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Abstract. In this paper we prove a theorem of Cantor-Bernstein type for orthogonally
o-complete lattice ordered groups.
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Sikorski [6] and Tarski [10] (cf. also Sikorski [7]) proved a theorem of Cantor-
Bernstein type for o-complete Boolean algebras.

In a modified (but equivalent) form this theorem can be expressed as follows.
(A) Let By and By be o-complete Boolean algebras. Suppose that

(i) there exists an element b; € By such that Bs is isomorphic to the interval
[0,b1] of By;
(ii) there exists an element by € Bs such that By is isomorphic to the interval
[0, ba] of Bs.
Then B; is isomorphic to Bs.

Let us remark that each interval [0,b1] in B; is isomorphic to a direct factor of
the lattice By (since Bj is a bounded distributive lattice and b, has a complement
in Bj); conversely, for each direct factor X of the lattice By there exists by € By
such that X is isomorphic to [0, b1].

Hence (i) is equivalent with the condition

(i1) there exists a direct factor of By which is isomorphic to Bs.

Let G be a lattice ordered group. A nonempty subset A C G is said to be
orthogonal (or disjoint) if a; Aaz = 0 whenever a; and as are distinct elements of A.
If each denumerable orthogonal subset of G has a supremum in G, then G will be
called orthogonally o-complete.
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In the present paper we prove the following result:
(B) Let G; and G be orthogonally o-complete lattice ordered groups. Suppose that
(iz) there exists a direct factor of G; which is isomorph to Gba;
(iiz) there exists a direct factor of G2 which is isomorphic to G;.
Then G is isomorphic to Gs.
By an example we show that the condition of orthogonal o-completeness cannot
be omitted in (B).
Other results of Cantor-Bernstein type for lattice ordered groups and for MV-
algebras were obtained in [2]-[5] and [9].

1. DIRECT FACTORS OF A LATTICE ORDERED GROUP

Let I be a nonempty set and for each i € I let H; be a lattice ordered group. The
direct product of the indexed system (H;);c; has the usual meaning; we denote it by

H:HH

icl

If I ={1,2,...,n}, then we write also H = Hy X Hy X ... x H,. For h € H and
i € I, let h; be the component of H in H;.
Suppose that v is an isomorphism of a lattice ordered group G onto H. For each
1 € I we put
H)={ge€G: ¥(g); =0 foreach jeI\{i}}.

Further, for each z € G and each i € I we denote by ¢;(z) the element of HY such
that

Y(pi(x))i = P(@)i-

Then HY is a convex {-subgroup of G and the mapping

p: G— H HiO
i€l
defined by
p(x) = (i(z))icr
is an isomorphism of G onto [] HY; it is called an internal direct product decompo-
il

sition of G. All f-subgroups HY of G that can be constructed in this way are called
internal direct factors of G.

Let Z(G) be the system of all internal direct factors of Gj this system is partially
ordered by the set-theoretical inclusion. The following facts are well-known:
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1.1. Z(G) is a Boolean algebra with the greatest element G and the least ele-
ment {0}.

1.2. If G1 € Z(G), then Z(G1) C Z(G).

For X C G we denote

X°={geG: |g|A|z|=0 foreach z € X}.

Then we have
1.3. If G; € Z(G), then GY is the complement of G} in Z(G).
The set X° is said to be a polar in G. For the basic properties of polars cf. Sik [8].
1.4. Let X be a convex ¢-subgroup of G. Then the following conditions are
equivalent:
(i) If 0 < g € G, then the set

Xy={zeX: 0<z<g}

has a greatest element.
(ii) X is an internal direct factor of G.
Moreover, if (i) is valid, then the greatest element of the set X is the component
of g in the internal direct factor X; this component will be denoted by g(X). For
x € X we have z(X) = .

1.5. Lemma. Let G be a lattice ordered group which is orthogonally o-complete.
Suppose that G, (n = 1,2,3,...) are internal direct factors of G' such that G(1) N
Gh(2) = {0} whenever n(1) and n(2) are distinct positive integers. Denote

~(Ue.).

Then D is an internal direct factor of G.

Proof. In view of the definition, D is a convex ¢-subgroup of G. Let 0 < g € G.
Put g, = ¢g(G,) for each n € N. Then 0 < g, < g and the system (g, )nen is
orthogonal. Hence there exists x € G such that

oo
T = \/ gn-
n=1

Let x, = 2(G,). Since x > g,, we have x,, > g,(Gy) = gn. Further,

oo o0
xn:xn/\x:xn/\(\/ ) \/:En/\gm = Zn N\ Gn,
m=1 m=1

whence z, < g,. Summarizing, T, = g,.
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We denote y = g — . Hence 0 < y < g. Let n € N and y,, = y(G,). Thus
0 < yn < y. Since g = y+ x, we obtain g, = ¥, + T, = yn + g» and therefore y,, = 0.
In view of 1.4, this yields that y belongs to D. Also, y A x = 0, whence g =y V x.
Let z€ D,0< 2<g. Then 2z Az =0, thus

z=zANg=zA{yVa)=zAy.
Then z < y. By applying 1.4 we infer that D € Z(QG). O

1.6. Lemma. Let G, G, (n € N) and D be as in 1.5. Then G is an internal
direct product of its convex {-subgroups D and G,, (n € N).

Proof. In view of 1.5, the symbol g(D) is defined for each g € G. Consider the
mapping ¢ of G into
A=D x H G
iel

such that, for each g € G,

Then v is a homomorphism of G into A. Let 0 # g € G. Hence |g| # 0. Thus
either |g|l, = |g|(Gr) > 0 for some n € N, or |g| € D; in the latter case we have
lgl(D) = |g| > 0. Therefore v (]g|) > 0. This yields that 1)(g) # 0 and hence ¢ is an
isomorphism of G into A.

Let a € A. Consider the system (y°, 4!, 9%, ...) where y° = a™(D), y" = a*(G,)
for each n € N. Since G is orthogonally o-complete, there exists y € GT such that

o0
Y= \/ Yn-
n=0
It is easy to verify (by an analogous argument as in the proof of 1.5) that

yD)=1", y(Gp)=y" (n=1,2,...).

Hence 9 (y) = a™. Similarly we can verify that there exists z € G with ¢(2) = a™.
Then ¢ (y — z) = a. Thus ¢ is an epimorphism.

If d € D, then ¢(g)(D) = 0; similarly, if g € G,,, then ¥(g)(Gr) = gn. This yields
that v is an internal direct product decomposition of G. g
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2. ProoF oF (B)

If G is a lattice ordered group, A, B € Z(G) and A C B, then we denote by B© A
the relative complement of A in the interval [{0}, B] of the Boolean algebra Z(G).
Hence we have

B=Ax (B8 A)

(meaning that B is an internal direct product of A and B & A).
For proving (B) we apply Lemma 1.6 and use similar steps as in the well-known
proof of the classical Cantor-Bernstein Theorem of the set theory.

2.1. Lemma. Let G be a lattice ordered group which is orthogonally o-complete.
Assume that Ay, As € I(G), A1 2 Az and that A, is isomorphic to G. Then A; is
isomorphic to G as well.

Proof. Let ¢ be an isomorphism of G onto As. Put A3 = p(A4;). Hence Aj
is an internal direct factor of As. Further, we denote Ay = p(A4z). Thus A4 is an
internal direct factor of As. By further analogous steps we construct a sequence

GO A DAy D A3 2D Ay 2D As

1©]

of internal direct factors of G (cf. 1.2).

Let the symbol ~ denote the relation of isomorphism between lattice ordered
groups. From the construction of the elements of the sequence under consideration
we get

G~ AQ, Al jad Ag, A2 jad A4, Ag ~ A5,
and, moreover,

GoAl ~Ary0A;, A1 Ay 2 A30 Ay, A0 Az~ Ay O As,

Denote

GoA =G, A1 Ay =G, A28 A3=Gs, A3 Ay =Gy, ...
We obtain
(1) Gp ~ Gpig for each n €N.

Further, we have
Gn1) N Gr2) = {0}
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whenever n(1) and n(2) are distinct positive integers. Let D be as in 1.5. According
to 1.6 we obtain

«) G is an internal direct product of its ¢-subgroups D and G,, (n € N).

For X C A; we put

X% ={g€Ay: |g|A|z| =0 for each x € X}.

It is easy to verify that

%) 51
(Gef -»
n=2

G, CA forn=23,...

Thus by applying 1.6 again we infer
B) Aj is an internal direct product of its convex ¢-subgroups D and G, G3, Gy, . . ..
Now, from «), ) and (1) we get the relation G ~ A;. O

Proof of (B). Let Gy and G5 be orthogonally o-complete lattice ordered groups.
Suppose that the conditions (iz) and (iiz) are satisfied. Hence there exists B® € Z(G2)
such that G; ~ BY. Further, there exists A € Z(G;) such that A° ~ G5. Hence
there is an isomorphism ¢ of B onto A°. Put ¢(B°) = A!. Then B° ~ A! and
thus G; ~ Al. Clearly A' € Z(G;) and A! C A°. Hence in view of 2.1, G; ~ A°.
Therefore G ~ Gs. O

By means of simple examples we can show that if G is a lattice ordered group

which is orthogonally o-complete, then
(i) G need not be o-complete,
(ii) G need not be orthogonally complete.

We conclude this section by remarking that the notion of orthogonal o-complete-
ness can be applied also for MV -algebras. By using the same steps as above we
can verify that (B) remains valid if instead of lattice ordered groups G and G2 we
consider MV -algebras M; and M,.

3. AN EXAMPLE

In this section we show that the assumption of orthogonal o-completeness cannot
be omitted in (B).

Let G be a lattice ordered group. An element u of G is called a strong unit if for
each g € G there exists a positive integer n such that g < nu. An element s of G is
said to be singular if 0 < s and the interval [0, s] of G is a Boolean algebra.
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The direct product decomposition of a lattice L is defined in the usual way. Sup-
pose that L has a least element 0. Then we can define internal direct factors and
internal direct product decompositions of L analogously as we did for the case of
lattice ordered groups in Section 1 above; we omit the obvious details.

In what follows all direct product decompositions of G and of L are supposed to
be internal. The set of all internal direct factors of L will be denoted by Z(L).

3.1. Let G be a lattice ordered group with a strong unit u. Let L be the interval
[0,u] of G. Assume that X belongs to Z(L) and that A° is the convex (-subgroup
of G which is generated by the set X. Then A° € I(G).

Proof. Supposethat L = X x Y. Then there exists a greatest element 2% in X
and a greatest element 3° in Y; moreover, u = 2° V 1° and 2° A y° = 0. From the
last relation we obtain u = 2% + 3°. Then A is the convex /-subgroup of G which
is generated by 2°. Let B be the convex f-subgroup of G which is generated by y°.
Then A° N BY = {0}, whence A° + B® = B? + A°.

Let g € G. There exists a positive integer n such that

g+ < nu=na’ + nyo =na’ A nyo.
Hence
() gt =g" A (na® vy®) = (g7 Ana®) Vv (g7 Any®) = (gF Ana®) + (gF Any®).

For the element g~ we obtain an analogous relation. Therefore G = A° + B°. Thus
the group G is a direct product of its subgroups A° and BY.

Let g,¢' € G. There are uniquely determined elements g1, g} € A° and go, g5 € B°
such that g = g1 + g2, ¢’ = g1 + ¢4 If g1 < g} and g2 < g5, then g < ¢’. Conversely,
suppose that g < ¢’. Denote ¢’ = ¢’ — g. In view of (x) there is a positive integer n
such that

9" = (9" Ana®) + (g" AnyP).

Then clearly g” Anzg € (A°)* and (¢” Any®) € (B°)*. Thus g} —g1 = g" Ana® >0,
yielding that ¢} > g1. Analogously, g5 > g2. Summarizing, we obtain for the lattice
ordered group G the relation G = A% x B°. O

Let B be a Boolean algebra. We denote by C(B) the system of all elementary
Carathéodory functions on B (cf. [1]). Further, let Cy(B) be the convex ¢-subgroup
of C(B) which is generated by the greatest element of B. From the construction of
Co(B) we conclude:

3.2. Lemma. Let B; and By be Boolean algebras. Then

887



(i) the lattice ordered groups Cy(By) and Cy(Bs) are isomorphic if and only if By
and By are isomorphic;
(i1) fori € {1,2}, B; is the set of all singular elements of Cy(B;).

According to [7] (pp. 90 and 193) the hypothesis of o-completeness is essential
in (A).

This yields that there exist non-isomorphic Boolean algebras B; and By which
satisfy the conditions (i) and (ii) from (A).

Let us construct lattice ordered groups G; = Cy(B1) and Gz = Cy(Bz). Then in
view of 3.2, (G is not isomorphic to Gs.

Let b; and by be as in (A). Thus the interval [0,b1] of B; is isomorphic to Bs.
Hence according to 3.2, Cy([0, b1]) is isomorphic to Cy(Bz). Further, [0, bo] is a direct
factor of By, thus in view of 3.1, Cy([0,b;]) is a direct factor of G;. Therefore the
condition (iz) is valid for the lattice ordered groups By and Bs. Similarly, by using
the element b we obtain that the condition (iiz) is valid for By and Bs.

Consequently, without the assumption of orthogonal o-completeness the assertion
of (B) need not hold.
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