7) for every 7 € Ty (G).

Note that, if M is G-perfect, then tmps (7)) = tmg(7) for each 7 € Tpr(G).

Proposition 3.7. For any discrete multi-ending M of G there exists a G-perfect
multi-ending M’ of G such that M C M’ and ¥ /(G) = Ty (G).

Notice that, since the boundary of M’ with every component of G — M is finite,
we can always suppose that every component of G — M contains a ray.
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Proof. Thisis Proposition 3.5 (ii) if M is an ending. Assume that A := T/(G)
has more than one element. By Lemma 2.2, since A is closed and has only isolated
points, there is a 0-ending H of G which pairwise separates the elements of A.
Denote by I' the set of components of G — H which are non-disjoint from M, and
let X € T and Bx := B(H,X). Since M satisfies Axiom M3 of multi-endings and
since By is finite, the subgraph M N X also satisfies M3. Hence, by Corollary 2.4,
there is a multi-ending Nx of X which contains M N X, and with the property
that TN, (G) = Tynx(G). By Lemma 2.6 and Proposition 3.5 (ii), Nx can be
extended to a multi-ending My of X which contains a neighbour of each element
of By, with the properties that Mx + (H) is a multi-ending of X + (H), and that
tm(Mx) = tmx<7') (: tmG(T)) if ‘Ime<G) = {T}

Now let M’ := HV | xer Mx. This graph contains M by construction. Further-
more, by Lemma 2.7, M’ is a multi-ending of H\/UX’EF X, hence of G by Lemma 2.5,
such that Try (G) = Tu(G) UUxer Tux (G) = A. We claim that M’ is G-perfect.
Let Ty be a spanning tree of H. This tree T is rayless since V(H) is dispersed. For
X €T, let Tx be a spanning tree of Mx such that mp, (1) = tm(7) if X = Ca_p(7)
for some 7 € A, and which is rayless otherwise. Denote by Ex a subset of the set
of edges of Tx which are incident with both Bx and V(X) so that, for each com-
ponent C' of Tx — Bx there is exactly one edge in Ex which is incident with C.
Let Fx be the spanning forest of Mx whose edge set is E(Tx — Bx) U Ex. Then
T := Ty UUyer Fx is a spanning tree of M’ such that mr(7) = tm(r) for every
end T € A. O

4. f-FAITHFUL SPANNING TREES

4.1. Definitions and main results.

Definition.
(i) An end-function of a graph G is a function f which maps every end 7 of G to
a cardinal f(7) such that tm(7) < f(7) < m(7).
(ii) A spanning tree T of G is said to be f-faithful for an end-function f of G, if
my (1) = f(7) for every end 7 of G.

If tm(7) < 1 (or = 0) for every end 7, and if f is the constant end-function
mapping every end to 1 (or 0), then an f-faithful spanning tree is an end-faithful (or
rayless, respectively) spanning tree.

End-functions of particular interest are tm and tm*, where tm* is defined so
that tm*(7) := max{1l,tm(7)} for every end 7. Since both results of Seymour and
Thomas [15] and Thomassen [17] prove the existence of connected one-ended graphs
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containing no rayless spanning trees, thus no end-faithful ones, it would be interesting
to consider the following problem:

Problem 4.2. Does any connected infinite graph have a tm-faithful spanning
tree, and a tm*-faithful spanning tree?

This is obviously meaningful for multi-ended graphs only, since the answer is trivial
for one-ended ones. In this paper we will give a partial answer to this problem. We
begin with a simple extension of Theorem 2.4 of [12].

Lemma 4.3 ([12, 2.3]). Let T be a spanning tree of a connected infinite graph G.
Let 19 be an end of G, and k a cardinal such that mr(79) < k < m(79). Then G has
a spanning tree Ty such that mr,(19) = k and mg, (1) = mr(7) for every end 7 # 7.

We get immediately by induction:

Theorem 4.4. Let f and f’ be two end-functions of a graph G which differ only
on finitely many ends. Then G has an f-faithful spanning tree if and only if it has
an f’-faithful spanning tree.

In particular, a graph having an end-faithful spanning tree, such as any countable
connected graph, can have an f-faithful spanning tree for some given end-function f
with f(7) # 1 for finitely many ends .

Definition 4.5. We will say:
(i) A graph G is end-scattered if its end space T(G) is scattered (see 2).
(ii) A subset of T(G) is countably scattered coverable if it has a countable cover by
closed scattered sets.
(iii) A graph G is countably end-scattered if T(G) has a countably scattered coverable
subset which is dense.

We recall that the cardinality of the end set of the binary tree is 2%°: hence any
graph whose end set has a cardinality less than 2% is end-scattered. Notice that the
end space of a graph is countably scattered coverable if and only if it is scattered.
Moreover, a countable graph is a fortiori countably end-scattered, but we have more
general results:

Proposition 4.6 ([14, 8.19]). A graph G is countably end-scattered whenever it
satisfies one of the following conditions:

(i) |D(z)| < Rg for every x € V(G).
(i) {r € T(Q): |D7Y(7)| = Ro} is countable.
(iii) {7 € T(G): m(T) = No} Is countable.
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We will now state our main result.

Theorem 4.7. Let G be a countably end-scattered connected graph, f an end-
function of G, Fo := {7 € T(G): f(r) > 0} and F; := {7 € T(G): f(r) < Vg
or f(1) = Vg =m(7)}. If Fy or F1 is countably scattered coverable, then G has an
f-faithful spanning tree.

This generalizes Theorem 2.13 of [12]. We will see (Proposition 5.4) that there
may be no f-faithful spanning tree if the hypotheses of Theorem 4.7 are not satisfied.
As an obvious consequence of Theorem 4.7 we have the following result.

Corollary 4.8. Let G be an end-scattered connected graph and f an end-function
of G. Then G has an f-faithful spanning tree.

This last result gives a positive answer to Problem 4.2 for end-scattered connected
graphs.

4.2. G-perfect DM-expansions.
To prove Theorem 4.7 we need some concepts and results from [14]. We will only
give partial but sufficient statements of these.

Definition 4.9. A (partial) discrete expansion of a topological space T is a se-
quence (T},),>0 satisfying the following conditions. For every n > 0,
DE1l. T, C Tyy1,
DE2. T, is a non-empty closed sets of T,
DE3. T, — T,—1 (with T_; := () has only isolated points,
DE4. T = Un>0 T.

Lemma 4.10 ([14, 8.11]). Any scattered space T has a discrete expansion (T, )n>0
such that T = 5o Tn-

Definition 4.11. A (partial) expansion of a connected graph G by discrete multi-
endings (DM-expansion for short) is a sequence (G, )n>0 of subgraphs of G satisfying
the following conditions. For every n > 0,

DMEL. G,, C Gp+1,

DME2. G,, is a multi-ending of G,

DME3. Gy is discrete and, for each component X of G — G,,, the subgraph M :=
Gr4+1NX is a discrete multi-ending of X which contains a neighbour of each
element of B(G,,, X) and has the property that M + (G,,) is a multi-ending
of X + (Gn),

DME4. T(G) = U,.50 Ta., (G).
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Lemma 4.12 ([14, 7.8]). If (Gyn)n>0 is a DM-expansion of a connected graph G,
then (T, (G))n>o Is a discrete expansion of ¥(G). Conversely, if (Ay)n>0 is a dis-
crete expansion of (@), then there is a DM-expansion (G,)n>0 of G such that
%6, (G) = A, for every n > 0.

Lemma 4.13 ([14, 8.12]). A connected graph has a DM-expansion if and only if
it is countably end-scattered.

Lemma 4.14 ([14, 8.11]). IfG is a connected graph, then the following conditions
are equivalent:

(i) G is end-scattered;
(ii) G has a DM-expansion (Gpn)n>o such that T(G) = U, >0 %a. (G);
(iii) G has a DM-expansion (Gn)n>o such that T(G) = U,5,%c,(G) and G =

Unso Gn-

Lemma 4.15 ([14, 7.6.5]). If (Gy)n>0 is a DM-expansion of a connected graph G,
then
(i) Every component of G —J, 5o Gn contains an element of 7 UD~(r) for some
7€ ¥G) = Upz0 Ta. (G).
(ii) For every distinct 7,7 € T(G), there is a finite S C V(U,,5¢ Gn) such that
CG_S(T) 75 CG_S(T/).

Definition 4.16. A DM-expansion (G,)n>0 of G is said to be G-perfect if Gy,
is G-perfect for every n > 0.

Lemma 4.17. Let (G,)n>0 be a DM-expansion of a connected graph G and
(Ap)n>0 a discrete expansion of T(G). Then there is a G-perfect DM-expansion
(G})n=0 of G such that G,, C G7,, Tar (G) = Ta, (G) UA, for eachn > 0 and every
component of G — G, contains a ray.

Proof. By DE3 and DMES3 the set T¢,(G)U Ay is closed and has only isolated
points. By Lemma 2.1, there exists a discrete multi-ending M € M(%g, (G) U Ap).
Let X be a component of G — M. The set V(X N Gy) is dispersed since B(M, X)
is finite, and T¢,(G) C Ty (G). Hence X N Gy satisfies Axiom M3. Therefore,
by Lemma 2.3, there exists a 0-ending of X which contains X N Gy and which, by
Lemma 2.6, can be extended to a 0-ending Nx of X which contains a neighbour
of each element of B(M, X), with the property that Nx + (M) is a 0-ending of
X + (M). Hence, by Lemma 2.7, N := M V Uycc,_,, Nx € M(Tg, (G) U Ao). By
Proposition 3.7 there is a G-perfect multi-ending G € M(%¢, (G)UAp) containing N
which, by Lemma 2.7, we can choose so that every component of G — G}, contains
a ray.
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Suppose that G}, has already been constructed for some n > 0, so that no com-
ponent of G — G, is rayless. Denote by I',, the set of components of G — G/, which
are non-disjoint from G4 or equal to Cg_¢g (7) for some 7 € A,11. Let X € Ty,
Bx := B(G),,X) and £x = Tx(G) N (Tq,,..(G) U Ayy1). By DE3 and DME3 the
set Ex is closed and has only isolated points. Then, as for the case n = 0, using
Lemma 2.3 and Proposition 3.7 we can construct an X-perfect multi-ending Nx of
X containing G,11 N X, with the properties that Ty, (G) = Ex and Nx + (G),) is
a multi-ending of X + (G7,), and in addition, by Lemma 2.7, we can choose it so that
every component of G — G, contains a ray. By Lemma 2.7, G}, 1 := G}, VUxer, Nx
belongs to M(Z¢,, ., (G) U A1) and, by construction, it is such that no component
of G — G, is rayless. It remains to prove that G, is G-perfect.

Since G, is G-perfect by the induction hypothesis, it has a spanning tree T, such
that mr, (1) = tm(7) for each 7 € T (G). Let X € I'y,. Because of the finiteness
of By, the subgraph Mx := Nx + (G})) is a multi-ending of G, and moreover it
is G-perfect since Ny is X-perfect by construction. Denote by Tx a spanning tree
of Mx such that mp, (7) = tm(7) for each 7 € Ty, (G) if this set is non-empty.
Such a set exists since, in this case, Mx is G-perfect. Denote by Ex a subset of
the edge set of Tx which is incident with both Bx and V(X) so that, for each
component C of T'x — Bx , there is exactly one edge in E'x which is incident with C.
Let F'x be the spanning forest of My whose edge set is E(Tx — Bx) U Ex. Then
Toy1 = ThUUxer, Fx is aspanning tree of G, |4 such that, for every 7 € T¢r | (G),
mr, ., (1) = mr, (7) or mry (1) according to whether 7 € T (G) or X = Cq_q (7).
Thus in both cases mg, (1) = tm(7). Therefore (G},)n>0 is a G-perfect DM-
expansion of G with the required properties. O

We will also need the following two results.
Lemma 4.18 ([10, 3.1]). Let G be a connected graph, T' a spanning tree of G, Ty

any tree of G, a a vertex of Ty, and <, the partial order on V(G) such that x <, y
if and only if x is a vertex of the unique ay-path of T'. Then

Ty :=ToU(T\{{z,y} € E(T): y € V(Tp) and = <, y})
is a spanning tree of G.

Lemma 4.19. If the vertex set of a graph G has a countable cover by dispersed
sets (and if in addition every end of G is dominated), then G has an end-faithful
(a rayless, respectively) spanning tree.

Proof. If V(G) has a countable cover by dispersed sets, then, by Jung [8, The-
orem 5] G has an end-faithful spanning tree (which has particular topological prop-
erties with respect to the end-topology). Note that this property is shared by every
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induced connected subgraph H of G, since V(H) also has a countable cover by dis-
persed sets (the intersection with V' (H) of any set which is dispersed in G is clearly
dispersed in H). On the other hand, by a characterization [14, 9.4] of such graphs,
G has an end-degree less than or equal to w + 1 (see [14]). Therefore, if in addition
all ends of G are dominated, then, by [11, 10.3], the graph G has a rayless spanning
tree. O

4.3. Proof of Theorem 4.7.

Case 1. G is one-ended.

Denote by 7 the only end of G. Let T be a tm-faithful spanning tree of G and let R
be a set of pairwise disjoint rays of G such that m(TU|JR) = f(7). This is possible
since m(T) < f(r) < m(G). Now let R’ be a set of cardinality f(7) of pairwise
disjoint rays of TU|[JR. Denote by T" a tree of G containing | JR' which is minimal
with respect to inclusion. By the minimality of 77, m(T”) = f(7), and furthermore
T UJTR is finite if f(7) is finite. We claim that m(T UT”") = f(7). Indeed, this is
obvious if f(7) is infinite. If f(7) is finite, then this is a consequence of the facts that
m(TUYUR') = f(r) and that TU|J R’ is finite. Then, by Lemma 4.18, for a € V(T")
the tree Tp :=T" U (T \ {{z,y} € E(T): y € V(T") and = <, y}) is a spanning tree
of G such that m(Ty) = f(7) since f(r) = m(T’) < m(To) < m(T UT’) = f(7).
Note that Ty contains a tail of each element of R'.

Case 2. T(Q) is discrete.

By Lemma 2.2 there exists a 0-ending H of G that we can choose such that each
component of G — H contains a ray. Denote by Ty a spanning tree of H. This tree
Ty is rayless since V(H) is dispersed.

Let 7 € T(G). Since B, := B(H,Cq_pu(7)) is finite, M; := Cq_pu(r) + (H) is
clearly a G-perfect element of M(7). By Case 1, M, has a spanning tree T, such
that m(7T;) = f(7). Now denote by E, the subset of the set of edges of T’ which are
incident with both B, and V(Cg_p (7)), so that for each component C of T, — B,
there is exactly one edge in F, which is incident with C. Let F. be the spanning
forest of M, whose edge set is E(T; — B;) UE;. Then T := Ty U UTET(G) F, is
a spanning tree of G such that my(7) = mr, (1) = f(7) for every end 7.

Case 3. T(@Q) is not discrete.

(a) Let F be either Fy or F; and assume that F is countably scattered coverable,
ie., F CU,soAn where A, is scattered and closed. Besides, T(G) = U, Bn where
B,, is scattered and closed, since G is countably end-scattered. Clearly A, U B, is
scattered and closed for every n, and T(G) = U,5¢(An UBy). By Lemma 4.10,
An U By, has a discrete expansion (C}),>0 such that A, UB,, = Up>0 C;. For every
n>0let Dp =,y cn Ci. We claim that (D,)n>0 is a discrete expansion of T(G).
This sequence clearly satisfies the axioms DE1, DE2 and DE4. To prove that it also
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satisfies DE3, note that Dy41 — Dy = U;y;—,,(Cj;1 — Cj). Then, because the sets
Cit1’s are closed and the subspaces C;,; — C;’s have only isolated points by DE3,
clearly D,,+1 — D,, has only isolated points as well.

(b) Let (H,)n>o0 be a DM-expansion of G. Such a DM-expansion exists by
Lemma 4.12, and can be chosen, by this result, so that Ty, (G) = D, for each
n > 0. Moreover, if in addition G is end-scattered, then, by Lemma 4.14, such
a DM-expansion (H,),>0 of G can be chosen such that T(G) = U, %n, (G)
and G = Un>0 H,,. Therefore, by Lemma 4.17, G has a G-perfect DM-expansion
(Grn)nso such that T, (G) = ¥q, (G) U D, for each n > 0, H, C G, and no
component of G — G,, is rayless, and with the properties that G = Un>0 G, and
TG) = U,>0 %6, (G) if in addition G is end-scattered. Put H := |J,5, G, and
€ :=U,>0%c,(G). Then TG) = € by Axiom DME4 of Definition 4.11.

In the sequel we will use the notation and properties from the proof of Lemma 4.17.
In particular, for each n > 0, '), will be the set of components of G — GG,, which are
non-disjoint from G, 11, and for X € I'y,, Bx := B(Gy, X), €x := Za,,,nx(G) and
Mx := Gpy1 N (X + (Gr)). Note that Mx is a G-perfect discrete multi-ending of
G such that Mx N X is a multi-ending of X which contains a neighbour of each
element of Bx. Furthermore we will set I'_y := {Go}, Mg, := Gy, Bg, := 0 and
5@0 = ‘IGO (G)

(c) We will now define a spanning tree T of H such that myp(r) = f(r) for
every 7 belonging to £ or £ according to whether F is equal to Fy or F;. We
first construct a spanning forest F' of H. Let n > —1 and X € I',. Since Mx
is G-perfect and discrete, it follows that Mx has a spanning tree T'x such that
mry (1) = f(7) for every 7 € Ex. Then Fx := Tx — Bx is a spanning forest of
My such that, by the finiteness of Bx, mpy, (1) = f(7) for all 7 € Ex. Therefore
F:=U{Fx : X € T),andn > —1} is a spanning forest of H with the desired
properties.

(c.1) F = Fo.

For every n > —1 and X € I',;, contract each component of Fx to one of its own
vertices. Denote by ~ this contraction and let H* := v(H). It is easy to verify that,
by the definition of Fo, tmp«(7) = 0 for each 7 € T(H™*). Besides, if ho := v(V(Gy)),
then, for every n > 0, the set {h € V(H*): dpg~(ho,h) < n} is dispersed, where
dp+(ho, h) denotes the usual distance in H* between hy and h (i.e., the length of
a shortest hoh-path in H*). Hence, by Lemma 4.18, H* has a rayless spanning tree
T*. Now, for each edge e* = {h,h'} of T*, let e be an edge of G joining a vertex of
v~ 1(h) with a vertex of y~!(h’). Finally denote by 7" the graph whose vertex set is
V(H) and edge set is E(F) U {e: e* € E(T*)}. Clearly T is a spanning tree of H
such that, each ray contains a subray included in Fx for some X € I';, and n > —1.
This implies that mr (1) = f(7) for every 7 € £ = Z(G).
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(c.2) F = Fi.

For every n > 0 and X € I';,, denote by Ex the subset of the set of edges of T'x
which are incident with both Bx and V(X) so that, for each component C of F,
there is exactly one edge in E'x which is incident with C'. Then the graph 7" whose
vertex set is V/(H) and edge set is E(F)U|J{Ex: X € T, and n > 0} clearly is
a spanning tree of H such that my(7) = f(7) for every 7 € £.

(d) If &€ = T(G), then G is end-scattered by Lemma 4.14, hence H = G by the
choice of the DM-expansion (G, )n>0, and we are done.

Suppose £ # T(G). Let 7 € £ — £ and let M, be a G-perfect element of M(7).
Notice that M, N H # (), because otherwise 7 would not belong to £ since it would
be separated from £ by a finite subset of V(M) (by Axiom M2 of the definition of
a multi-ending). Denote by Z. the union of the components of G — H containing
elements of 7 U D~1(7). This graph may be empty but, by Lemma 4.15 (i), each
component of G — H contains an element of 7UD™!(7) for some 7 € £ — £. Besides,
by Lemma 4.15 (ii), (Z;),cz_
we can assume that Z, C M, for every 7 € E-E&.

If F = Fo, then Fy C &€ implies that f(7) = 0, thus M, has a rayless spanning
tree T. Suppose F = Fj. Since B(G,, X) is finite for every n > 0, any family of

¢ is a partition of G—H. Thus without loss of generality

pairwise disjoint rays in 7, each of them meeting H, is countable, thus in particular
mp (1) < No. Hence m(r) > Ny since 7 ¢ Fy. Therefore Z, # 0 and m(Z;) =
ma-pu(T) = mg(r). Therefore, by Case 1 and because M, is G-perfect, M, has
a spanning tree T, such that m(7;) = m(T, — H) = f(7). Now, denote by E. the
subset of the set of edges of T which are incident with both H and Z. so that,
for each component C' of T- — H, there is exactly one edge in E, which is incident
with C. Let F; be the spanning forest of Z, whose edge set is E(T, — H)UE,. It
is then straightforward to check that 7" := T U|J, cz_¢ F- is an f-faithful spanning
tree of G.

5. COUNTABLE GRAPHS

We recall that the cardinality of the end set of a countable connected graph G is at
most Ry or exactly 280 according to whether G is end-scattered or not, and that the
end space of the binary tree is homeomorphic with the Cantor set. Moreover, any
countable graph has an end-faithful spanning tree (Halin [4, Satz 3]). For countable
graphs Theorem [4.7] gives

Theorem 5.1. Let G be a countable connected graph and f an end-function
of G such that F := {r € T(G): f(r) > 0} is countable. Then G has an f-faithful
spanning tree.
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We will now see that f-faithful spanning trees do not exist for some end-
functions f.

Proposition 5.2. Let G be a connected countable graph having an f-faithful
spanning tree for an end-function f. Let F := {7 € T(G): f(r) > 0} and let C be
a closed set of (G). Then

(i) FNC is countable or of cardinality 2%°.
(ii) If |[FNC| = 2%, then F NC contains a non-empty perfect set.

Proof. Let T be an f-faithful spanning tree of G. Since C is closed, T' contains
a subtree T” such that T (G) = FNC.
(i) T" is countable, hence |F NC| = |T(T")| is countable or equal to 2%°.
(ii) |[FNC| = 2%, then T’ contains a subdivision of the binary tree, and this implies
that F NC = %1/ (G) contains a non-empty perfect set. O

An f-faithful spanning tree such that f(7) < 1 for every end 7 and f~1(1) =: F
was called by Siran [16] an F-faithful spanning tree. He proved [16, Corollary 15] the
existence of an F-faithful spanning tree in any countable connected graph G when
F is countable and contains all non-dominated ends of G, and he asked if this result
can be extended to uncountable F. Later Hahn and Sirasi [3] proved the following

Proposition 5.3 ([3, Theorem 2]). Let F := {7 € T(G): tm(r) # 0}. fT(G)—F
is a discrete subspace of ¥(G), then G has an f-faithful spanning tree.

Note that on the one hand Siraii’s result is generalized by Theorem 5.1, and on
the other hand, because of Proposition 5.2, it is not extendable to uncountable F.
In particular:

Proposition 5.4. There is no F-faithful spanning tree if Xo < |F| < 2%, Fur-
thermore, even if G is a connected countable graph such that |T(G)| = 2% and
tm(7) = 0 for every end 7, there exists a set F of ends of G with |F| = |T(G) — F| =
2% such that G has no F-faithful spanning tree.

Proof. The first part is an obvious consequence of Proposition 5.2 (i). As for
the second part, since |T(G)| = 2% and G is countable, it follows that G contains
a subdivision D of the binary tree as an end-respecting subgraph. The set D = Tp(G)
is then homeomorphic to the Cantor set. We know (see [1, Ch. 9, § 5, exerc. 18d)])
that there is a subset F of D such that |F| = |D — F| = 2% and neither F nor D—F
contains a non-empty perfect set of D. Therefore, by Proposition 5.2 (ii), G’ contains
no F-faithful spanning tree. O
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We do not know whether conditions (i) and (ii) of Proposition 5.2, which are

necessary for the existence of an F-faithful spanning tree, are also sufficient. Recently

Laviolette and Polat [9] have generalized Hahn and Sirai’s result (Proposition 5.3)

by giving several sufficient conditions that guarantee the existence of such trees. In

particular, they proved that the three properties of a spanning tree: to be connected,

acyclic and spanning, are irrelevant for the study of the existence of an F-faithful

spanning tree in a graph. In fact, one can dispense with trees altogether.

(1]
2]

]
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