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Abstract. A space of boundary values is constructed for the minimal symmetric operator
generated by an infinite Jacobi matrix in the limit-circle case. A description of all maximal
dissipative, accretive and selfadjoint extensions of such a symmetric operator is given in
terms of boundary conditions at infinity. We construct a selfadjoint dilation of maximal
dissipative operator and its incoming and outgoing spectral representations, which makes it
possible to determine the scattering matrix of dilation. We construct a functional model of
the dissipative operator and define its characteristic function. We prove a theorem on the
completeness of the system of eigenvectors and associated vectors of dissipative operators.
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1. INTRODUCTION

The theory of extensions of symmetric operators is one of the main branches of
operator theory. The first fundamental results in this area were obtained by von
Neumann [13], although the apparent origins can be found in the famous works
of Weyl (see [15], [17]), and also in numerous papers on the classical problem of
moments (see [1], [4]).

To describe the various classes of extensions of symmetric operators, the theorems
on the representation of linear relations have proved to be useful. The first result of
this type belongs to Rofe-Beketov [14]. Independently, in [5] and [9], the notion of
a ‘space of boundary values’ was introduced and all maximal dissipative, accretive,
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selfadjoint, and other extensions of symmetric operators were described (see [8] and
also in the survey article [7]).

However, regardless of the general scheme, the problem of description of the max-
imal dissipative (accretive), selfadjoint and other extensions of a given symmetric
operator via boundary conditions is of considerable interest. This problem is par-
ticularly interesting in the case of singular operators, because at the singular ends
of the interval under consideration the usual boundary conditions are in general are

meaningless.

It is known [10], [12] that the theory of dilations with application of operator
models gives an adequate approach to the spectral theory of dissipative (contrac-
tive) operators. A central part in this theory is played by the characteristic function,
which carries the complete information on the spectral properties of the dissipative
operator. Thus, in the incoming spectral representation of the dilation, the dissipa-
tive operator becomes the model. The problem of the completeness of the system
of eigenvectors and associated vectors is solved in terms of the factorization of the
characteristic function. The computation of the characteristic functions of dissipative
operators is preceded by the construction and investigation of a selfadjoint dilation
and of the corresponding scattering problem, in which the characteristic function is
realized as the scattering matrix.

In this paper we consider the minimal symmetric operator in the space ¢2 (N)
(N:=1{0,1,2,...}) with defect index (1,1) (in Weyl’s limit-circle case), generated by
an infinite Jacobi matrix. We construct a space of boundary values of the minimal
operator and describe all maximal dissipative, maximal accretive and selfadjoint ex-
tensions of minimal operator in terms of the boundary conditions at co. We construct
a selfadjoint dilation of the maximal dissipative operators and their incoming and
outgoing spectral representations, which makes it possible to determine the scat-
tering matrix of dilation according to the scheme of Lax and Phillips [11]. With
the help of the incoming spectral representation we construct a functional model of
the dissipative operator and define its characteristic function. Finally, on the basis
of the results obtained regarding the theory of the characteristic function we prove
a theorem on completeness of the system of eigenvectors and associated vectors of
dissipative operators.
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2. EXTENSIONS OF THE SYMMETRIC OPERATOR GENERATED BY
AN INFINITE JACOBI MATRIX

An infinite Jacobi matrixz is defined to be a matrix of the form

bo Qg 0 0 0
ap b1 al 0 0

J= 0 a by ay 0 ... |°

where a,, # 0 and Ima,, =Imb, =0 (n € N).
For every sequence y = {y,} (n € N) of complex numbers yg, y1,. .. denote by fy
the sequence with components (¢y), (n € N) defined by

1 1
ly)o = —(Jy)o = —(b
(ey)o wo( Y)o wo( Yo + aoy1),
1 1
(Zy)n = w_(Jy)n = w_(an—lyn—l + bpyn + anyn—i-l)» nzl,

where w,, >0 (n € N).

For two arbitrary sequences y = {y,} and z = {z,} (n € N), denote by [y, 2] the
sequence with components [y, z|,, (n € N) defined by

(2.1) [Y, 2ln = @n(YnZni1 — Ynt1Zn) (R EN).

Then we have Green’s formula

(2.2) > {wi(ty);2; — wiy;(€2);} = —[y, 2l (n €N).

Jj=0

To pass from the matrix J to operators, we introduce the Hilbert space ¢2 (N)
(w: = {wyp}, n € N) consisting of all complex sequences y = {y,} (n € N) such
o0

o0
that > wy|yn|? < oo, with the inner product (y,2) = . w,ynZn. Next, denote
n=0 n=0

by D the linear set of all elements y € ¢2(N) such that fy € ¢2 (N). We define the
operator L on D by the equality Ly = (y.
It follows from (2.2) that for all y, z € D the limit [y, z]oc = lim [y, 2], exists and

is finite. Therefore, passing to the limit as n — oo in (2.2), we get for two arbitrary
vectors y and z of D

(23) (Ly7 Z) - (y7 LZ) = _[y’ Z]OO
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In /2 (N) we consider the linear set D), consisting of finite vectors (i.e. vectors
having only finite many nonzero components). Denote by L the restriction of the
operator L to Dj. It follows from (2.3) that L{, is symmetric. Consequently, it admits
closure. Its closure is denoted by Lg. The domain Dy of Ly consists of precisely those
vectors y € D satisfying the condition

(2.4) [¥,2]cc =0, Vze€D.

The operator Ly is a closed symmetric operator with defect index (0,0) or (1,1) and
L = L} [1]-[4], [6], [16]. The operators L, and L are called, respectively, the minimal
and mazimal operators. For defect index (0,0) the operator Lg is selfadjoint, that
is, Lt = Lo = L.

Denote by P(A\) = {P,(\)} and Q(A\) = {Q.(\)} (n € N) the solutions of the
equation

(2.5) Ap—1Yn—-1 + bnyn + @nYni1 = Awpy, (n=1,2,...)

satisfying the initial conditions

26) RO =L RO =R Qi) =0, Qi) = o

The function P, ()) is a polynomial of degree n in A and is called a polynomial
of the first kind, while @,,()\) is a polynomial of degree n — 1 in A and is called a
polynomial of the second kind.

Note that P()) is a solution of the equation (Jy), = Aw,yn, but Q(A) is not:
(JQ)n = MwpQy, for 1 < n, but (JQ)o =1 # 0 = AQo. The equation (Jy), =  \w,yn
is equivalent to (2.5) for n € N and under the boundary condition y_1 = 0. The
Wronskian of two solutions y = {y,} and z = {z,} (n € N) of (2.5) is defined to be
Wiy, 2) := an(Ynzn+1—Yn+12n), S0 that W, (y, 2) = [y, Z]n (n € N). The Wronskian
of two solutions of (2.5) does not depend on n, and two solutions of this equation
are linearly independent if and only if their Wronskian is nonzero. It follows from
the conditions (2.6) and the constancy of the Wronskian that W,,(P,Q) =1 (n € N).
Consequently, P(\) and Q()\) form a fundamental system of solutions of (2.5).

We assume that the minimal symmetric operator Ly has defect index (1,1), so
that the Weyl limit-circle case holds for the expression fy (see [1]-[4], [6], [16]).
Since Lo has defect index (1,1), P(\) and Q(\) belong to ¢ (N) for all X € C.

Let w = P(0) and v = Q(0), so that u = {u,} and v = {v,} (n € N) are solutions
of (2.5) with A = 0 that satisfy the initial conditions

(27) Ug = 1, Uy = ——, Vo = O, v = —.
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We have u,v € £2 (N); what is more, u,v € D, and
(2.8) (Ju)p, =0 (neN), (Jv)o=1, (Jv),=0, n=>=1.
Lemma 2.1. For arbitrary «, 3 € C, there exists a vector y € D satisfying

(29) [yvu]ﬁxl =, [ya U]OO = B.

Proof. Let f be an arbitrary vector in £2 (N) satisfying

(210) (f7 u) =G, (fv ’U) = 7&'

Such vector f exists, even among linear combinations of v and v. Indeed, if f =
c1u+cov, then the conditions (2.10) are a system of equations in the constants ¢; and
co whose determinant is the Gram determinant of the linearly independent vectors u

and v, and hence is nonzero. O

Denote by y = {y,} the solution of (Jy), = wy fr (n € N) satisfying yo = 0. This
solution can be expressed by

n

Yn = Z(ujvn —upvj)wif; (neN),

J=0

and hence belongs to 2, (N).
We show that y is the desired vector. Indeed, applying (2.3) to f and u, v we
obtain

(2'11) (fv u) = (Lyvu) = _[y7u]00 + (y,Lu),
(fa U) = (Lyw) = _[yﬂ}}w + (yaLU)'

But Lu = 0, and thus (y, Lu) = 0; moreover, in view of the condition yo = 0
and the third relation in (2.8) we also have (y, Lv) = 0. Therefore, (2.9) follows
from (2.10) and (2.11). The lemma is proved. O

Since the vectors u = {un} and v = {v,} (n € N) are real and since [u,v], =1
(n € N), the following assertion can be verified immediately on the basis of the (2.1).

Lemma 2.2. For arbitrary vectors y = {y,} € D and z = {z,} € D

(2.12) [: 2ln = [y, uln[Z, v]n = [y, v]n[Z, 4l (n € NU{oo}).

Then we have
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Theorem 2.3. The domain Dy of the operator Lg consists precisely of those
vectors y € D satisfying the following boundary conditions

(2.13) [¥, U]oo = [Y, V]oo = 0.

Proof. As noted above, the domain Dy of Ly coincides with the set of all
vectors y € D satisfying (2.4). By virtue of Lemma 2.2, (2.4) is equivalent to

(2.14) [y, uloo[Z, Voo — [y, V]eo[Z, U]oe = 0.

Further, by Lemma 2.1, the numbers [v, z]o and [u, z]s (2 € D) can be arbitrary.
Therefore, the equality (2.14) for all z € D is possible if and only if the condi-
tions (2.13) hold. The theorem is proved. O

The triple (42,14, Ts), where 7 is a Hilbert space and I, and T are linear map-
pings of D(A*) into S, is called ([5], [8], [9]) a space of boundary values of a closed
symmetric operator A, acting in a Hilbert space H with equal (finite or infinite)
defect index if

1) for any f,g € D(A*),

(A f,9)m — (f, A"9)r = (N1 f, Tog) e — (Inf, T1g) e

2) for any Fy,Fy € S there exists a vector f € D(A*) such that It f = Fy,
Lof = Fo.
In our case, we denote by I'y and I'; the linear mappings of D into C defined by

Then we have

Theorem 2.4. The triple (C,T,T3) defined by (2.15) is the space of boundary
values of the operator L.
Proof. By Lemma 2.1, for arbitrary y,z € D we have

(Ly,z) - (vaz) = _[ywz}oo = [y,v]oo[z,u]oo - [yau]oo[z’ U]oo
= (Ny, Irz) — (Iny, I12),

i.e., the first requirement of the definition of the space of boundary values is valid.
Its second requirement is valid due to Lemma 2.1. The theorem is proved. O

By [5], [8, Theorem 1.6, p. 156], [9], Theorem 2.4 implies the following
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Theorem 2.5. Every maximal dissipative (accretive) extension Ly of Lg is de-
termined by the equality Lpy = Ly on the vectors y in D satisfying the boundary

condition

where Imh > 0 or h = oo (Imh < 0 or h = 00). Conversely, for an arbitrary h with
Imh >00rh =00 (Imh <0 orh= ), the boundary condition (2.16) determines a
maximal dissipative (accretive) extension on Lg. The selfadjoint extensions of L are
obtained precisely when h is a real number or infinity. For h = co the condition (2.16)
should be replaced by [y, u]s = 0.

3. SELFADJOINT DILATION OF THE DISSIPATIVE OPERATOR

In the sequel we shall study the maximal dissipative operators Ly (Imh > 0)
generated by the expression £(y) and the boundary condition (2.16).

Let us add to the space H := ¢2 (N) the ‘incoming’ and ‘outgoing’ channels D_ :=
L?(—00,0) and D, := L?*(0,00). We form the main Hilbert space of the dilation
H = L?*(—00,0)® H @ L?*(0,0), and in 7 we consider the operator .}, generated
by the expression

dp— d
(3.1) 2 - mon) = (I 0150 )

on the set D(.%,) of vectors (¢_,y, ¢4 ) satisfying the conditions: ¢_ € W3 (—00,0),
$t € W%(0,00), y e Da

(3.2) [Y; Voo — Ay, u]ee = ap—(0), [y,v]ec — hly, uleo = ap1(0),
where o := Imh, a > 0 and W, is the Sobolev space. Then we have

Theorem 3.1. The operator %}, is selfadjoint in S and is a selfadjoint dilation
of the operator Ly,.

Proof. Suppose that f’g € D(gh% f = <(,0—,y,§0+> and g = <1/}—7271/1+>'
Then, integrating by parts and using (2.13), we get

0

(3.3) <ﬁ¢m%/ww5%+wJM+Aﬂ¢@ms
=1p_(0)Y_(0) — i1 (0)04(0) — [y, 2]oo + (f, L1G) -
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Next, using the boundary conditions (3.2) for the components of the vectors f, g
and the relation (2.12), we see by direct computation that

i (0)9-(0) — i1 (0)9+(0) — [y, 2]oc = 0.

Thus, .%}, is symmetric. Therefore, to prove that %}, is selfadjoint, it suffices to show
that £ C Z,.
Take g = (Y_,2,94) € D(Z)). Let Lfg=g" = <1/)i,z*,1/)i> € S, so that

(3.4) (Zntf,g)w = (f,97) e, V[ €DLh).

By choosing vectors with suitable components as the f € D(%) in (3.4), it is not
difficult to show that ¢_ € W3 (—00,0), ¢+ € W}(0,00), z € D and g* = Zg, with
the operation . defined by (3.1). Consequently, (3.4) takes the form

(Zf,9) e = (f,L9) e, YfeED(L).

Therefore, the sum of the integral terms in the bilinear form (£ f, g) » must be equal

to zero:

(3.5) i (0)1—(0) — i1 (0)1+(0) — [y, 200 = 0

for all f = (¢p_,y,p+) € D(£). Further, solving the boundary conditions (3.2) for
[y, u]oo and [y, v]e we find that

L (01 (0) — o (0)),

— E(
[y, Voo = ap_ (0) + -

1@

[y, u)oo
(p+(0) ~ - (O))
Therefore, using (2.12), we find that (3.5) is equivalent to the equality
to-(07-(0) = O.-0) = ~l
= (60— o) e
~Jae-(0) + (24 (0) ~ - O)] e

Since the values ¢4 (0) can be arbitrary complex numbers, a comparison of the
coefficients of ¢4 (0) on both sides of the last equality gives us that the vector g =
(¥_, z,14) satisfies the boundary conditions

[Zv U]OO - h[zv U’]OO = Oﬂ/}* (0)5 [Za U]OO - E[Za U]OO = O‘¢+(O)
Consequently, the inclusion £} C .%}, is established, and hence .%}, = .Z}".
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The selfadjoint operator %, generates in J# a unitary group U; = exp[iZhi]
(t € R := (—00,00)). Denote by P: # — H and P;: H — 4 the mappings
acting according to the formulae P: (p_,y,p4+) — y and P1: y — (0,y,0). Let
Zy = PUP; (t 2 0). The family {Z;} (¢t > 0) of operators is a strongly continuous
semigroup of completely nonunitary contractions on H. Denote by Aj the generator
of this semigroup: Apy = tliIEO(it)*l(Zty —y). The domain of Aj, consists of all
the vectors for which the limit exists. The operator A, is a maximal dissipative.
The operator .%}, is called the selfadjoint dilation of Ap [10], [12]. We show that
Ay = Ly, and hence %}, is a selfadjoint dilation of L. To do this, we first verify the
equality [10], [12]

(3.6) P(L, — M) 'Ply= (L, - M)y, yeH TImA<O0.

With this goal, we set (&, — M) Py =g = (¢_,z,9). Then (&, — X\ )g = Py,
and hence Lz — Az = y, ¥_(&) = ¥_(0)e”™¢ and 1, (s) = ¥, (0)e~**. Since
g € D(%,), and hence 1_ € L?(—o0,0); it follows that ¢»_(0) = 0, and consequently,
z satisfies the boundary condition [z, v]oo — h[2, u]e = 0. Therefore, z € D(Ly,), and
since a point A with Im A < 0 cannot be an eigenvalue of a dissipative operator, it
follows that z = (Lj, — A\I)~'y. We remark that ¢, (0) is found from the formula

¥1(0) = @ ([2, V)00 — Dz, uoo).
Thus,

(L =AD" Py = (0, (L — A1)y, 07 [z, 000 — Rz, ulo)e ™)

for y € H and Im A < 0. Upon applying the mapping P, we obtain (3.6).
It is now easy to show that A, = Lj. Indeed by (3.6),

(L = M) =P(L, — NP = —iP/ Uie M dtp,
0

= —i/ Ze Ndt = (A, —A)7L, ImA <0,
0

from which it is clear that L, = Aj. Theorem 3.1 it is proved. O
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4. SCATTERING THEORY OF DILATION AND THE FUNCTIONAL MODEL
OF DISSIPATIVE OPERATOR

The unitary group U; = exp[i-Zyt] (t € R) has an important property which makes
it possible to apply to it the Lax-Phillips scheme [11]. Namely, it has incoming and
outgoing subspaces D_ = (L?(—00,0),0,0) and D, = (0,0, L?(0, 00)) possessing the
following properties

(1) yD_-Cc D_,t<0and UDy C Dy, t >0

2) NUD- = N UDy ={0}
t>0 t>0

(3) U UtD_ = U Ut.D+ = jf;
t>0 t<0

(4) D_1D,.

Property (4) is obvious. To prove property (1) for D (the proof for D_ is similar),
we set Ry = (£, — M)~1, then for all A with Im A\ < 0 and for any f = (0,0,0,) €

D, , we have
) £
RBaf = <o,o, —iee | e‘AS¢+<s>ds>;
0

from this it follows that Ryf € D, therefore, if g1 D, then

0= (Rrf,9)r = fi/ e PMUF, g) e d\, TmA<O0.
0

From this it follows that (U.f, g) = 0 for all t > 0. Hence U; D4 C D4 for t > 0,
and property (1) has thus been proved.

To prove property (2), we denote by P*: # — L2?(0,00) and P;": L?(0,00) —
D the mappings acting according to the formulae P: (o, u,¢y) — ¢4 and P;":
© — (0,0, p), respectively. We note that the semigroup of isometries V; = PTU, P;",
t > 0 is a one-sided shift in L?(0,00). Indeed, the generator of the semigroup
of the one-sided shift V; in L2(0,00) is the differential operator i(d/d€¢) with the
boundary condition ¢(0) = 0. On the other hand, the generator A of the semigroup
of isometries Ut+, t > 0, is the operator

Ao = Pt ¥ ptf=pt — p+ d_gp _~d_90
= WPl f = PT%,(0,0,0) = P <0,0,1 >—1 ,
dg dg
where ¢ € W} (0,00) and ¢(0) = 0. But since a semigroup is uniquely determined
by its generator, it follows that U;” = V;, and hence

ﬂ UDy = <o,o, ﬂ V,5L2(0,00)> = t{0},

t20 t>0

i.e. property (2) is proved. O
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In this scheme of the Lax-Phillips scattering theory, the scattering matrix is defined
in terms of the theory of spectral representations. We proceed to their construction.
Along the way, we also prove property (3) of the incoming and outgoing subspaces.

Lemma 4.1. The operator Ly, is totally nonselfadjoint (simple).

Proof. Let H C H be a nontrivial subspace in which Lj induces a self-
adjoint operator L) with domain D(L}) = H' N D(Ly). If y € D(L}), then
y € D(L},") and Im(Lpy, y) = 0. Since we get from Im(Lyy, y) = (Im h)|[y, u]oo|* = 0
that [y,u]eo = 0. This and the boundary condition (2.16) also imply the equality
[y, V]oo = 0. Thus,

(4'1) [yau]oo = [y’U]OO =0, ye€ D(L;z)

Denote by Ly and L., the selfadjoint extensions of Ly determined by the boundary
conditions [y, v]o = 0 and [y, u]o = 0, respectively. By (4.1) D(L},) is contained in
each of D(Ly) and D(Ls). Suppose that A belongs to the spectrum of Lj. Then
A is real, and there exists a sequence of vectors f, € D(L}) such that || f,|| = 1 and
|Lpfrn — Afnll — 0 as n — oo. This implies that A belongs also to the spectra of
the operators Ly and Lo,. Since the spectra of Ly and L, are purely discrete, \ is
an eigenvalue of these operators. The corresponding eigenvectors differ from P()\)
only by a scalar factor, because P()\) is the only linearly independent solution of
the equations (Jy), = Awnyn (n € N). Consequently, [P()), u]oo = [P(A),v]0o = 0.
Further, from (2.12) with y = P()\) and z = Q(\) we have

(4.2) [P(A); QMoo = [P(A), oo [Q(A), V] oo — [P(A), 0] [Q(A), ] o

The right-hand side is equal to 0 in view of (4.2), while the left-hand side, being the
value of the Wronskian of the solutions P(\) and Q()) of (2.5), is equal to 1. This

contradiction shows that H' = {0}. The lemma is proved. O
We set 77 = U UtD,, % = U UtD+.
>0 t<0

Lemma 4.2. 77 + 7 = 7.

Proof. Taking into account property (1) of the subspace D, it is easy to show
that the subspace ' = 2 © (#_ + ;) is invariant relative to the group {U;}
and has the form 7’ = (0, H',0), where H' is a subspace in H. Therefore, if the
subspace . (and hence also H') were nontrivial, then the unitary group {U/},
restricted to this subspace, would be a unitary part of the group {U;}, and hence the
restriction Lj, of L, to H' would be a selfadjoint operator in H'. From the simplicity
of the operator Ly, it follows that H' = {0}, i.e. #”’ = {0}. The lemma is proved. O
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Let us adopt the following notation ny(A) := [P(A), t]ee — A[P(N), V] o,

_ [P, ulso
(4.3) n(A) = 7[]3()\), oo
np(A)  n(A) —h
(4.4) Sh(A) == ) =

From (4.3), it follows that n()) is a meromorphic function on the complex plane C
with a countable number of poles on the real axis. Further, it is possible to show that
the function n(\) possesses the following properties: Im A - Imn(\) > 0 for Im A # 0
and n(X) = n(\) for A\ € C with the exception of the real poles of n(\).

Let
o

’I'Lh(>\)

We note that the vectors U, (&, () for real A do not belong to the space 7. However,
Uy (&, Q) satisfy the equation ZU = AU (A € R) and the corresponding boundary
conditions for the operator .%},.

With the help of the vector Uy (&, (), we define the transformation .#_: f — I (N
by (Z_f)(\) == f-(\) := 1/v2r(f,Uy ). on the vector f = <ap_,y,<p+> in which
©—(&), p4(¢) are smooth, compactly supported functions, and y = {y,} (n € N) is

U7 (6,0) = (7, —=P(N), Su(We ™).

a finite nonzero sequence.

Lemma 4.3. The transformation .#_ maps H_ isometrically onto L*(R). For all
vectors f,g € S the Parseval equality and the inversion formula hold:

(F9)oe = (s = [ T Wi,

1 * . _

where f_(X) = (Z_f)(A) and §-(\) = (F_g)(N).
Proof. For f,ge D_, f = {(p_,0,0), g = (»_,0,0), we have

~ O .
Fo(n) = \/%(f, U)o = ﬁ [ oo (E)eE de € H?,

and in view of the usual Parseval equality for Fourier integrals

0 . oo -
(. 9)or = [ o (E)D_(€)de = [ F- NV dA = (F_f, F_g)pa.
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Here and below, H? denote the Hardy classes in L?(R) consisting of the functions
analytically extendable to the upper and lower half-planes, respectively.

We now extend the Parseval equality to the whole of 5 . With this goal, we
consider in 5 the dense set 7#’ of vectors obtained as follows from the smooth,
compactly supported functions in D_: f € 7' if f = Urfo, fo = (p—,0,0), p_ €
C§° (=00, 0), where t = T is a non-negative number (depending on f). In this case, if
f.g € A", then for T > Ty and T > T, we have U_rf,U_rg € D_ and, moreover,
the first components of these vectors belong to C§°(—o0,0). Therefore, since the
operators U; (¢t € R) are unitary, by the equality

F_Uf = (Uf, U ) oe = N (f, U ) v = T,
we have

(4.5) (f,9)n=U-rnf,U-19) e = (F_U_rf, F_U_1g)L2
(T F DT F )y = (Ff, T g)pe.

Taking closure in (4.5), we obtain the Parseval equality for the whole space .77 .
The inversion formula follows from the Parseval equality if all integrals in it are
understood as limits in the mean of integrals over finite intervals. Finally,

F A =) 7 U,D_ =|]eNMH? = L*(R),

20 20
i.e. Z_ maps S onto the whole of L?(R). The lemma is proved. O
We set
UX(€5¢) = <Sh(A>e—N, n;(& P(A),e—ikc>.

We note that the vectors U ;“ (&, <) for real A do not belong to the space 5. However,
Uy (&) satisfy the equation £U = AU (X € R) and the corresponding boundary
conditions for the operator .%,. With the help of the vector U ;‘ (&,¢), we define the
transformation %, : f — fy(\) on vectors f = (p_,y, @4 ) in which ¢_(€), ¢ (s)
are smooth, compactly supported functions, and y = {y,} (n € N) is a finite nonzero
sequence, by setting (Z4 f)(\) := fy(\) := 1/v21(f, Uy ). The proof of the next
result is analogous to that of Lemma 4.3.

605



Lemma 4.4. The transformation %, maps ¢, isometrically onto L*(R), and
for all vectors f,g € %}, the Parseval equality and the inversion formula hold:

(v = Frane = [ F0EmO, f=—= [ Lot a

where f1.(A) = (#1f)(A) and §.(A) = (F1g)(\).

According to (4.3), the function Sy () satisfies |Sp(A)| = 1 for A € R. Therefore,
it follows from the explicit formula for the vectors U ;“ and U, that

(4.6) Uy =5,(0UY (AeR).

It follows from Lemmas 3.3 and 3.4 that 52 = 7, . Together with Lemma 3.2 this
shows that J# = S = J,, and property (3) for the U; above has been established
for the incoming and outgoing subspaces.

Thus, the transformation .#_ maps 7 isometrically onto L?(R) with the sub-
space D_ mapped onto H2 and the operators U; passing into the operators of
multiplication by e*. In other words, .#_ is the incoming spectral representa-
tion for the group {U;}. Similarly, %, is the outgoing spectral representation
for {U;}. It follows from (4.6) that the passage from the .%-representation of a
vector f € J to its .#_-representation is realized by multiplication of the function
SuN): f-(A) = Su(N)fy(N). According to [11], the scattering matrix (function) of
the group {U;} with respect to the subspaces D_ and D, is the coefficient by which
the #_-representation of a vector f € J# must be multiplied in order to get the
corresponding .Z, -representation: fy(\) = 55 (\)f_()\). According to [11], we have
now proved the following theorem.

Theorem 4.5. The function Sy ()\) is the scattering matrix of the group {U;} (of
the selfadjoint operator £,).

Let S(A) be an arbitrary inner function [12] on the upper half-plane. Define
H = Hi GSHi. Then % # {0} is a subspace of the Hilbert space Hi We consider
the semigroup of the operators Z; (¢t > 0) acting in .# according to the formula Z;p =
Pleo], ¢ := @(X\) € JH, where P is the orthogonal projection from HZ onto % .
The generator of the semigroup {Z,;} is denoted by T: Ty = tl_i)rilo(jt)*l(Ztcp — ),
which is a dissipative operator acting in .#° and having domain D(T") consisting
of all functions ¢ € J#, such that the limit exists. The operator T is called a
model dissipative operator. (We remark that this model dissipative operator, which
is associated with the names of Lax and Phillips [11], is a special case of a more
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general model dissipative operator constructed by Sz.-Nagy and Foiag [12].) The
basic assertion is that S()) is the characteristic function of the operator T

Let K = (0, H,0) so that 5# = D_ ® K @ D4. It follows from the explicit form
of the unitary transformation .%_ that under the mapping .%_,

47) A —L*R), f—f-N)=(F )N, D-—H2, Dy—S, HE,
K — H2 0S8, H2, Uf— (Z-UFZ'f)(\) =eMf_(\).

The formulas (4.7) show that the operator Ly, is a unitarily equivalent to the model
dissipative operator with characteristic function Sy (). Since the characteristic func-
tions of unitarily equivalent dissipative operators coincide [12], we have proved the
following theorem.

Theorem 4.6. The characteristic function of the dissipative operator Ly, coincides
with the function Sy, (\) defined by (4.4).

5. COMPLETENESS THEOREM FOR THE SYSTEM OF EIGENVECTORS AND
ASSOCIATED VECTORS OF THE DISSIPATIVE OPERATOR

It is known that the characteristic function of a dissipative operator Lj carries
complete information about the spectral properties of this operator [10], [12]. For
example, the absence of the singular factor of the characteristic function Sp,(A) in the
factorization Sp(A) = s(A)%B(A\) (where A(N) is a Blaschke product) guarantees the
completeness of the system of eigenvectors and associated vectors of the dissipative
operator Ly,.

Theorem 5.1. For all values of h with Imh > 0, except possibly for a single
value h = h°, the characteristic function Sy (\) of the dissipative operator Ly, is a
Blaschke product and the spectrum of Ly, is purely discrete and belongs to the open
upper half plane. The operator L;, (h # h°) has a countable number of isolated
eigenvalues with finite multiplicity and limit point at the infinity, and the system of
eigenvectors and associated vectors of this operator is complete in (2 (N).

Proof. It is clear from the explicit formula (4.4) that the S5()\) is an inner
function in the upper half-plane and, moreover, meromorphic in the whole A-plane.
Therefore, it can be factored in the form

(5.1) Si(\) = e* B, (\) ¢=c(h) >0,
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where %,()) is a Blaschke product. It follows from (5.1) that

(5.

2) ISL(A)| < emeWImA = 1m x> 0.

Further, expressing n()) in terms of Sy ()), we find from (4.4) that

(5.

0,

3) n(\) = %

If ¢(h) > 0 for a given value of h (Im h > 0), then (5.2) implies that , hIf Sp(it) =
and then (5.3) gives us that . 1i+IIl n(it) = h. Since n(A) does not depend on h,

this implies that that c(h) can be nonzero at most at a single point & = h° (and,

further, h® = . 1121 n(it)). The theorem is proved. O
——+o00
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