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Abstract. A multiresolution analysis is defined in a class of locally compact abelian
groups G. It is shown that the spaces of integrable functions £P(G) and the complex
Radon measures M(G) admit a simple characterization in terms of this multiresolution
analysis.
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1. INTRODUCTION

One of the most fruitful ideas, both in theory and applications, in recent studies
on harmonic analysis is the notion of multiresolution approximation. The concept
is described by Y. Meyer [11]: “The idea of a multiresolution approximation enables
us to combine analysis in the space variable with analysis in the frequence vari-
able, while satisfying Heisenberg’s uncertainty principle. To be more precise, it is
a question of approximating a general function f by a sequence of simple functions
frn.” So far multiresolution approximations have been mostly studied in the Euclid-
ean n-dimensional space [10, 11], but the concept may be extended to other types
of locally compact abelian (LCA) groups [7, 9] and the functions defined in them,
which often describe important notions in physics and engineering; thus the poten-
tial applicability of this extension is considerable. We will show that the spaces of
integrable functions £7(G) and complex Radon measures M (G) may be constructed
in terms of a multiresolution analysis. Specifically, we will consider groups with a
special structure:
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We will assume that G is a locally compact abelian group containing a sequence

(Gn)S%_ o of subgroups with the following properties:
(i) G, is open and compact;
(ii) Gni1 C Gy

(i) UGn = G;

(iv) NGn = {0}.

As a matter of fact property iv) could be replaced by

(iv') (Gn)$e_ is a base of neighbourhoods at 0.

Since G, is an open and compact subgroup, the quotient group G,,+1/Gy, is finite
and hence G/G,, is countable. We denote by G,, ; the cosets of G,,. Let H = G be
the dual group of G and H,, = G- the annihilator of G,, in H. Since G,, is open, the
quotient group G/G,, is discrete and its dual group H,, is compact; in a similar way,
the compactness of G,, implies that G /H, is a discrete group and it follows that H,
is open. It is easy to prove that the sequence (H,)S2 _ . is increasing (H,, C H,11),
N Hy, = {0} and |J H, = H, which means that the dual group H has also a suitable
family of compact open subgroups. For further details about these groups, see [3].

Going back to the idea of multiresolution approximation, in our case the func-
tions f, approaching f will have the two features of simplicity and regularity in
the following sense: their simplicity comes from the fact that they are completely
determined when sampled on a fundamental domain of G/G,,. The regularity of the
functions f, corresponds to the fact that their Fourier transforms fn are supported
by the compacts H,,. We remark that the product of the Haar measures of GG,, and
H,, is constant, reflecting the idea of the uncertainty principle.

Two examples are specially important:
1. The group G defined by

0 00
G=1][(z/a;z)x @P(Z/a;T1)

the product of a compact product and a discrete direct sum, where (a;)$2 is a

1=—00
sequence of integers with a; > 2. The group operation is performed coordinatewise,
and the topology is the product topology.

For n € 7, let G, be the subgroup
Gn ={(z;)jez € G: z; =0 for j > n}.

The family {G,,} is an increasing sequence of open and compact subgroups covering G
that is a base of neighbourhoods at 0.
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When a; = 2 for all i, it is possible to identify G with [0,00) as a measure space
using the map | |: G — [0, 00) given by

r = (z)jez — |z = 2%2]
JET

This induces the Haar measure on G. The subgroup Gy is the Cantor dyadic group;
questions of a measure-theoretic character concerning Walsh series on [0, 1] are the
same as the corresponding questions about Fourier series on Gy.

2. The group 2, of the a-adic numbers.
Let @ = (an)nez be a sequence of positive integers, where each a,, is greater than
or equal to 2. Consider the Cartesian product [[{0,1,...,a, — 1}. Let G = Q, be

the set of all @ = (x,,) in this space such that x: is 0 for all n > ng, where ng is an
integer that depends upon x.

For ¢ = (z,), ¥y = (yn) in Qq, let z = (z,) be defined as follows. Suppose
that z,, # 0 and z,, = 0 for n > my, and y,, # 0 and y, = 0 for n > ny,.
Then let z, = 0 for n > po = min(mo,ng). Write Zp, + Yp, = tpolp, + 2py, Where

Zpe € {0,1,...,ap, — 1} and ¢,, is an integer. Suppose that zp,, 2p,—1,- - ., 2k and
tpostpo—1,- - -, tx have been defined. Then write z_1 + yr—1 +tx = ti—160k—1 + 2k—1,
where z,_1 € {0,1,...,a5-1 — 1} and t;_; is an integer. This defines by induction

a sequence z = (z,,) in Qq, and we set  + y = z. With the operation + defined in
this way, the set 0, is an Abelian group.
For n € 7, let A, be the set defined by

A, ={(zj)jez € G: ; =0 for all j >n}.
The sets {Ay} define a topology on €, which makes it an LCA group having the

desired properties. See [5] for the development of harmonic analysis on these groups.
Applications of groups of this type can be found in [4], [12].

2. A MULTIRESOLUTION ANALYSIS OF L?(G)

In the following let m be a Haar measure on G and LP(G) the spaces obtained
with this measure.

A complex function f defined on G is G, -periodic if

fla+y)=f(z) forallze G, yeqG,.
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We denote by P, the set of the G,,-periodic functions. A function f in P, is constant
on the cosets G, ;, and we can write

f= ZanGn,j,
j

where xq,, ; is the characteristic function of G, ;. It is easy to see that (P, )52 . is
an increasing sequence of linear subspaces of infinite dimension in the space C,(G)

of uniformly continuous functions on G. If P = (JP, is the set of G,-periodic
n

functions for some n, the Stone-Weierstrass theorem asserts that P N C.(G) is dense
in Co(G) with the supremum norm. Hence, the space P N LP(G) is dense in LP(G)
for 1 < p < o0.

Let us now consider the case p = 2. For n € 7, let V,, denote the linear subspace
of G,,-periodic functions in £2(G), i.e.,

Vi = Pn N L2(G).

The family {V,,}32 __ is a multiresolution analysis (MRA) of L2(G); this means
that it satisfies the following properties:
(MR1) V,, is a closed linear subspace of £2(G);
(MR2) V,, C Viy1;
(MR3) |V, is dense in £2(G);
(MR4)

MR4) (V. = {0}.

— 00

Some remarks are called for:
1. The family of functions {¢;, ;};, where

1
Pn,j = mXGW’

is an orthogonal basis of V,.
2. If we denote by ¢, the function

1
n = o~ XG>

the family {p, ;}; is the set of all functions obtained by translating ¢,,. Hence the
subspaces V,, are translation invariant.

3. For the locally compact Cantor group, the Haar wavelet is constructed from
this MRA ([7]). In general, we can expect to obtain a construction of wavelets only
on groups where a dilation operator has been defined (as, for instance, in [7] and

[9))-
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4. Non-existence of a dilation operator has another consequence: we have not a
unique scaling function, but scaling functions ¢, depending on the level. Certain
“cascade” conditions give the change of scale in our case.

5. Finally we note that V,, can also be defined in the following way:

Vo ={f e L*G): supp f C H,}.

In a certain sense, our multiresolution analysis is the only one possible: if we did not
have a countable subgroup playing the role of the integer numbers in the real line
(in the locally compact Cantor group, D = {(z;)jez € G: x; = 0 for j < 0} plays
this role), we ought to work with closed translation invariant linear subspaces V,
i.e. subspaces given by V = xpL2(H), where E is a Borel measurable subset of H [8].

If f € L£%(G) and we define

) = o1 z)dm(x
0sn.d) = {frons) = s [ S@)amio)

n,j

the function

Snf - ZOéf(TL,j)XG”J = m(Gn) Zaf(n,j)(pn,j
J j

is the orthogonal projection of f onto V,,. Note that if f is G,,-periodic, the coefficient
ayf(n,j) is the value that f takes in Gy, ;: indeed, for x € Gy, ;,

. 1 1
s i) = s [ F0)dm) = s f@m(Goy) = f(a).

n,j

The numbers af(n, j) so defined satisfy the following cascade conditions: if r > s,

then G
m\Gy .
af(s k) = Z ag(r, j).
m(GS) E GT‘jCGs,k

The properties of the functions ¢,, enable us to extend the multiresolution approx-
imation V,, of £L2(G) to other functions spaces. We note that ay(n,j) is perfectly
defined if f € LP(G), 1 < p < oo (in fact, it would be enough if f were a locally
integrable function).

Two questions arise in a natural way. First, is it possible to characterize the
spaces LP(G) by controlling the size of the coeflicients ay(n,j)? Second, does the
corresponding moment problem have a solution, i.e., if @ = {a(n,j)} is a family of
complex numbers, can we find f € LP(G) such that

<fa ‘Pn,j> = OZ(n,j)7
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3. THE SPACES LP(G)

Let f be a function of LP(G) with 1 < p < co. We define
(0.0) = {Fns) = s [ Fla)dmo)
ar\n,])=AJ,¥nj) = 7~ ~ r)am(x).
! (@) Ja,

The first point to notice is that for a G,,-periodic function f, the norm | f||, is
easy to calculate in terms of af(n, j).

Lema 3.1. Let p be a real number, 1 < p < co. If f € P, N LP(G), then

1/p
(m(Gn)Zaf(n,j)V’) , if1 < p< oo
(1) £l = i
sup [af(n, j)|, if p = co.
J

This fact will allow us to identify £7(G) with a space of families {a(n,j)} of
complex numbers. The last remark in the previous section and Lemma 3.1 take us
to the following definition:

Definition 3.2. An infinite tree is a family a = {«(n,j)} of complex numbers
satisfying the cascade conditions

(2) as, k) = :Egr; Z a(r,j) for r = s.
8 GG jCGa g

The set of infinite trees with pointwise operations is a linear space.

Lema 3.3. Let p be a real number, 1 < p < oo, and f € LP(G). Then
ay = {as(n,j)} is an infinite tree and

- 1/p
3) ||f||pi1éﬁz>(m(Gn)zj:|af(”7J) ) |

Proof. Ifr > s, the equation

XGs o = Z XGr

j: GriCGs i
gives, after some easy calculations, the cascade conditions (2).
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To show (3), we define

(4) Snf = Z af(nhj)XGn‘j'
J
We note that S, f = f * ,. Since {,}52 __ is an approximation of unity, we have
() 1SS llp < I 1lp,
(6) lim |[[S,f — fll, = 0.
n—oo
By Lemma 3.1,

1/p
111 = sup 115,71 = sup(m(G) S las (i)l

O

Surprisingly, for 1 < p < oo these conditions are also sufficient to characterize
LP(G) and we do not need any “convergence” condition that, however, is necessary
for p = 1. We state this fact as follows:

Theorem 3.4. Let p be a real number, 1 < p < oo. If f € LP(G), then the
family oy = {ay(n, j)} is an infinite tree and

1/p
g 151, = sup (m(©) Y las (i)l
" j
Conversely, if o = {a(n, j)} is an infinite tree and

®) sup (@) et <.

ne’z
there exists a unique f € LP(G) such that

9) a(n, j) = (f,¢n.;)-

Proof. We have proved the first part of the statement in Lemma 3.3. Now
we will prove the second part. Assume that @ = {«a(n,7)} is an infinite tree that
satisfies (8). We consider the sequence of functions (f,)22 defined by

n—=—oo

(10) fo=Y_an,j)xac..,-

J
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By Lemma 3.1 and (8), the sequence (fy) is bounded in £P(G). Applying the
Alaoglu theorem ([2]), there exists a subsequence (fy, )2

function f in £P(G). Then,

oo
n=—oo

_ oo Weakly convergent to a

: . m(Gy .
7(0.) = {fps) = Jm (o i) = Jim ST () = an, )
" §: Gy jCGnk

which shows (9). The uniqueness is a consequence of (7): indeed, let g be another
function of L£P(G) such that a(n,j) = (g,¢n,;). Then ay_g4(n,j) = 0 for all n,j.
Applying (7), we have | f — g/, = 0. O

The last proof does not work in £!(G), since this space is not a dual one. An
example shows that condition (8) is not sufficient for p = 1: indeed, the family

a = {a(n, j)} given by
1/m(G,) if j=0,
a(n,j) = { o
0 if j#0,

is an infinite tree that satisfies (8) for p = 1, and the sequence defined by (10) is

the sequence of the scaling functions (¢y,) that converges weakly to the Dirac

oo
n=—oo

measure dyg. We must add a convergence condition.

Theorem 3.5. If f € £'(G), then the family ay = {af(n,j)} is an infinite tree
that satisfies the following two properties:

(1) 1113 = sup (G Y las(n. ) )

J

and for every € > 0 there exists N € 7 such that

(12) (m(GT)Z > |af(r,j)af(s,k)><5, r>s>N.

k j: GT‘jCGs,k

Conversely, if o = {a(n, j)} is an infinite tree such that

ne’z

(13) sup (m(Gn) Z |a(n,j)|) < 00,
J
and for every € > 0 there exists N € 7 such that

(14) (m(Gr) Z Z la(r, j) — a(s,k)|) <e, r>s=N,

k j:Gr;CGen
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then there exists a unique f € £1(G) such that

(15) a(n, j) = (f,¢ni)-

Proof. It is enough to note that (14) is equivalent to the Cauchy condition
in £1(G) for the sequence (f,)3° defined by (10); now we repeat the proof of

n=—oo

Theorem 3.4. O

What happens in the case p = 00? The key to this question is the fact that,
in general, the sequence (S, f)22 defined by (4) need not converge in L=(G),

n=-—oo
because its limit should be a bounded uniformly continuous function on G.

Theorem 3.6. If f € £L>°(G), then the family ay = {cs(n, j)} is an infinite tree
and

(16) 1 flloc = sup(sup |ovs(n, j)])-
nez j
Conversely, if a« = {a(n, j)} is an infinite tree and

(17) sup(su_p |a(n,j)|) < 0,
nel j

then there exists a unique f € L°(G) such that
(18) a(n, j) = (f,¢n.;)-
Proof. If f € £L(G), as in the proof of Lemma 3.3, then
st;p\a(n,j)\ = [1Snflloo < I fosll-
Now, let & = {a(n, )} be an infinite tree such that

sup(sup |a(n, j)|) < oo.
neZ j

If (fn)32 _ ., is the sequence of functions in £°°(G) defined by (10) in the proof of
Theorem 3.4, we note the following: for every ¢ in £!, the sequence

(l9: 1) = (m(Go) St d)ag(n. )

j n=—oo
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is a Cauchy sequence of complex numbers. Indeed, if r,s € 7, r > s, we have

\m(GaZa(r,j)ag(r,j) (@) Y als, K)ag(s k)\

_ ’;(G»]%a(r,j)%(r,j) - S (5 G%@yka(r,j))ag(s, ol
= (G Y alrd)ay(r.d) - mi) Z( > o))l )

<m(Gr)Y D lalr i)l lag(r,j) — ag(s. k)|

k j: GT‘jCGs,k

< (m(GaZ S (s, k) ag<r,j>|) sup | ),

k j:Gr;jCGs J
and we can apply Theorem 3.5 and (17). In particular, if g is G),-periodic, the limit
is

m(Gn) > a(n, jag(n, j).

J

Hence, we can define a map ¢ from £!(G) to C by

p(g) = lim m(Gn) Y a(n, jag(n, j).

n— o0 -
J

Since ¢ is an element of the dual space of £!(G), there exists a unique function
f € L°(G) such that

s@(g)=/Ggfdm, ge LY(G).

If we consider the function g = x¢., ., then

n,j?
| fdm=slxe, ) =m(Gatn. ).
Gn,j
Moreover,
[flloe = llell < sup || fulloo = sup(sup [ (n, 5)]).
ne”z nezZ j

O

This proof could also be made by a compactness argument, but we think it worth-
while to obtain this result using only that £°°(G) is the dual space of £1(G) and
Theorem 3.5.
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Remark. If B, is the smallest o-algebra containing {G,, ;};, it is interesting to
note that the function S,, f defined by (4) is the conditional expectation of f given 5,,.

On the other hand, if « is an infinite tree, the family of functions (f*)52 defined

n=—oo

by (10) is a martingale relative to B,, (see, for instance, [1]).

4. RADON MEASURES ON (&

In the previous section, we have seen that, in general, infinite trees a with

ne’z

sup (m(G) 3 a0, )] ) < oc

do not correspond to functions of £!(G). It is natural to ask if some special space is
obtained when we consider infinite trees under this sole condition. We will see that
this is the space M (G) of the complex Radon measures defined on G.

Let 4 be an element of M(G). We define

(19) au(n,j) = (W, pn,j) = /Gson,j dp.

Lema 4.1. Let ;1 be an element of M(G). Then the family o, = {co,(n,j)} is
an infinite tree and

ne’z

(20) sup (m(G) 3 o)) < el

Proof. If p € M(G), it is straigthforward to show that o, is an infinite tree,
and, noting that

(G ) = m(Gn)a(n, j),

we have from the definition of total variation of i that

m(Gn) Y lau(m ) < |lull, nez.
j

O

Theorem 4.2. Let ;1 be an element of M(G). Then the family o, = {o,(n,j)}
is an infinite tree and

(21) Il = sup (m(Gn> ) %(n,j)).
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Conversely, if a« = {a(n, j)} is an infinite tree and

(22) sup(m(G) 3 la(n.)]) <,

ne’z
there exists a unique u € M(G) such that
(23) a(n,j) = (K, ¢n,j)-

Proof. Since M(G) is the dual of the space Cy(G) of continuous functions on
G which vanish at infinity, we can repeat the proof of Theorem 3.4. O

Finally we remark that certain properties of a measure u of M(G) are reflected
in its infinite tree o, = {au(n,j)}. For instance, Theorem 3.5 characterizes the
absolutely continuous measures with respect to the Haar measure m. We give some

others examples:
Proposition 4.3. Let p € M(G). Then the limit
h(z) = lim a,(n,j(z)),
n—oo

exists almost everywhere (where j(x) is the unique index such that v € Gy, j))-
Moreover, h is the Radon-Nikodym derivative dp/dm of p with respect to the Haar

measure m.

Proof. This is a consequence of Possel’s theorem ([13], pp. 215-216) applied
to the net H= |J H,, where H,, is the family of cosets of G,,. O

n=-—oo
Corolary 4.4. Let u € M(G). Then p is singular to m if, and only if,

lim a,(n,j(z)) =0 almost everywhere.

n—oo

Proposition 4.5. Let u € M(G). Then pu is diffuse (i.e. p({x}) = 0 for all
x € G) if and only if
lim m(Gr)au(n,j(z)) =0

n—oo

uniformly on every compact of G.

Proof. It is enough to prove the proposition for nonnegative measures, as the
Jordan components of a diffuse measure are also diffuse. Consider functions

gn(z) = m(Gr) Zau(n,j)xgw, r € G.
J
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Then (g,,)52 is a decreasing sequence of continuous functions. Since p is diffuse,

n=—oo

(gn ()22 _ . converges to zero for every x € G:

In(x) = 1(Gy @) — p({z}) =0 asn — oo.

Now, by Dini’s theorem, the convergence is uniform on every compact of G. O
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