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Abstract. Some strong convergence theorems of common fixed points of asymptotically
nonexpansive mappings in the intermediate sense are obtained. The results presented in
this paper improve and extend the corresponding results in Huang, Khan and Takahashi,
Chang, Schu, and Rhoades.
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1. Introduction

Let C be a nonempty closed convex subset of a Banach space E. Let T be a

mapping of C into itself and let F (T ) denote the set of fixed points of T . Then T is
said to be asymptotically nonexpansive with a sequence {kn}∞n=1 [3] if kn ∈ [1,∞)
with lim

n→∞
kn = 1 are such that

(1.1) ‖T nx− T ny‖ 6 kn‖x− y‖

for all x, y ∈ C and n ∈ � . The weaker definition (cf. [5]) requires that

(1.2) lim sup
n→∞

sup
y∈C

(‖T nx− T ny‖ − ‖x− y‖) 6 0

for every x ∈ C, and that T N be continuous for some N > 1. Consider a defini-
tion somewhere between these two: T is called asymptotically nonexpansive in the

This research was supported by the National Science Council of the Republic of China,
Project No. 91-2115-M-149-001.

1055



intermediate sense [1] if T is uniformly continuous and

(1.3) lim sup
n→∞

sup
x,y∈C

(‖T nx− T ny‖ − ‖x− y‖) 6 0.

It is known [5] that if E is a uniformly convex Banach space and T is a selfmapping
of a bounded closed convex subset C of E which is asymptotically nonexpansive in

the intermeditae sense, then F (T ) 6= ∅.
Recently, for each given mapping Tj : C → C, j = 1, 2, . . . , r, Huang [4] con-

sidered the following iteration scheme with errors in the sense of [12] generated by
T1, T2, . . . , Tr as follows: let Un(0) = I , where I is the identity mapping,

(1.4)

Un(1) = an(1)I + bn(1)T
n
1 Un(0) + cn(1)un(1),

Un(2) = an(2)I + bn(2)T
n
2 Un(1) + cn(2)un(2),

...

Un(r) = an(r)I + bn(r)T
n
r Un(r−1) + cn(r)un(r),

x1 ∈ C, xn+1 = an(r)xn + bn(r)T
n
r Un(r−1)xn + cn(r)un(r), n > 1.

Here, {un(j)}∞n=1 is a bounded sequence in C for each j = 1, 2, . . . , r, and {an(j)}∞n=1,
{bn(j)}∞n=1 and {cn(j)}∞n=1 are three sequences in [0, 1] satisfying the condition

(1.5) an(j) + bn(j) + cn(j) = 1

for all n ∈ � and each j = 1, 2, . . . , r. This scheme contains the modified Mann
and Ishikawa iteration methods with errors in the sense of [12] (cf. [7]): for r = 1,
our scheme reduces to a Mann-Xu type iteration and for r = 2, T1 = T2 to an
Ishikawa-Xu type iteration.

Using the iteration scheme (1.4), Huang [4, Theorem 2.1] obtained the follow-
ing result. Let C be a nonempty closed convex subset of a uniformly convex Ba-

nach space E and Tj : C → C an asymptotically nonexpansive mapping with a

sequence {kn(j)}∞n=1 for each j = 1, 2, . . . , r such that
∞∑

n=1
(kn − 1) < ∞, where

kn := max
16j6r

{kn(j)} > 1 and
r⋂

j=1

F (Tj) 6= ∅. Let {un(j)}∞n=1 be a bounded sequence

in C for each j = 1, 2, . . . , r and let {an(j)}∞n=1, {bn(j)}∞n=1 and {cn(j)}∞n=1 be three
sequences in [0, 1] satisfying the following conditions:
(i) an(j) + bn(j) + cn(j) = 1 for all n ∈ � and each j = 1, 2, . . . , r;

(ii)
∞∑

n=1
cn(j) < ∞ for each j = 1, 2, . . . , r;

(iii) 0 < a 6 αn(j) 6 b < 1 for all n ∈ � , each j = 1, 2, . . . , r, and some constants a,
b, where αn(j) := bn(j) + cn(j).
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Suppose that {xn} is given by (1.4). Then lim
n→∞

‖Tjxn − xn‖ = 0 for each j =

1, 2, . . . , r. So Huang extended [10, Lemma 1.5] and [9, Theorem 1].
In this paper, we first consider the behaviour of an iteration scheme (see Theo-

rem 2.1 below) which improves [4, Theorem 2.1]. Then we generalize [6, Theorem 2],
[2, Theorem 1.2], [10, Theorem 2.2 and 2.4], and [9, Theorem 2 and 3].

In the sequel, we shall need the following results.

Lemma 1.1 (see [11, Lemma 1] and [8, Lemma 1]). Let {%n}∞n=1 and {σn}∞n=1

be sequences of nonnegative real numbers satisfying the inequality

(1.6) %n+1 6 %n + σn, n > 1.

If
∞∑

n=1
σn < ∞, then lim

n→∞
%n exists. In particular, if {%n}∞n=1 has a subsequence

which converges strongly to zero, then lim
n→∞

%n = 0.

Lemma 1.2 (see [10, Lemma 1.3]). Let {xn}∞n=1 and {yn}∞n=1 be sequences in a

uniformly convex Banach space E and let {tn}∞n=1 be a sequence of real numbers such

that 0 < a 6 tn 6 b < 1 for all n ∈ � . Suppose that lim
n→∞

‖tnxn + (1 − tn)yn‖ = ε

exists. If lim sup
n→∞

‖xn‖ 6 ε and lim sup
n→∞

‖yn‖ 6 ε, then lim
n→∞

‖xn − yn‖ = 0.

2. Main results

We now prove the following results.

Theorem 2.1. Let C be a nonempty closed convex subset of a uniformly convex

Banach space E. Let T1, T2, . . . , Tr be asymptotically nonexpansive mappings in the

intermediate sense of C into itself such that
r⋂

j=1

F (Tj) 6= ∅. Put

(2.1) dn = max
{

max
16j6r

sup
x,y∈C

(‖T n
j x− T n

j y‖ − ‖x− y‖), 0
}

so that
∞∑

n=1
dn < ∞. Let {un(j)}∞n=1 be a bounded sequence in C for each j =

1, 2, . . . , r and let {an(j)}∞n=1, {bn(j)}∞n=1 and {cn(j)}∞n=1 be three sequences in [0, 1]
satisfying the following conditions:

(i) an(j) + bn(j) + cn(j) = 1 for all n ∈ � and each j = 1, 2, . . . , r;

(ii)
∞∑

n=1
cn(j) < ∞ for each j = 1, 2, . . . , r;
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(iii) 0 < a 6 bn(j) 6 b < 1 for all n ∈ � , each j = 1, 2, . . . , r and some constants

a, b ∈ (0, 1).
Suppose that {xn}∞n=1 is given by (1.4). Then lim

n→∞
‖Tjxn − xn‖ = 0 for each

j = 1, 2, . . . , r. Moreover, if {xn} has a subsequence which converges strongly to a
point z, then {xn} converges strongly to z ∈

r⋂
j=1

F (Tj).

��������
. Let p ∈

r⋂
j=1

F (Tj). Since {un(j)}∞n=1 is bounded for each j = 1, 2, . . . , r,

there exists a constant M > 0 such that

sup
n∈ � {‖un(j) − p‖ : j = 1, 2, . . . , r} 6 M.

Then we have

‖xn+1 − p‖ = ‖Un(r)xn − p‖(2.2)

= ‖an(r)xn + bn(r)T
n
r Un(r−1)xn + cn(r)un(r) − p‖

6 an(r)‖xn − p‖+ bn(r)‖T n
r Un(r−1)xn − p‖+ cn(r)‖un(r) − p‖

6 (1− bn(r))‖xn − p‖+ bn(r)‖Un(r−1)xn − p‖
+ bn(r)dn + cn(r)M

...

6 (1− bn(r)bn(r−1) . . . bn(1))‖xn − p‖
+ bn(r)bn(r−1) . . . bn(1)‖Un(0)xn − p‖
+ (bn(r) + bn(r)bn(r−1) + . . . + bn(r)bn(r−1) . . . bn(1))dn

+ (cn(r) + bn(r)cn(r−1) + . . . + bn(r)bn(r−1) . . . bn(2)cn(1))M

6 ‖xn − p‖+ rdn + M

r∑

j=1

cn(j).

Since
∞∑

n=1
dn < ∞ and

∞∑
n=1

r∑
j=1

cn(j) < ∞, thus, by Lemma 1.1, we conclude that

lim
n→∞

‖xn−p‖ exists. Put ε = lim
n→∞

‖xn−p‖ and consider a fixed j with 1 6 j 6 r−1.
Then we obtain

‖Un(j)xn − p‖ 6 ‖xn − p‖+ jdn + M

j∑

i=1

cn(i),

and hence

(2.3) lim sup
n→∞

‖Un(j)xn − p‖ 6 ε.
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Further, since

‖xn+1 − p‖ 6 (1− bn(r)bn(r−1) . . . bn(j+1))‖xn − p‖
+ bn(r)bn(r−1) . . . bn(j+1)‖Un(j)xn − p‖

+ (r − j)dn + M

r−j∑

i=1

cn(i),

we have

‖xn − p‖ 6 ‖Un(j)xn − p‖+
‖xn − p‖ − ‖xn+1 − p‖+ (r − j)dn + M

∑r−j
i=1 cn(i)

bn(r)bn(r−1) . . . bn(j+1)

6 ‖Un(j)xn − p‖+
‖xn − p‖ − ‖xn+1 − p‖+ (r − j)dn + M

∑r−j
i=1 cn(i)

ar−j
,

and hence

(2.4) ε 6 lim inf
n→∞

‖Un(j)xn − p‖.

From (2.3) and (2.4) we obtain ε = lim
n→∞

‖Un(j)xn − p‖ for each j = 1, 2, . . . , r. So,

we have

ε = lim
n→∞

‖an(j)xn + bn(j)T
n
j Un(j−1)xn + cn(j)un(j) − p‖

= lim
n→∞

∥∥∥bn(j)(T n
j Un(j−1)xn − p) + (1− bn(j))

(an(j)xn + cn(j)un(j)

1− bn(j)
− p

)∥∥∥.

Since

lim sup
n→∞

‖T n
j Un(j−1) − p‖ 6 lim sup

n→∞
(‖Un(j−1)xn − p‖+ dn) = ε

and

lim sup
n→∞

∥∥∥
an(j)xn + cn(j)un(j)

1− bn(j)
− p

∥∥∥

6 lim sup
n→∞

( an(j)

1− bn(j)
‖xn − p‖+

cn(j)

1− bn(j)
‖un(j) − p‖

)

6 lim sup
n→∞

(
‖xn − p‖+

M

1− b
cn(j)

)
= ε,

thus, by Lemma 1.2, we get

(2.5) lim
n→∞

∥∥∥T n
j Un(j−1)xn −

an(j)xn + cn(j)un(j)

1− bn(j)

∥∥∥ = 0.
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Let N = sup
n∈ � {‖un(j) − xn‖ : j = 1, 2, . . . , r} < ∞. Since

∥∥∥
an(j) + cn(j)un(j)

1− bn(j)
− xn

∥∥∥ 6
cn(j)

1− bn(j)
‖un(j) − xn‖ 6 N

1− b
cn(j),

and hence

(2.6) lim
n→∞

∥∥∥
an(j)xn + cn(j)un(j)

1− bn(j)
− xn

∥∥∥ = 0,

thus, from (2.5), (2.6) and the triangle inequality we obtain

(2.7) lim
n→∞

‖T n
j Un(j−1)xn − xn‖ = 0.

If j = 1, we have lim
n→∞

‖T n
1 xn − xn‖ = 0. For any j with 2 6 j 6 r, from

‖T n
j xn − xn‖ 6 ‖T n

j xn − T n
j Un(j−1)xn‖+ ‖T n

j Un(j−1)xn − xn‖
6 ‖xn − Un(j−1)xn‖+ dn + ‖T n

j Un(j−1)xn − xn‖
6 bn(j−1)‖T n

j−1Un(j−2)xn − xn‖+ cn(j−1)‖un(j−1) − xn‖
+ dn + ‖T n

j Un(j−1)xn − xn‖
6 b‖T n

j−1Un(j−2)xn − xn‖+ Ncn(j−1) + dn + ‖T n
j Un(j−1)xn − xn‖

we obtain

(2.8) lim
n→∞

‖T n
j xn − xn‖ = 0.

Since

‖xn − T n
j xn‖ 6 ‖xn − xn+1‖+ ‖xn+1 − T n+1

j xn+1‖
+ ‖T n+1

j xn+1 − T n+1
j xn‖+ ‖T n+1

j xn − Tjxn‖
6 2‖xn − xn+1‖+ dn+1 + ‖xn+1 − T n+1

j xn+1‖+ ‖T n+1
j xn − Tjxn‖

6 2(b‖T n
r Un(r−1)xn − xn‖+ Ncn(r)) + dn+1 + ‖xn+1 − T n+1

j xn+1‖
+ ‖T n+1

j xn − Tjxn‖,

the uniform continuity of Tj together with (2.7), (2.8) and the relations cn(r) → 0 as
n →∞ and dn+1 → 0 as n →∞ yields

(2.9) lim
n→∞

‖xn − Tjxn‖ = 0

for each j = 1, 2, . . . , r.
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Suppose {xn} has a subsequence {xni} such that lim
i→∞

‖xni − z‖ = 0. Then z ∈ C

and by the continuity of Tj , lim
i→∞

‖Tjxni − Tjz‖ = 0 for each j = 1, 2, . . . , r. Hence,

lim
i→∞

‖xni − Tjxni‖ = ‖z − Tjz‖ = 0 for each j = 1, 2, . . . , r, so that z ∈
r⋂

j=1

F (Tj).

Thus, by (2.2), we have ‖xn+1 − z‖ 6 ‖xn − z‖ + rdn + M
r∑

j=1

cn(j), so that it

follows from Lemma 1.1 that lim
n→∞

‖xn − z‖ = 0, i.e., {xn} converges strongly to

z ∈
r⋂

j=1

F (Tj). The proof is complete. �

For our next results, we shall need the following definition.

Definition. Let C be a nonempty closed subset of a Banach space E. A mapping
T : C → C is said to be semi-compact, if for any bounded sequence {xn} in C

such that lim
n→∞

‖xn − Txn‖ = 0 there exists a subsequence {xni} ⊂ {xn} such that
lim

i→∞
xni = x ∈ C.

Theorem 2.2. Under the hypotheses of Theorem 2.1, assume that one of the
following conditions is satisfied:

(1) C is compact;

(2) T1 is semi-compact;

(3) T m
1 is compact for some m ∈ � ;

(4) there exists a nonempty compact convex subset K of E and some α ∈ (0, 1)
such that

d(Tjx, K) 6 αd(x, K)

for all x ∈ C and each j = 1, 2, . . . , r.

Then {xn} converges strongly to a common fixed point of {Tj}r
j=1.

��������
of Theorem 2.2. Proof of (1) and (2): They follows immediately from

Theorem 2.1.

Proof of (3): Using the uniform continuity of T1 and lim
n→∞

‖T1xn − xn‖ = 0, we
can show that for each l > 1

(2.10) lim
n→∞

‖T l
1xn − xn‖ = 0.

Since {xn} is bounded and T m
1 is compact, {T m

1 xn}∞n=1 has a convergent subsequence
{T m

1 xni}∞i=1. Suppose lim
i→∞

T m
1 xni = z. Then the inequality

(2.11) ‖xni − z‖ 6 ‖xni − T m
1 xni‖+ ‖T m

1 xni − z‖
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yields lim
i→∞

‖xni−z‖ = 0, which implies by Theorem 2.1 that {xn} converges strongly

to z ∈
r⋂

j=1

F (Tj).

Proof of (4): As in the proof of [4, Theorem 2.10] by using Theorem 2.1, {xn}
converges strongly to a common fixed point of {Tj}r

j=1. �

Since every asymptotically nonexpansive mapping is uniformly continuous, we
have the following result:

Corollary 2.3. Let C be a nonempty bounded closed convex subset of a uniformly
convex Banach space E and Tj : C → C an asymptotically nonexpansive mapping

with a sequence {kn(j)}∞n=1 for each j = 1, 2, . . . , r such that
∞∑

n=1
(kn−1) < ∞, where

kn := max
16j6r

{kn(j)} > 1 and
r⋂

j=1

F (Tj) 6= ∅. Let {un(j)}, {an(j)}, {bn(j)}, {cn(j)} and

{xn} be as in Theorem 2.1. Assume that one of the following conditions is satisfied:
(1) C is compact;

(2) T1 is semi-compact;

(3) T m
1 is compact for some m ∈ � ;

(4) there exists a nonempty compact convex subset K of E and some α ∈ (0, 1)
such that

d(Tjx, K) 6 αd(x, K)

for all x ∈ C and each j = 1, 2, . . . , r.

Then {xn} converges strongly to a common fixed point of {Tj}r
j=1.

��������
. Observe that

∞∑

n=1

dn 6
∞∑

n=1

(kn − 1) diam(C) < ∞,

where diam(C) = sup
x,y∈C

‖x − y‖ < ∞. The conclusion now follows easily from
Theorem 2.2. �

Remark 2.4. Corollary 2.3 extends the corresponding results of [6, Theorem 2],
[2, Theorem 1.2], [10, Theorems 2.2 and 2.4], and [9, Theorems 2 and 3].
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