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Abstract. A sign pattern A is a £ sign pattern if A has no zero entries. A allows orthogo-
nality if there exists a real orthogonal matrix B whose sign pattern equals A. Some sufficient
conditions are given for a sign pattern matrix to allow orthogonality, and a complete char-
acterization is given for =+ sign patterns with n—1 < N_(A) < n+1 to allow orthogonality.
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1. INTRODUCTION

A sign pattern (matriz) A is a matrix whose entries are in the set {+,—,0}.
Denote the set of all n x n sign patterns by @,. Associated with each A € @, is a
class of real matrices, called the qualitative class of A, defined by

Q(A) = {B € M,(R): signB = A}.

A sign pattern P € @, is called a permutation pattern if exactly one entry in
each row and column is equal to +, and all other entries are 0. We call that sign
patterns A and B are permutation equivalent, if there are permutation patterns P;
and P, such that B = PLAP,. Let A € Q,,. A allows orthogonality if there exists a
real orthogonal matrix B € Q(A). Clearly, the following results hold.

Lemma 1.1. Let n > 2.
(1) Every permutation pattern of order n allows orthogonality.
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(2) A sign pattern A € Q,, allows orthogonality if and only if —A allows orthogo-
nality.

(3) A sign pattern A € Q,, allows orthogonality if and only if the transpose, A
of A allows orthogonality.

(4) A sign pattern A € @, allows orthogonality if and only if P; AP, allows orthog-
onality for any permutation patterns P; and Ps.

A sign pattern whose entries belong to {4, —} is called a + sign pattern. A
pair of sign pattern row vectors (or column vectors) allows orthogonality if the two
vectors are the sign patterns for two real orthogonal row vectors (respectively, column
vectors). A square sign pattern that does not have a zero row or zero column is
sign potentially orthogonal (SPO) if every pair of rows and every pair of columns
allows orthogonality. It is known that all SPO matrices of dimension n < 5 allow
orthogonality and all £ SPO matrices of order n < 6 allow orthogonality ([3]).

The motivation of this paper is from Refs. [1]-[5].

Let A € @, and n > 2. We denote the number of negative entries in A by
N_(A). Clearly, if a + sign pattern A allows orthogonality, then n — 1 < N_(A4) <
n?—(n—1) = n? —n+1. In this paper, some sufficient conditions are given for a sign
pattern matrix to allow orthogonality, and a complete characterization for £ sign
patterns with n—1 < N_(A) < n+1 to allow orthogonality is given. By negation, the
combinatorial structure of orthogonal matrices A with n?—n—1 < N_(A) < n?—n+1
is clear.

2. PRELIMINARIES

Let A = (ajj)nxn and B = (bij)mxm be two real matrices (or sign patterns),
1<s<nand1l <t < m. The following real matrix (or sign pattern) of order
n+m-—1

0 0 bi1 b1o bim 0 0
0 0 btfl_’l bt,LQ btfl’m 0 0
ail ... Q1.s—1 biiais bppars ... bumais ais+1 ... Qin
a1 ... G25-1 bupazs bpazs ... bynaas aA2s41 ... G2n
(21) C=
an1l e Ops—1 btlans bt2ans cee btmans An,s+1 c.. Qpn
0 e 0 bt+1,1 bt+172 e bt+1,m 0 e 0
L 0 0 bm1 bmo brm 0 0 J
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is called the amalgamation of A and B according to the column s of A and the row ¢
of B. Denote U, (A, B) = C.

Theorem 2.1. Let A € Q,, allow orthogonality and B € Q,,, allow orthogonality,
1<s<nandl<t<m. Then the sign pattern U, (A, B) allows orthogonality.
Proof. The proof is easy, and we omit it.

Theorem 2.2. Let1 <s,t < n,s#t, and A= (a;j) € Qn with a; # 0ifa;s # 0,
i=1,2,...,n. If A allows orthogonality, then the sign pattern A = (a;;) € Q,,, where

~ a;t, if j=s and a;; =0;

aij = .
a;j, otherwise,

also allows orthogonality.

Proof. Since A allows orthogonality, there is a real orthogonal matrix B =
(bi;) € Q(A), where by # 01if bjs # 0, ¢ =1,2,...,n. Let 6 > 0 be a sufficiently
small real number. We consider the real matrix C = (¢;;) of order n, where

1, ifi=j+#s, ori=j#t
cosf, ifi=j=s ori=j=t;
cij =4 —sind, if i=s, j=t;

sin 6, ifi=t, j=s;

0, otherwise.

Clearly, for any real number 0 < 6 < 1, C' is an orthogonal matrix. Thus BC' is an
orthogonal matrix.

Note that B and BC' are entrywise equal except for the sth and the ¢tth columns.
The sth and the tth columns of BC are

b1scos + by sinf —bigsin + by cosb
bog cos 6 + boy sin 0 —bog sin @ + boy cos b

. and . )
b5 cos O + b, sin @ —bpssin@ + b, cos O

respectively. Now we can choose some 6 > 0 sufficiently close to 0 so that BC' € Q(;l)
Thus the sign pattern A allows orthogonality.
By Theorem 2.2 and Lemma 1.1 (3), we obviously have the following corollary.

971



Corollary 2.3. Let 1 < s,t < n, s # t, and A = (a;;) € Qn with a;; # 0 if
as; #0,7=1,2,...,n. If A allows orthogonality, then the sign pattern A = (a;;) €
Q., where

dij =
aij, otherwise,

{atj, if i=s and a;; =0;

also allows orthogonality.

3. SUFFICIENT CONDITIONS

In this section, we give some sufficient conditions for a sign pattern to allow orthog-
onality. We need the following notation. We denote the negative entries distribution
of rows (columns) of A as d,(A4) = (r1,72,...,7) (di(A) = (I1,12,...,15)), if there
are exactly r; (I;) negative entries in the ith row (column) of A for i = 1,2,...,n.
Note that changing the order of r1,72,...,7, (l1,l2,...,l,) means changing the
rows’ (columns’) order of A. If d.(B) = (ri,rh,...,7), di(B) = (I1,1,...,1),
and {r1,re,...,m} = {ry,rh, ...}, {l, 1oy 0} = {14,0,..., 1}, then there
are permutation matrices P; and P, such that d,.(PiBP) = d.(4), di(P1BP,) =
di(A).

Lemma 3.1. The sign pattern

+ o+ +
o _ -

(3.1) A= | +| €Qn (n2=3)
0 0 - +
+ + o+ +

allows orthogonality.

Take
4y = [* +] |
- +
It is clear that As allows orthogonality.
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Take

ba o
A3 =Uz1(A2,A2) = | = + + |, Aa=Us1(43,42) = AR R
oot 0 0 — +
+ o+ + o+
-+ + o+
Ap =Up-11(An—1, A2) = Do
o o0 ... + +
o o0 ... — +

Then, for k = 3,4,...,n, it is easy to see that Aj allows orthogonality by Theo-
rem 2.1. By interchanging the ith row and the (i+1)throwof A,,i=1,2,...,n—1,
respectively, we see that the lemma holds. O

Lemma 3.2. The sign pattern

T+ - = ... = =T
+ - - .. = F
+ — ... = 4+ 0

(3.2) A=1|. . . . . .|€Qn (n=3)
+ — + 0 ... 0
l+ + 0 0 ... 0

allows orthogonality.

Proof. Clearly, the sign pattern

=l
+ o+
allows orthogonality.
Take
+ . i .
+ . .
+ - - +
A3:U1)1(A2,A2): + — + 7A4:U1,1(A37A2): + — + 0 ’
0
o + + 0 0
ST .
+ - -+
+ - - 4+ 0
A, =U11(4p-1,40) = . )
+ - + 0 0
L+ + O 0 0
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Then, for k = 3,4,...,n, Ay allows orthogonality by Theorem 2.1.

Lemma 3.3. Let A = (a;5) € Qn (n > 3), where

aij = .
+, otherwise.

Then A allows orthogonality.

Proof. Let

r_n—2 2 2 A

n n n n

2 _n=2 2 2

n n n n

2 2 n—2 2

B = n n n n
2 2 2 _n=2
L n n n n -

Then B € Q(A) and B is a real orthogonal matrix. Thus the lemma holds.

Lemma 3.4. Let 3<t<n—1and A = (a;;) € Qn, where

QAij = . .
0, 2>3, 7=2,3,...,n—t+1;

+, otherwise.

Then A allows orthogonality.

Proof. Let
-+ +
+ - +
B = :
+ + —
be a sign pattern of order ¢, and
A2[+ +]
-+
Take ) )
+ - + + ... +
- -+ + +
. y 0 + — + +
=U. By) = .
t+1 2,1(A2, Bt) 0 + + -
Do +
L0+ + + -
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Aiy1 is a sign pattern obtained by interchanging the first column and the sec-
ond column of Cypyq. Taking Cri1 = Uz 1(Az, Ax), then Agyq is a sign pattern
obtained by interchanging the first column and the second column of Cjy; for
k=t+1,...,n—1. It is easy to see that A, = A, and A, allows orthogonality
by Theorem 2.1. O

Lemma 3.5. Let n >t > 4, and let the + sign pattern

At[g f]th

allow orthogonality, where the entries of D are all “+”. Then the n X n sign pattern

B D ... D D
+ - 4+ +
F, = ’
+ ..+ -+
¢ + + +
allows orthogonality.
Proof. Let
B-|t 7).
-+

Take Apt1 = Up1(Ag, B2) for k=t,t+1,...,n — 1. C, is a sign pattern obtained
by interchanging the kth row and the (k + 1)th row of A, for k =¢,t+1,...,n—1.
Then

B D ... D D
0o - + +
C, = ..
o ... 0 — +
c + ... + +
So F,, allows orthogonality by Theorem 2.2. O

Lemma 3.6. Let a + sign pattern A = (a;;) € Qn, allow orthogonality, d,(A) =
(ri,7re,...,1mn), di(A) = (l1,1la,...,l,), and let there be l; > 1 in d;(A).
(1) If as; = ay; = —, then either r¢ > 1 or ry > 1.
(2) There are at least l; — 1 entries in d,.(A) whose values are larger than 1.

Proof. (1)Ifrs =r, =1, then the sign patterns of the sth row and the ¢th row
are the same. This is a contradiction.
(2) By (1), this is clear. O
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Corollary 3.7. Let a = (r1,72,...,7ms),0 = (l1,l2,...,1). If there are m entries
altogether in o whose values are larger than 1, and there is l; in 8 with [; > m~+2, then
there is no + sign pattern A allowing orthogonality with d,.(A) = « and d;(A) =
(or dj(A) =« and d,.(A) = ).

4. MAIN RESULTS

In this section, a complete characterization for + sign patterns with n — 1 <
N_(A) < n+1 to allow orthogonality is given.

Theorem 4.1. Up to the transpose, and permutation equivalence, an n X n
(n > 3) + sign pattern A with N_(A) =n — 1 allows orthogonality if and only if

-+ ..+ o+
+ - +
(4.1) Al o
+ o=+
+ + .+ o+

Proof. We see that the A in (4.1) allows orthogonality by Lemma 3.1 and
Theorem 2.2.

Conversely, let A allow orthogonality and N_(A) = n — 1. Note that A can not
have two rows (columns) which have the same patterns. The negative entries must
be in different rows and columns. So (4.1) holds. O

Theorem 4.2. Up to the transpose, and permutation equivalence, an n X n
(n > 3) + sign pattern A with N_(A) = n allows orthogonality if and only if

— + + ... 4+ 47
¥ - 4+ ... + +
+ + - ... 4+ +
(4.2) A= . . 0,
+ + + ... = +
L+ + + ...+ *x

“_»

where x € {4+, —}, and exactly one * can be

Proof. When as; = —, we see that the A in (4.2) allows orthogonality by
Lemma 3.1 and Theorem 2.2. When a,, = —, we see that the A in (4.2) allows
orthogonality by Lemma 3.3.
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Conversely, let A allow orthogonality and N_(A) = n. Note that A can not have
two rows (columns) which have the same patterns, and d,.(A) (d;(A)) must be one
of (1,1,...,1), (2,1,...,1,0).

Case 1. d.(A) =(1,1,...,1).

By Corollary 3.7, d;(4) = (1,1,...,1). So (4.2) holds (an, = —).

Case 2. d.(A) = (2,1,...,1,0).

We only need to consider d;(A) = (2,1,...,1,0). Let a;; = a1 = —. By
Lemma 3.6 we can let ro =2, ago = —, and a;; = —, 3 < i < n —1. So (4.2) holds
(agl = —). O

Theorem 4.3. Up to the transpose, and permutation equivalence, an n X n
(n > 5) + sign pattern A with N_(A) = n + 1 allows orthogonality if and only if

-+ 4+ + + + o+
- - 4+ + + + o+
x ok — 4+ + + o+
+ o+ o - 4 + o+
(43) A=t & + 4 - + 4|
o+ o+ o+ +
[+« + 4+ + ...+ =]

“_»

where x € {4, —}, and exactly one x can be

Proof. First, we prove that the A in (4.3) allows orthogonality.
When there is “—” in {a31, asa, a3}, we see that the A in (4.3) allows orthogonality
by Lemma 3.1 and Theorem 2.2.

When a,, = —, we see that the A in (4.3) allows orthogonality by Lemma 3.4
(t =n —1) and Theorem 2.2.
When a,2 = —, note that
-+ + 4
oo |- -+ +
+ + - +
+ -+ 4

is a & SPO matrix and all + SPO matrices of order n < 6 allow orthogonality. C' al-
lows orthogonality. By Lemma 3.5, we see that the A in (4.3) allows orthogonality.

Conversely, let A allow orthogonality and N_(A) = n 4+ 1. Note that A can not
have two rows (columns) which have the same patterns, and d,.(A) (d;(A4)) must be
one of (2,1,...,1), (3,1,...,1,0), or (2,2,1,...,1,0).
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Case 1. d.(A) =(2,1,...,1).
We only need to consider d;(4) = (2,1,...,1) or d;(4) = (2,2,1,...,1,0) by
Corollary 3.7.

(1) di(A) = (2,1,...,1). Let a11 = az1 = —. By Lemma 3.6, we can let ry = 2,
aze = —, and a;; = —, 3 <4 < n. So (4.3) holds (ap, = —).

(2) di(A) = (2,2,1,...,1,0). Let a;;1 = as; = —. By Lemma 3.6, we can let
ro = 2, and azs = —. Let [; = 2. If ¢ > 3, and ay; = ay; = —, it is clear that s > 2,
t > 2 and the sign patterns of the sth row and the ¢th row are the same. This is a
contradiction. So ls = 2. Let ay2 = —, and a;; = —, 3 < i < n—1. So (4.3) holds
(an2 = —).

Case 2. d.(A)=(3,1,...,1,0).
We only need to consider d;(A) = (2,2,1,...,1,0) by Corollary 3.7. Taking the
transpose, we can consider d;(4) = (3,1,...,1,0), d.(4) = (2,2,1,...,1,0). Let

a11 = a1 = az; = —. By Lemma 3.6, we can let ro = r3 = 2, and a9y = —. If
asy = —, then the sign patterns of the second row and the third row are the same.
This is a contradiction. So let a3z = — and a;; = —, 4 <4 < n — 1. Thus (4.3) holds

(a31 = —).
Case 3. d.(A) =(2,2,1,...,1,0).

We only need to consider d;(A) = (2,2,1,...,1,0). Let a;; = az; = —. By
Lemma 3.6, let 7o = 2, and a9y = —.

(1) Is =2.

It is clear that a1o = +. Let ass = —. If there is ¢ > 3 such that r; = 2, and
a;s = a;y = —, we have s > 2, ¢t > 2 and the sign patterns of the sth column and the
tth column are the same. This is a contradiction. So either 71 = 2 or r3 = 2. Let
either ;3 = — orags = —, and a;; = —, 4 <i < n—1. If a;3 = —, note that

0o 0 + - + - 0 + O - + +
0 + O - - + + 0 O0|=|— — +
+ 0 0 + - + 0 0 + + - =
We see that (4.3) holds (az2 = —). If azz3 = —, then (4.3) holds (az2 = —).
(2) o =1.
Let I3 = 2. If a;3 = —, let azs = —. Note that
00 +][— + =70 + 0 -+ +
+ 0 0 - - + 0o 0 +|=|- — +
0 + O + + - + 0 O + - -
We see that (4.3) holds (as2 = —). If a13 = +, letting ass = as3 = —, then either
rg =2orry =2. Let ry =2, a44 = —,and a;; = —, 5 < i <n—1. We see that
(4.3) holds (a43 = —). O
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Consequently, we have characterized the + sign patterns with n — 1 < N_(A) <
n + 1 allowing orthogonality completely.
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