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1. FORMULATION OF THE RESULTS

We introduce an infinite family of trigonometric sums with prime numbers

(1) G(z;t, ) = Z

p<P

= cos{tln(p+2) + ¢}, z€(0,1),

where p and P are prime numbers and

t>07 ‘ppe <_K7K)? (p:(w27§037(p57"'7wp)'

For £ = 0, ¢ = 0 we obtain

(2) G(0;t,0) = Z %cos(t In p),

p<P

that is, the classical trigonometric sum with prime numbers, connected with the
main term of the Riemann-Siegel formula [4, p. 94]. In the opposite direction, (1)
results from the amplitude-frequency-phase modulation of (2).

From the family (1) we select an infinite subset corresponding to the horizontal
segment € (0,1), t =T

(3) G(z;T, ) Z cos{Tln(p +)+¢p}
p<P

! Supported by Grant GA-SAV363
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From the viewpoint of theoretical radio-engineering we call the function G(z; T, ),
x € (0,1) with an arbitrary fixed vector ¢ a signal. Let, for instance, ¢, be in-
dependent random quantities distributed uniformly on the interval (—n,x). Then
G(z;t, ) is a random process while the signal is its realization.

For signals of the type (3) we have

Theorem. Let z € (0,1/(9P?)), P € (2,T'/°). Then for an arbitrary fixed ¢
the interval .
P
(Z, T+ Am), T — o0
with A a sufficiently large positive number contains a zero of an odd order of the
signal G(zx;t,).

Let No({z1,z2) ;G) denote the number of zeros of odd orders of the signal

4 G(x; T 1 P <
(4) (z; T, ), I€<$1,12)C<0,§I—,§>, Tip S%2 o
The theorem yields
Corollary.
No((@1,22)5G) > = (2 — o)L, 75
0\Z1,22/; A T2 1 p6 00.

Remark 1. In the case 2 < P < InT which is crucial for us the zeros of the
signal (4) are distributed directly with gigantic density.

We introduce also an infinite family of complex signals

1
G(z:T,0) =Y
o<P VPt =2

cos{TIn(p + z) + ¢},

where z = z+i7, z € (0,1) and In(p+ 2) denotes the principal value of the logarithm.

Remark 2. It is of interest to consider the problem of existence of zeros of the
signal G(z; T, ¢) which do not lie on the “critical” segment = € (0,1), 7 = 0.

The proof of the above theorem is given in Sections 4-9 of the present paper.
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2. OSCILLATION CHARACTERISTICS OF THE SIGNAL G(z;T, ¢)
The signal G(z; T, ) represents the result of interference of oscillators of the type
ap(z) - cos{®(z; T, 9p)}, PP,

where

1
ap(z) = \/m) Q("I"ICI-'a(pP) = Tln(p+ .’E) + Qop

is respectively the amplitude and the phase,

ol T
N = — =
(p) dr p+=z
is the spectrum of circular frequencies,
1 1 T
(6) flp) = 5-9p) = 5~ pryrage

is the spectrum of the phases in hertz.
Remark 3. The differences of the adjacent frequencies of the spectrum

1 T
2t (pn-1+ z)(pn + )

f(pn—1) = f(pn) = (Pn = Pn-1)

are very large (p, denotes the n-th prime number) and for the relative increments of
frequencies we have

f(Pn-1) Pnt+T
Moreover, the differences p, — p,—; of the adjacent primes behave in an extremely
irregular manner.

f(pn—1— f(pn) __ Pn—Pn-1 .

3. DEFINITION OF THE KWN ESTIMATE FOR THE NUMBER
OF ZEROS OF THE SIGNAL

In connection with the Kotelnikov-Whittaker-Neuquist theorem from the theory
of information the following result is used in radio-engineering (cf. [1, pp. 81, 86,
96, 97]).

Empirical Rule. If the period of a signal F(t) isU (e.g. t € (T,T + U)) and its
spectrum is approximately bounded by a frequency W (in hertz) and if 2WU > 1,
then the function F(t) is determined “with a high degree of accuracy” by its values
at 2WU nodes which lie at the distance of 1/2W.
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The quantity 1/2W is called the KWN frequency of the signal F(¢), and is funda-
mental for our analysis.

Let No({(T',T + U) ; F) denote the number of zeros of odd orders of the signal F(t),
t € (I, T + U). As concerns the number of the KWN nodes in the interval (T', T + U)
we formulate the following conjectures.

Conjecture 1 (strong form).

No((T,T+U); F) ~ 2 = 2wu.
b174

Conjecture 2 (weak form).
No({T\,T+U); F) < (1+¢€)2WU,

where € is an arbitrarily small positive number.
Turning back to our problem we introduce

Definition. A lower estimate of the type
) No({T\T+U);F)>A-2WU, 0<A<1

is called a KWN estimate.

Since the KWN frequency corresponding to the signal F(z;T,p), € (z1,z2) is

(see (6))

1 T T
= - < — =
2/(2) n 24z  2n 2w
the estimate (7) assumes the form
T
(8) No((z‘l,z2);G)>A~51;(a:2—x1).

Consequently, we make

Remark 4. By virtue of (8) the estimate (5) is a KWN estimate only provided
P = 0O(1), t = oo, that is, provided the number of oscillators generating the signal
G(z; T, ) is bounded (e.g. for P = 5,17,257).

Remark 5. The relation between the KWN Theorem and the Riemann-Siegel
formula is dealt with in the papers [2], [3].
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4. THE MEAN VALUE OF THE FUNCTION G2(z;T,¢)

In what follows, the asymptotic identity

(9) S lommP+oq), Pooo
p<P

due to Mertens and the estimates

/P
W Sien-old) Sa-o)
};Pp%=o(};j:), k=1,2,....

will be useful. We have

Lemma 1. For all sufficiently large T, A > 0 and for arbitrary z,, x5 satisfying

3

(11) <I1,$2> C <0a l)a Tln P \ T2 — Iy
we have
1 1T 7 1
— 2 . —
(12) a(1)+O(A) <o /G (@:T, ) dz <a(0)+O(A),

T

1 1
a(r) = = _;_
ZPSPp-i-m

2< P<K,
where K is a sufficiently large number. Further,

(13) /Gz(xTap)dxrvllnlnP P — .
Tro — I
z1

The relations (12), (13) are valid uniformly for x, o and .

Proof. We have (p,q < P)

CoSws

14 zT

(9 9= ZZPH 2;(,Z\/(:owc)(qwc)
+§ZZCOS+=51+52+53,

e V(pt+z)(g+a)
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where

+x
wy =Tn2 —+ 0= ¢p ws=Thl(p+2)(g+D)]+p, + 0,
Since
/Sgdz— > b,
P>q
where
COS w2 7 d(sin wz)
\/p+w(q+$ wéx/(p+w)(q+w)
+q+2z
+z)(q + ) sinw —Prarer sinw dz}
= g = | VO A sine Sotaarn
—o(} T2 [P) _ (L
= o(5vpr) +0( = \/;)—0(2\/171),
we have (see (10))
T2 1;3
(15) - /S2dx:O(Tln2P)

T1

uniformly for z;, x5 and ¢. Quite analogously we obtain the estimate

z2

(16) / Sada =0

z1

P2
T1n2P)‘

Since

(1) - (2 =21) + O /Gde<a(0) (22— 21) + O( ’)

Thn?’P Tln?P

provided 2 < P < K (see (14)-(16)), by virtue of (11) we obtain (12). If P — oo

then (see(9))
1 1 1 1
512-2- E 1—7+O( Ep FD—2)=§lnlnP+O(1)

and consequently

T2
1 p?
/G2 dz = 5(352 —z1)Inln P+ O(z2 — 1) + O(m)

z1

By virtue of (11) this implies (13). 0
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5. ASYMPTOTIC FORMULA FOR THE DOUBLE SUM
We have

Lemma 2. The identity

a7) ZZ/W (z2 — z)(Inln P)? + O{(z3 — 1) Inln P}.

P1,p2< Pz,
P1#£P1

holds for all sufficiently large P and (z;,z2) C (0,1).

Proof. First of all, we have

1 1
18 1 ( X
18) (p1 + z)(p2 + 7) pz—Pl Z( )y p2 +
1 1 1
= + 1 — )2*
PPz P2 — D1 ;( > (p1 p’;“)
1
=— +R
P1p2

Since (p1 < p2)

2 > 1 1 p2+p1—1
IR| < ( - )xk =
P D e e o) Kk (g u ey
1 1
< Spl :-52 = ( 7+ )
pip3 pnip; Pip2

and also (see (9))

Z;ézplpz B (2;1)2__2;)1? = (InlnP)® + O(InIn P),
Z¢ZR O(ZPIZ )=O(lnlnP),

we obtain (17) from (18).
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6. LEMMA ON AN ESTIMATE OF THE TYPICAL QUADRUPLE SUM

We have

Lemma 3. Let

(19) V(gn,zo, T, Pip)= D D > > 1,

P17P4,P2#P4,P37Pa
P1#P2,P1£P3,P27D3

where

T2
COSw

1
20 I= dz, z1,722 € (0,—),
(20 Vo +2) .. (s +2) b7 € (055)
(pr + z)(p2 + z)(ps + )
Ps+T

w=TIn

+ Op1 t+ Ppy + Ppy — Ppy-

Then for all sufficiently large T > 0 the estimate

(21) v=o(% : %)

holds uniformly for z,, x2 and .

Proof. We have

I= %/Vtx—)\/(pl T2l ) d(sinw),

M(z) = (p1 + p2)Pspa + (s — p3)P1P2 + 2ps(p1 + p2 + p3)T
+ (p1 + p2 + p3 + 3pa)z? + 22° = a + 2bx + cz? + 223

If a =0 then

(22) (p1 + p2)p3ps = (p3 — pa)P1P2-

However, in our case

P31 (p3s —pa), P3tp1, P31p2,
P4t (p3s —pa), Patp1, pa {p2,
(p1 —p2) tp1, (1 +p2)tp2, (P1+p2)t(P3—pa);
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consequently, if (p; + p2) | (p3 — ps) then p3 — ps = k(p1 + p2) and (see (22)) psps =

kpip2, a contradiction. Hence |a| > 1. Further (see (20), P > 2),

w

2z +cz? +228 <= +27% 42712 < 0.77.

S

Consequently,

|M (z)| > 0.23,
M'(z) = 2b + 2cz + 62% < A(py + p2 + p3)ps

for z € (z1,z2). Now

1= 0(gvrmmm) + %/{ e (\/(pl T

Pyt

—\/(P1+$)---(p4+$)

M'(z
M?(
= o) + {75 ..))

-z
+O{ T 1P3/2\/P1P2P3(P1 + P2 +P3)}

)) }sinwda:'

and finally (see (10), (19), (20))

-of3(Svm)}+o =2 E (T vA) )
ro{27 (T} (L ve))
=O(%'11§P) =0(x2:;$1 'lrf:P)

= 0(% . PSIn® P)

uniformly for z;, z2 and ¢.
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7. MEAN VALUE OF THE FUNCTION G*(z; T, )
We have

Lemma 4. For all sufficiently large T, A > 0 and for arbitrary z,, x» satisfying
the conditions

1 PS¢
(23) ($1,$2)C<0,W>, T P\ Ta—71; 2<PTYY

we have

24) (L) + o(%) /G“(z T, o) dz < B(0) + O(A)

z1

3 1
z 4SSy —— _ 2<PKK,
Ble) = 42:2:p1+zun+z 8§;uh+rﬁ

P1#p2

T2 — T

(25) /G‘(z T,p)dz ~ —(lnlnP) P — oo.

T1

Ty — X1

The relations (24), (25) are valid uniformly for x,, T2 and .

Proof. We have
(26) G4(a:;T,<p)=S4+S5+56+S7+53,
where (py,...,ps < P)

(27) Ss = p(z),

COS Ws)
28 S5 = Ss1 + Ss2 + Sz =
(28) 5 = 951 52 53 QZZZ (1 + )/ (p2 + z)(p3 + )

P1,P2,P3

COS Wso
EID ) e e ey

P1#P2,P3
COS w53
AYYY |
P1¢P2 P1#P3 (Pl +I (p2+z)(p3+z)
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ws1 = wsz = ws3z = TIn(p2 + ) (p3 + 2)] + @p, + ¥p;,

COS We1
(29) Se¢ = Se1 + Se2 + Se3 =
6 61 62 63 = % ;? (1 + )/ (p2 + 2)(p3 + 7)

COS We2
+ o
4 P§P§73§1 (1 +2)/(p2 + 7)(p3 + 7)
COS Wg3
+
ZZ (p1 + 2)(p2 + 2)’

P1#P2
2+
we1 :LUGQ:TIII + Ppy — Ppa,y
p3+zT P2 P3
+z
wez = 27" In il + 2¢p, = 2¢p,,
2

COS w71
(30) S7 =811+ S72+ Sz = E E E
4 (1 +2)y/(p2 + z)(p3 + 7)
P1#£P2,P17P3
P2#P3

RN T

m#m P1#P4,P1FP2
P2#P3,P2#P4,P3#Pa

+%ZZZZ COS W73

P1,P2,P3,P4 \/(pl +$)--.(p4+z)’
(p2 + 7)(p3 + )
(ps + z)(ps + 2)
wrs =T n[(pr +2) ... (Pa + T)] + Ppy + Py + Pps + Opas

(ps + )

71::’“ln +‘)0p1—‘pp2—<pp3a

wrp = TIn + $py + Pp2 — Ppz — Ppa>

1 COS wg1
31 Sg = Sg1 + Sgo + Sgz = —
(31) 8 81 82 8 = 5 E E DN

P1#P2

3 COS wg
5200
2 \/‘*—’_—
P1#£P3,P27#P3 (1 +2)V/ (P2 + 2)(ps + )
P1#£p2

1 COS Wwg3
3 2200
2 b
P17Pa,P27Pa, P37 P4 \/(])1 +x)...(ps + )
P1#£P2,P17#P3,P2#P3

(m +2)°
wg1 =TIn— +3 — ,
. pataz PR T
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2
wgz = T'In (1 +2)°(p2 + 2)
p3+x
wes = Tln (p1 + 2)(p2 + 2)(p3 + 7)
pst+zx

+ 290?1 + Pp2 ~ Pp3>

+ Yp1 + Pp2 + ¥p3 — Ppa-

O

7.1. A typical and relatively the most difficult is the case of an estimate of the
integral of the sum Sgsz. In that case we have the estimate (see (19)-(21), (31))

T2

/Ssadx=V:O(%~%)

1

uniformly for z;, z2 and ¢. Analogously we establish the estimates

1 P2Inln P
/SSkdI—— _ln2—P), —1’2737

3
/SeldzD o(T.fM), 1=1,2,

7563dx=0(§1; : lnL;ZP—), /Sndx :o(% : %),

72572d:r =o(% : P4—6) /573dx =0(l : P3—3)

In* P T In°P
T2
1 p? 1 pt
[ suwts=0(z-5rp). [ste=0(z g5

1

uniformly for z1, z2 and ¢. Consequently, we conclude (see (26), (28)—(31)) that the
estimate

(32) /(55+SG+S7+Sg)dz=O(

£}

1 pPS
T p)

holds uniformly for z;, z2 and ¢.

7.2. Now, in the case 2 < P < K we have (see (24), (26), (27), (32))

BQA) - (z2 —z1)+ O (T14 /G4dl‘</3(0 (z2 —21)+ O (Tli:P)
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and by virtue of (23) this implies (24). Since

Z / __(Pl i—xa:)z = O(zz — 21),

we have

z2
3 P®
/G4dl‘ = Z(.’L‘g —.'1)1)(1H1DP)2 +O{(CC2 —xl)lnlnP} +O(m)

Z1

for P — oo (see (17), (24), (27), (32)), and by virtue of (23) this yields (25).

8. INTEGRAL ORDER OF THE FUNCTION |G(z;T, )|

First of all, using (12), (13), (24), (25) we establish estimates

z2
1-¢)a(l) - (z2 — x1), 2< P<K,
/G2(z;T,<p)dz> ( )a(1) - (z2 — 1)
—l—g—i(xz—ml)lnlnP, P - oo,

i (14+)8(0) (22 -=:),  2<P<K,
4.
I/G (@ T, p)dz < {%(1+6)(x2—zl)(lnlnP), P - .

Further, applying (12), (13) and the Cauchy-Bunyakovskii inequality we obtain es-
timates :

z2
1+e)-(z2~1z a(0), 2< P<K,
/lG(a:;T,<p)|dz< (1+¢)- (z2 — 71)v/(0)
%(xg—xl)vlnlnP, P — 0.
Ty

The well known inequality

b

/b l9(@)|ds > { [¢@ dx}m - { /b g‘*(x)dz}_l/z.

a

(use the Hoelder inequality with g2 = |g|§ . |g|§, p= %, q = 3) implies

Lemma 5. For all sufficiently large T', A > 0 and for arbitrary z, z, satisfying
the conditions (23) we have
w_ 1 '
(33) (1-3¢) a < — / |G(z; T, )| dz < (1 + &)/ a(0)
B(O) T2 — Iy

z1
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provided 2 < P < K and

Jdz < 2 EVinm P

1-3e
34 —+vVInlnP <
(34 V2

V6

T1

provided P — oo. Moreover, both (33), (34) are valid uniformly for z,, x2 and .

Remark 6. We have thus determined the order of the area of the curvilinear
trapezoid corresponding to the graph of an arbitrary signal. In this connection a
question arises of the proof of an asymptotic identity improving the estimate (34).

9. PROOF OF THE THEOREM—CONCLUSION

Since
T2
/G(I;T,w)dx: ZI, w=T
£, p<P
where
T2
1= % /\/p+wd(smw)
- L] gl ] -
=7T|VP Tsinw 572 | VP +acosw Mabryad
we have
=o(F)
T
Consequently,
P3/2
(35) /G@,T,«;) dz = O(TlnP)

uniformly for x;, z2 and .
If under the conditions (23) the function G(z; T, y), € (z1,x2) does not change
sign, then (35) implies the inequality

3/2
ThhP’

(36) /lG(rc;T, p)dr < A

T
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Further, for sufficiently large T, A > 0 and an arbitrary fixed vector ¢ we have
estimates (see (33), (34), € = 1/6)

A'((EQ—QI]), 2<P<I{»

T2
37 G(z;T,p)|dx >
(37) /l ( 2l {A-(zg—xl)\/lnlnP, P — co.

However, under the conditions

ps 1
Tip - 2 0<$1<§;§

(see (23) and the assumptions of the theorem) the relations (36), (37) are contradic-
tory. Consequently, the interval

ps ), < 1

(I1,$1+Am \$1<§P—2

contains a zero of an odd order of the function G(z;T,¢) (of course, the condition
1 € (0,1/9P?) implies that (z1,z2) C (0,1/(8P?)) for sufficiently large T).

10. CONCLUDING REMARKS

The method of the proof of the theorem makes it possible to obtain analogous
results even for families of signals obtained for example in the following way:
(A) by differentiation:
G 9G
W e
(B) by replacing the summation in (3) by a summation
(a) by an arbitrary choice of primes not greater than P,
(b) by numbers of the type

¢1 = P1P2, 92 = P3P4, @3 = PsPe, --- < P,

(say, by products of twin primes),
(c) or, generally, by numbers

ng<nyg<...<npg <P, (ni,n;)=1, i#j 1i,j<k,
(C) by a substitution
vp+z = (p+z)°, o€(-L,L).
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In particular, let us mention the family of signals (C) o =0, i.e.

Go(z; T, ) = Z cos{TIn(p+z)+¢p}, z€(0,1)
p<P

with random excitation of phases.

Acknowledgement. I express my deep gratitude to editors for translation of the
paper from Russion.
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