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Abstract. Are there any kinds of self maps on the loop structure whose induced homo-
morphic images are the Lie brackets in tensor algebra? We will give an answer to this
question by defining a self map of QXK (Z,2d), and then by computing efficiently some
self maps. We also study the topological rationalization properties of the suspension of the
Eilenberg-MacLane spaces. These results will be playing a powerful role in the computation
of the same n-type problems and giving us an information about the rational homotopy
equivalence.
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1. INTRODUCTION AND RESULTS

In this paper, let K denote the Eilenberg-MacLane space K(Z,2d) for a fixed
integer d > 1. We will use the usual notations ¥X (or QX) for the suspension
(or loop space) of X. We know that H,(K;Z) = 7B, 51,532, Pn,...], where
Brn € Hagn(K;7Z) is the standard generator [5]. The rational homology of QXK is
a tensor algebra T (bg, b1, ba,...,by,...), where b, has dimension 2dn with diagonal
A(by) = > b;®b; and b, = E.(By). Here E is the inclusion E: K — QXK.

How c;l] v:e construct a self map of XK? Even though there are so many self
maps of YK, we need to produce a useful self map to achieve one of the goals of
this paper and to solve the problems of the same n-type problems. First of all,
let x: QXK — QXK be the map of loop inverse and I the identity map on QXK

sending b, to b, for each n in an integral homology. Secondly, we can consider
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amap [(—1)"]: QXK — QXK inducing a homomorphism [(—1)"].: H.(QXK) —
H.(QXK) which sends b, to (—1)"b,, for each n on the integral homology groups.
Indeed, we can construct those kinds of maps by using C. A. McGibbon’s result [3].

It is well known that the Hurewicz homomorphism carries the Samelson product
(dual of the Whitehead product) into the Lie bracket. Here, however, is an interesting
question: Are there any kinds of self maps on the loop structure whose induced
homomorphic images can be expressed as the Lie bracket in Lie algebra? We will
find one commutator map on the loop structure which gives us an answer to this
query right after we define a self map as follows.

Definition 1. Define a self map ¢ on QXK as ¢ = Ix[(—1)"], where % is the
loop multiplication.

Note that the homomorphism ¢.: H.(QXK) — H,(QXK) induced by ¢ is equal
to the composition p, o (I, x [(—1)"]«) o A, of homomorphisms, where A and p are
the diagonal map and the loop multiplication respectively. We, then, define a kind
of commutator map on the loop structure to find a map which will give an answer
to the question above.

Definition 2. Define amap [I, ¢]: QXK — QXK as the commutator of I and ¢,

e, [[,p] =Txpxxxp L.

Conveniently, we will just use the notations ‘g’ for the induced homomorphisms
g« = H(g;Z): H.(QXK) — H.(QXK) on the integral homology groups to avoid
abundant notations in Theorem 3 and its proof.

Theorem 3. Let (—,—) be the Lie bracket. Then
(1) [L,¢l(b1) =0,
(2) [L;¢l(b2) =0, and
(3) [L,¢l(b3) =2 (b1, b2).

As usual, let X* K, k > 1, denote the k-fold suspensions of the Eilenberg-MacLane
space. We shall, once again, use the common notation Xy as the rationalization of X
which is a special case of the L-localization, denoted by X, of X [7], where L is a
set of primes. We now have the following.

Theorem 4. There is no map f: YK — ¥Q82%?*! inducing an isomorphism on
the rational homology groups.

It is already known that there is a map h: ¥0Q52%¥*!1 — YK inducing an isomor-
phism on the rational homology groups. Thus the above theorem says that we can
not say generally that the rational homotopy equivalence is an equivalence relation
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which is, at least for me, one of the most important facts in the rational homotopy
theory.

We now get a result about the Whitehead products on the k-fold suspension of
the given Eilenberg-MacLane space in the (rational) homotopy theory.

Theorem 5. The Whitehead products [taditk, tadj+k] N Toditadj+2k—1(EFK),
k > 1, are rationally non-trivial, where ¢4 is a generator in dimension d.

If we take d = 1, then K(Z,2) = CP*°. So we have the following simple example.

Example 6. The Whitehead product [t3,:5]: S” — LCP3 has an infinite order.

2. PROOFS

Proof of Theorem 3. We now prove the theorem by taking several steps.
Step 1 (computation of x): Considering the loop inverse map x, we can compute

(2.1) (I X X)A(b1) = p(I x x)(b1 ® 1+ 1@ b1)
=pub1®14+1® x(b1))
= b1 + x(b1).
Since (I* x) is the trivial map, we have x(b1) = —b;.
Similarly, if we compute
(2.2) pI X X)ADb2) = pIx x)(b2 @1 +1®bs + b1 @ by)
= (b2 ® 1+ 1@ x(b2) — b1 @ by)
= by + x(bo) — b1,
then, by the same reason as above, x(b2) = —by + b3.
If we compute once again
(2.3) p(Ix x)A(b3) = u(IX x)(b3 @1+ b2 @by +b; @by + 1R b3)
= b3 + ba(—b1) + b1 (b2 + b7) + x(bs),

then we finally obtain x(b3) = —bs + b1ba + baby — b3.

Step 2 (computation of ): We can compute

):

(2.4) @(bs) = p(I x [(=1)"])A(bs)
= (I [(=1)")(bs ® 1+ by @ by + by @ by + 1 @ by)
= b3 + ba(—b1) + b1bs — b3
= b1by — bobs.

Similarly, we have p(b1) = 0 and ¢(bs) = 2ba — b3.
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Step 8 (computation of p~1): Since p x o1 = 0 and p(b;) = 0, we have

@ (by) = 0. We can also compute

(2.5) (o x o HAD2) = plp x ™ N(b2 @ 1401 @by + 1@ by)
= u(p(bs) ®14+0+1® ¢ (b))
= @(ba) + ¢~ (ba).

This computation forces to be p~1(ba) = —p(by) = —(2by — b?).

Similarly, we have ¢ ~!(b3) = —(b1by — bab1). We can make sure about these facts

again by using the equation ¢! = y o o.

Step 4 (computation of Ix¢ and yxp~!): We can compute this map by the same
method as follows:
by for i1 =1,
(2.6) (Ix)(b;) = { 3by — b2 for i =2,
b3 + 3b1by — baby — b3 for i =3
and
—by for i=1,
(2.7) (xx @ 1) (b;) = { —3by + 2b? for i =2,
—bsz + 2boby + 2b1by — 203 for i = 3.

Final step (computation of the commutator): By using the above steps, we finally
have [I,¢](b1) =0, [1, ¢](b2) = 0 and

(2.8) [1,¢)(b3) = {(Ix ) % (x* ™ ")}(b3)
= p{(Ix @) x (x* ¢~ ) }A(bs)
=u{(I*p) x (x*o b3 @1+ by @by +b; @by + 1@ bs)
= b3 + 3b1by — baby — b 4 (3ba — b3)(—b1)
+ b1 (—3bg + 2b%) — b3 + 2baby + 2b1 by — 203
= 2(b1by — baby) = 2 (b1, ba)

which complete the proof. O
The above theorem will be helpful in the computation of the homotopy same
n-type problems for certain suspensions [1].

Proof of Theorem 4. We know that XK is rationally homotopy equivalent to
the wedge product of spheres, i.e., K ~q S29+1 v §4d+1 v | where ~y means the

rational homotopy equivalence.
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Suppose the map f: LK — ¥052%*! induces an isomorphism on the rational
homology groups.

We firstly consider a map fi: YK — S2?*! inducing the non-zero degree \ in
the (2d + 1)-dimensional integral homology groups. In other words, we can, by
assumption, choose an induced homomorphism

(2.9) fie: Hogi1(ZK;7)/torsion =7 — Hogq(S*T7)=7

given by sending the generator z to f1.(x) = Az, for A # 0.
Secondly, we can also select a prime p such that p and \ are relatively prime.
Finally, we can deduce a contradiction by using the cohomology argument and the
Steenrod power ([6], [2]) in the following commutative diagram

H2d+1(ZK; Z/p) A H2d+1(52d+1; Z/p)
(2.10) g@ll yll
H2d+2p71(2K; Z/p) fl* H2d+2p71(52d+1; Z/p)

Indeed, for a generator (x) in H24+1(S24+1: 7 /p), we have

(2.11) 0 # 2 (\z)) (since A #0, and 2'((z)) #0)
= f1(2'((x))) (commutativity)
= f1(0)
=0

which is a contradiction. Actually, we can choose infinitely many different primes.
We thus conclude that A = 0. ]

The above theorem says that all maps f: YK — XQS2%*! induce the trivial
homomorphism on the rational homology groups. One can verify the above theorem
by considering the phantom map theory. Let X be a pointed CW-complex. A map
f+ X — Y is called a phantom map [4] if its restriction to each n-skeleton X, of X is
inessential. Since the map g: K(Z7,2d) — Q52?*! is an example of a phantom map,
the map ¥g = f: YK(Z,2d) — Q5%+ of suspension is also phantom. We thus get
the above theorem because the rationalized map gy = fo: LK (Q,2d) — EQSE‘;dH
of a phantom map is always trivial, where () is the set of all rational numbers.

Proof of Theorem 5. Since the k-fold suspension X* K, k > 1, of the Eilenberg-
MacLane space is rationally homotopy equivalent to the wedge product of spheres

as mentioned before, we can take generators, say, tagirx € Z C Tagirr(XFK), where
i=1,2,...
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Suppose [t2di+k, t2dj+k] has a finite order in Tog;t24j42k—1(S24HF v S24+K) then,
from the cofibration sequence

(2.12) G2di+2dj+2k—1 __ g2ditk \, g2dj+k G2ditk o g2dj+k
G2di+2dj+2k o
we have
2di+k 2dj+k  (Q2dit+k 2dj+k 2di+2dj+2k
(2.13) S x 8 ~ (S VS ) Ultoai i ioaiin] € _

Since the rationalized Whitehead product [todi+k, t2dj+k]o is trivial, we also have

(214) (S2di+k X S2dj+k) ~ S2di+k V. S2dj+k vV S2di+2dj+2k

which is a contradiction by using the cohomology argument. Indeed, we have non-
zero cup products in H* (5241, x §24+F) while all cup products on the right-hand
side of (2.14) are always trivial. O

In fact, we have
(2.15) 1aisk ELCIBLS ... 16T = mgn(XFK),

where T is torsion. Note that in this case Tog4i+x(XFK)/T £ ZDZ®. .. © 7 (n-times).
Here n is equal to the sum of the number of indecomposable (1) and the number of
decomposable (n — 1) parts (the Whitehead products) of generators.
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role and a conclusive step in solving the same n-type conjectures for certain suspen-
sions [1].
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