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OSCILLATORY PROPERTIES OF SOLUTIONS TO A 

DIFFERENTIAL INCLUSION OF ORDER n 

MARKO ŠVEC, Bratislava 

(Received March 23, 1990) 

The aim of this paper is to investigate the oscillatory as well as the nonoscillatory 
solutions and their asymptotic behaviour, of the differential inclusion 

(E) Lnx(t)eF(t,x(<p(t))), n> 1 

where Lnx(t) is the n-th quasiderivative of x(t) with respect to the continuous func
tions ai(t): J = [<o,oo) —• (0,oo), i = 0, 1, ..., n, Lox(t) = ao(<)r(t), Lix(t) = 

ai(t)(Li-\x(t)) , J a~x(t)dt = oo; F(tyx): J x R —• {nonempty convex compact 
subsets of R}, R = (—00, 00); <p: J —• R a continuous function such,that \}m(p(t) = 00 
as t —• 0 0 . 

Under a solution x(t) of (E) we will understand a solution existing on some ray 
[Tr,oo) such that 

sup{|x(*)|: ti -̂  t < 00} > 0 for any i>i > Tx. 

We will assume existence of such solutions. 

N o t a t i o n . F(t,x)x > 0 (< 0) means yx > 0 (< 0) for each y G F(ttx); 
if h: J x R —• R, then F(t,x) ^ (^) h(t,x) means: y ^ (^) h(t,x) for each 
y e F(ty x). If B C R then | |B| | = inf {|x|: x G B). 

The following basic assumptions will be used: 
1° F(tyx) is upper semicontinuous on J x R; 
2° F(t, 0) = 0 for each t G J; 
3° F(t, x)x < 0 for each (t, x) G J x R, x £ 0; 
or 4° F(t, x)x > 0 for each (*, x) G J x R, x 7- 0. 
The notions of oscillatory and nonoscillatory solutions will be used in the usual 

sense. 
Consider the inclusion (E) and assume that the assumptions l°-4° are satisfied. 

Let x(t) be a nonoscillatory solution of (E). Then from the assumption lim<p(t) = 00 
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as t —• oo it follows the existence of such t\ ^ *n that x(<p(t)) -̂  0 on [t\, oo). Taking 
into consideration the assumptions l°-4° we get that x(t)Lnx(t) / 0 on [/i,oo). 
Therefore, x(t)Lnx(t) > 0 if 1°, 2°, 4° are satisfied and x(t)Lnx(t) < 0 if 1°, 2°, 3° 
are satisfied on [*i,oo). This implies that there exists t2 ^ t\ such that each L,x(tf), 
i = 0, 1, . . . , n, has a constant sign on [t2,oo). Therefore, each L{x(t), i = 0, 1, . . . , 
n — 1, is monotone on [t2l oo), and limLjx(t) as t —• oo, i = 0, 1, . . . , n — 1, exists in 
the extended sense, i.e. lim|Lfx(.f)| is finite or oo as t —• oo and i = 0, 1, . , . , n — 1. 
More detailed considerations [1] lead to the following result: For the nonoscillatory 
solutions of (E) the following two cases are posible: 

a) lim |L ta:(/)| = oo for i = 0, 1, . . . , n — 1; 
t—*-oo 

b) there exists k E { 0 , 1 , . . . , n — 1} such that lim Lkx(t) is finite, 
t—• OO 

lim L{x(t) = oo • sgnx(<), i = 0, 1, . . . , k — 1, 
t—•oo 

lim Lix(t) = 0, f = k + 1, . . . , n - 1. 
t—>-oo 

R e m a r k 1. The case a) can occour only if the assumptions 1°, 2°, 4° are 
satisfied. 

In fact, if the assumptions 1°, 2°, 3° are satisfied then x(t)Lnx(t) < 0. Therefore, 
if x(t) > 0 then Ln-\x(t) descreases and must be ultimately positive. If x(t) < 0 then 
Ln_ix(<) increases and must be ultimately negative. Thus | lim Ln-\x(t)\ < oo. 

t—->oo 

These considerations show that the set of all nonoscillatory solutions of (E) can 
be divided into disjoint classes in the following way. 

Definition 1. We will say that a nonoscillatory solution x(t) of (E) belongs to 
the class Vn if the case a) occurs. We will say that a nonoscillatory solution x(t) of 
(E) belongs to the class Vi, k £ { 0 , 1 , . . . , n — 1}, if the case b) occurs. 

In the sequel we will use the following notation and lemmas: 
Let to ^. c <t < oo. Then 

Po(t,c) = l, 

Pi(t,c)= J a^ist)/a^l(s2)... J ar1(si)d8i...d8i, 

c c c 

* = l , 2 , . . . , n - l ; 

Qn(t,c)=l, 
t * n - l »J+1 

Qj(i,c) = J an-i(sn-i) J a~l2(sn.2)... J a ; "
1 ( s i )ds i . . .d.s n _i , 

c c c 

j = l , 2 , . . . , n - l . 
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It is easy to see that 

lim Pi(ty c) = oo, lim Qi(t, c) -= oo, for i = 1 ,2 , . . . , n — 1, 
t—^oo t—*oo 

and taking into account the properties of a*(J), by the THospital rule we get 

lim Pi(t, c)Pfl(t, c) = 0 for 0 -̂  i < j ^ n - 1, 
t—*oo ' 

lim Q i(t, c)Qf *(*, c) = 0 for 0 < i < j ^ n - 1. 
t—>oo 

Lemma 1 ([1], Lemma 4). Let z(t) be such that z(t) ^ 0 on [*i,oo) and Lnz(t) 
exists on [*i,oo). Let z(t)Lnz(t) ^ 0 on [*i,oo), where the equality may eventually 
hold at isolated points. Let k £ { 0 , l , . . . , n — 1} be such that b) is fulfilled. Then 
there exists aT\ ^ t\ such that sgn z(t) = sgn Lkz(t) for t^T\. 

Ifn + k is even then \Lkz(t)\ increases on [7i,oo) and there exist two constants 
0 < ci < c2 such that for t > T\ 

0 < ci < \Lkz(t)\ < c2 

and 
0 < ci < Hm \Loz(t)P£l(t,c)\ < c2, lim LoztyP^^c) = 0. 

Ifn + k is odd then \Lkz(t)\ descreases on [7i, oo) and there exists a constant c > 0 
such that we have 

0 < \Lkz(t)\ <cfort>Tly 

0 ^ \im\Loz(t)P^l(tlC)\ < c, Urn Loz(t)P^x(tyc) = 0. 

Lemma 2 ([1], Lemma 6). Let z(t) be such that z(t) ^ 0 and Lnz(t) exists, both 
on [ii,oo). Let z(t)Lnz(t) ^ 0 for t ^ t\, where the equality may hold at isolated 
points. Let k G { 0 , 1 , . . . , n — 1} be such that b) is fulfilled. Then there exists a 
T\ ^ t\ such that sgnz(t) = sgn Ltz(t) for t >T\. 

If n + k is odd then \Lkz(t)\ increases on [7\,oo) and there exist two constants 
0 < ci < c2 such that 

0 < ci < \Lkz(t)\ < c2 for t > T\ 

and 
0 < ci < lim \L0z(t)P~l(tiC)\ < c2, lim L0z(t)Pr*(t,c) = 0. 

t—>oo t—->oo * 

Ifn + k is even then \Lkz(t)\ descreases on [7\, oo) and there exists a constant C3 > 0 
such that 

0 < \Lkz(t)\ < c 3 fort > 7 i , 

0 ^ \im\Loz(t)p-l(t,C)\ < c3, toiz^P^^c) = 0. 
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L e m m a 3 ([2], Lemma 3). Let x(t) G Vk, k G { 0 , 1 , . . . , n - 1}. Then 

lim Lox(t)Pk
l(t,c) -= lim Lkx(t) = cjb. 

t—*-oo t—*oo 

If Cfc 7-: 0 then there exist constants ajk > 0, /?* > 0 and T^ > to such that 

(1) aka^^P^t^c) ^\x(t)\ ^ pka^WP^t^c), t>T'k. 

We will consider two problems. The first problem is to find conditions which 
guarantee that limLjbx(t) -=- 0 as t —• oo for each x(t) G Vjb, k G {0 ,1 , . . . , n — 1}. 
The second problem is to state conditions which guarantee that the class Vk, k G 
{ 0 , 1 , . . . , n — 1}, is empty. These problems were discussed in [1], [2], [3] if instead of 
the inclusion (E) we have a differential equation. 

Theorem 1. Let the assumptions l°-4° be satisfied. Let G(t,u): Jx[0, oo) —• 
[0,oo) be a continuous and nondecreasing function in u for each fixed t G J, such 
that 

G(t,\x\)^\\F(t,x% x G R . 

Let k G { 0 , 1 , . . . , n — 1}. Suppose that 

oo 

(2) J a-1(S)Qk+1(S,t)G(s,aa-1(,p(s))Pk(<fi(s),c))ds = co 

t 

for all t ^ J* such that cp(s) > c for s > Tk ^ Tk, c ^ to, and for each a > 0, or 

oo 

(3) lim sup Ia-l(s)Qk+i(s,t)G(siaaQ1(<p(s))Pk((p(s)1c)) ds > 0 
t — CO J 

t 

for each a > 0. 
Then for each x(t) G Vk we have limLjbx(t) = 0 as t —• oo. 

P r o o f . Let x(t) G Vk, k G { 0 , l , . . . , n - 1} and let limLjbx(t) = Cjb # 0 as 
t —* oo. Then 

0 ^ G(t, |*(v>(.))|) ^ ||F(<,x(^(0))||, < > r t , 

and 

(4) 0^G(t,\x(<p(t))\)^\Lnx(t)\, t>Tk. 

Assume that Tk is such that for t >. Tk, x(t) has a constant sign, sgn x(t) = sgn Lkx(t) 
for t >. Tk and (1) from Lemma 3 holds. Then the successive integrations on [t, oo), 
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t > Tjt, of (4), by virtue of the fact that \imLix(t) = 0 as t —• oo, i = k + 1, . . . , 
n — 1, give 

oo 

0 < J a-\s)Qk+1(s,t)G(s} \x(<p(s)) \) ds < \Lkx(t) - ck\. 

t 

From Lemma 3 we have 

\x(<p(t))\ ^ aka^(<p(t))Pk(<p(t),c). 

Therefore, G(t,u) being nondecreasing, we get 

oo 

( K J a-1(s)Qk+1(s,t)G(s,aao1(f(s))Pk(>p(s),c))ds ^\Lkx(t)-ck\. 

t 

The exprossion on the right-hand side is bounded. This leads to a contradiction with 
(2). If (3) is satisfied then we have once more a contradiction, because lim|L;tx(tf) — 
Ck\ = 0 as t —• oo. • 

T h e o r e m 2. Let all assumptions of Theorem 1 be satisfied. Then, provided the 
assumptions 1°, 2°, 3° are satisfied, the sets Vk for n + k even are empty. If the 
assumptions 1°, 2°, 4° are satisfied then the sets Vk for n + k odd are empty. 

P r o o f follows from Theorem 1 and from Lemma 1 and 2, respectively. Denote 

j(t) = sup{s J> *o • <p(s) ^t} for all t ^ to 

and 
m(t) = max{7(*),*}, t ^ to. 

We see that m(t) ^ t. From the continuity of <p(t) we get <p(s) > t for 5 > y(t) and 
<p(s) ^ t for s ^ m(t), t ^ to. Evidently limm(tf) = oo as t —+ oo. 

Consider the class Vk, k £ { 0 , 1 , . . . , n — 1}. Form the properties of the set V* we 
get that l imLn_ix(t) as t —• oo is finite for each x(t) £ Vk. Then by virtue of the 
assumptions of Theorem 1, (4) yields 

oo 

(5) 0 < J a~1(s)G(s, \x(<p(s)) \) ds < \Ln^x(t)\ < oo. 

Our forthcoming considerations are based on this fact. Successive integration of (5), 
together with the fact that limL,x(<) = 0 as * —•oo, i = k, ib + 1, . . . , n — 1, give 

oo 

(6) 0 ^ J a-1(s)Qk+1(s,t)G(s,\x(>p(s))\)ds ^\Lkx(t)\. 

t 
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a) Assume that x(t) E V*, x(t) > 0 for t > t3y k > 0, where t3 is such that 
L{x(t), i = 0, 1, . . . , n — 1, has a constant sign. Then Lkx(t) > 0 for t > t$ and 
the integration of (6) between u and t>, t3 ^ u < v, and the application of Fubini's 
theorem yield 

V s 

0 ^ Ja-\s)G(s, \x(<p(s))\)Ja^(t)Qt+1(8,t)dtd8 

U 

oo V 

Ja;l(s)G(s, \x(<p(s)) |) J a;\t)Qk+l(s, t) dt ds 
(7) 

+ 
U 

^ Lk-\x(v) - Lk-\x(u) ^ ^^-^(t;) 

because Lk-\x(t) > 0 for t > t3. It follows from the definiton of Qk+\(s,t) than for 

Qk+\(s,t)>Qk+\(v,t). 

Therefore, from (7) we get 

V OO 

(8) 0 ^ Ja-^Qk+i^dt Ja-1(S)G(s,\x(>p(s))\) ds ^ Lk-ix(v). 

U V 

Repeating this procedure (k — l)-times, we get 

V t\ ** - l 

0 < JaXl(h) JaZ\h)... J a-;\tk)Qk+i(tk-utk)^h 
u u u 

00 

(9) • Ja-1(s)G(s,\x(<p(s))\) ds «C L0x(v) 

V 

for tz ̂  u < v, where dwk = dtk dtk-\.. .d<i. Denote 

v ti tfc-i 

(10) Rk(v,u) = Ja^^Ja^fa)... J a-'^Qk+dtk-ut^dwk. 
u u u 

Then we have 

00 

(11) 0 ^ Rk(v,u) J a-1(s)G(s,\x(<p(s))\) ds ^ L0x(v), t3^u<v. 

V 
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The monotonicity of G and the properties of m(t) yield 

oo 

\Loz{v)\2 Rk{v,u) J o^1(«)G(«,|*(V)(«))|)<U 

(12) miv2 

= Rk(v,u) J a - 1 (5 )o (* ) a 0 - 1 (^) ) | io . - (^(*) ) | )d S . 

m(v) 

But |Lox(t)| is nondecreasing, <p(s) ^ v for s ^ m(v) and G(t,z) is nondecreasing in 
z. Therefore, (12) implies 

oo 

(13) |L0*(tO| 7* Rk(v,v) J a-l(s)G(siaol(^(s))\L0x(v)\)ds. 

m(v) 

for <3 ^ u < v. Once more.by virtue of the monotonicity of G(t, z) we get 

oo 

J a-1(s)G(sya^(^(s))\Lox(v)\)ds 

m(v) 

oo oo 

£ y o - ^ ^ G ^ . a i - 1 ^ . ) ) ^ ^ , ! ! ) J a-1(T)G(T,a0-1(^(T))|.to*(»)|)dTd«. 

m(v) ™(v) 

Denote 

oo 

(14) p(v)= J a^(s)G(s1a^1(<p(s))\L0x(v)\)ds 

m(v) 

Then we have 

oo 

(15) p(v)> J a-1(s)G(siao1(<p(s))Rk(v,u)p(v)) ds. 

m(v) 

From (5) and (14) we obtain 

oo 

\Ln-lX(m(v))\> J a^(s)G(s,\x(<p(s))\)ds 

m(v) 

oo 

> J a-1(8)G(s,ao1(<p(s))\L0x(v)\) ds = p(v) > 0 

m(ti) 
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and 

0 ^ lim p(v) ^ lim Ln-ix(m(v)) = 0. 
v—>oo v—»-oo \ v / / 

Thus 

(16) lim p(v) = 0. 
v—*oo 

b) Let x(t) e Vkl x(t) < 0 for T ^ t3i k > 0. Then sgn£**(*) = sgn.r(*) = - 1 
and from (6) we get 

oo 

0 ^ Ja-1(s)Qk^.1(s1t)G(si \(<p(s))\) ds <J -Lkx(t), t > t3. 

t 

Similar considerations as in the case a) lead to the inequalities (13), (15) and equality 
(16). • 

Now we are able to prove the following theorems: 

T h e o r e m 3. Let all assumptions of Theorem 1 be satisfied. Moreover, assume 
that for every fixed t ^ to 

(17) z~1G(t) z) is nondecreasing for z > 0, 

and for k e {1,2 , . . . ,n — 1}, 

oo 

(18) lim supR k(v,u) [ a^1(s)c~1G(s1 a^1 (<p(s))c) ds > 1 
v —•oo J 

m (v) 

for some c > 0. Then the set Vk is empty. 

P r o o f . Letx(*) G Vkike {1,2, . . . , n - 1 } . Then l i m | L 0 z ( 0 | = °°- Therefore, 

for c > 0 there exists v\ > u ^ t3 such that |Fo^(^)| > c for all v > v\. Then from 
(13) and (17) we obtain 

1 > *(,,«) 7 a^(,)a0-H^))G(S'^1(;|f))c)dS, 
J a0 {<p(s))c 

m(t>) 

which contradicts (18). • 
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T h e o r e m 4. Let all assumptions of Theorem 1 be satisfied. Moreover, assume 
that for every fixed t ^ to 

(19) z~1G(t, z) is nonincreasing for z > 0, 

and for k G {1, 2 , . . . , n - 1} 
oo 

(20) lim sup / a-1(s)c-1G(s,Rk(viu)aQ-1(<p(s))c)ds > 1 
t;-*oo J 

m(v) 

for some c > 0. Then the set Vk is empty. 

P r o o f . Let K G { 1 , 2 , . . . , n — 1} and x(t) G Vk. Because limp(t;) = 0 as 
v —• oo and p(v) > 0 for v > u, for c > 0 there exists V2 ^ u ^ t$ such tha t c > p(v) 
for all v > V2- Taking into account (15) and (19) we obtain 

1^> / an (*)a0 (^(*)).Rfc(t;,ii) , w , ,x p , : <*s 
J ao (^(*))«*(v,t i )c 

m(v) 

for all v > V2- This leads to a contradiction with (20). • 

D e f i n i t i o n 2 . We will say tha t the inclusion (E) has property A if, provided n 
is even, all solutions of (E) are oscillatory and, provided n is odd, each solution x(t) 
of (E) is either oscillatory or l imL : x(t) = 0 as £ —• oo for i = 0, 1, . . . , n — 1. 

Def in i t i on 3 . We will say tha t the inclusion (E) has property B if for n even 
each solution x(t) of (E) is either oscillatory or limLix(t) = 0 as t —* oo for i = 0, 1, 
. . . , n — 1 or it belongs to the class Vn, i.e. l im|L ,x ( t ) | = oo as t —• oo for i = 0, 1, 
. . . , n — 1, and ior n odd each solution x(t) of (E) either is oscillatory or belongs to 

the class Vn. 

Now, from the Theorems 1-4 we obtain the final theorem: 

T h e o r e m 5. Let all assumptions of Theorem 1 be satisfied. 

a) If the assumptions 1°, 2°, 3° are satisfied and if (17) and (18) (or (19) and (20)) 

hold for k = 1, 2, . . . , n — 1, then the inclusion (E) has property A. 

b) If the assumptions 1°, 2°, 4° are satisfied and if (17) and (18) (or (19) and (20)) 

hold for k = 1, 2, . . . , n — 1, then the inclusion (E) has property B. 
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