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INTRODUCTION

The question of the extent to which homomorphisms and derivations on complex
Banach or Fréchet algebras are automatically continuous has received a considerable
amount of attention, particularly in the context of semi-simple algebras. The seminal
result in this area is, of course, the automatic continuity of all multiplicative linear
functionals on Banach algebras, which leads easily to the continuity of all homomor-
phisms from a Banach algebra into a semi-simple commutative Banach algebra. This
implies, in particular, the uniqueness of the complete norm topology on semi-simple
commutative Banach algebras. A famous theorem due to Johnson [6] extends this re-
sult to arbitrary semi-simple Banach algebras. Moreover, Johnson and Sinclair have
shown that derivations on semi-simple Banach algebras are necessarily continuous;
see [7] and [8]. Similar results have been obtained in the case of certain semi-simple
commutative Fréchet algebras by Carpenter in [1] and [2], but it remains an intrigu-
ing open question, commonly known as Michael’s problem, whether all multiplicative
linear functionals on commutative Fréchet algebras are continuous. For an excellent
account of the classical theory of automatic continuity, we refer to [3], [4], and [13].

In the present paper, we shall discuss the continuity of homomorphisms and deriva-
tions on certain algebras of vector-valued functions, which are typically neither com-
mutative nor semi-simple, and seem not to be covered by the classical theory. Given
a compact Hausdorff space 2 and an arbitrary unital complex Banach algebra A,
let C(Q, A) denote the Banach algebra of all A-valued continuous functions on §2,
endowed with pointwise operations and the usual supremum norm ||-|| . Clearly,
C(Q,A) is commutative if and only if A is, and in this case, semi-simplicity of
C(9, A) is equivalent to that of A; see for instance [5]. Further, let B denote an
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arbitrary complex Fréchet algebra, by which we mean a complete, metrizable topo-
logical algebra over C, not assumed to be locally convex.

In this setting, we shall obtain the continuity of all epimorphisms v: B — C(2, A)
and of all derivations §: C(2, A) — C(f2, A), provided that © contains no isolated
points. Simple examples show that this restriction on  is essential here. For ar-
bitrary compact Hausdorff spaces 2, we shall prove that C(f2, A) enjoys a unique
Banach algebra topology whenever A does and that every derivation on C(f2, A) is
continuous whenever every derivation on A is continuous.

The basic theory will be developed in a more general context, namely for certain
subalgebras of C(2, A) which strongly separate the points of 2 in a sense to be
discussed below. Our main results are Theorems 4 and 8, which establish the auto-
matic continuity of a homomorphism with strongly point separating range and of a
derivation with strongly point separating domain in C(§2, A). This approach is gen-
eral enough to ensure the continuity of all epimorphisms and derivations on various
classical algebras of vector-valued differentiable, analytic and Lipschitz functions. In
particular, in turns out that these algebras carry a unique Banach or Fréchet algebra
topology.

1. STRONG POINT SEPARATION AND AUXILIARY RESULTS

Throughout this section, let 2 be a compact Hausdorft space, and consider a unital
complex Banach algebra A and a complex Fréchet algebra B, where neither algebra
is assumed to be commutative or semi-simple. For an arbitrary linear transformation
v:B— C(,A) and any w € , let v,,: B — A denote the linear mapping given by
v, (b) := v(b)(w) for all b € B. We shall investigate the continuity properties of v in
terms of the set A, of all w € Q for which the mapping v,,: B — A is discontinuous.

Lemma 1. For every linear transformation v: B — C(2, A), the set A, is open
in Q. Moreover, v is continuous if and only if A, is empty.

Proof. Toseethat A, is open, let (wx)xea be anet in 2\ A, which converges
to some w € Q. Then the operators v,,: B — A arc continuous for all A € A and
pointwise bounded on B, since sup {||lvw, (D) : A € A} < [|lv(b)]|,, < oo for all b € B.
By the principle of uniform boundedness, there exists a neighborhood U of zero in
B such that ||y, (b)]| < 1 for all b € U and A € A. Since v, (b)) = v, (b) by the
continuity of the function v(b) on €2, we conclude that |v,(0)|] < 1 for all b € U,
which establishes the continuity of the operator v, : B — A. Thus w € Q\ A, which
shows that A, is indeed open. The continuity of v obviously implies that A, is
empty, and the converse follows from another application of the principle of uniform
boundedness. a
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Since each of the mappings v, is a homomorphism whenever v is, it follows from
Lemma 1 that all homomorphisms from B into C(f2, A) are continuous precisely
when all homomorphisms from B into A are continuous. This will be the case, for
instance, when B is an arbitrary Banach algebra and A is a semi-simple commutative
Banach algebra. Conversely, if u: B — A is a discontinuous homomorphism and if F’
is a non-empty subset of Q which is both open and closed, let v(b)(w) := xr(w) p(w),
for all b € B and w € 2, where xr denotes the characteristic function of F. Then v:
B — C(Q, A) is a discontinuous homomorphism with A, = F, but this construction
does not preclude the possibility that all epimorphisms from B onto C(f2, A) are
continuous. One might even suspect that every homomorphism v: B — C(Q, A), for
which the range v(B) is large enough to separate the points of (2, is automatically
continuous. However, the following example shows that the ordinary notion of point
separation is not strong enough to ensure continuity.

Example. Assume that the Banach algebra A contains a non-zero nilpotent ele-
ment, and choose a non-zero u € A with the property that u? = 0. Also assume that
B is a Banach algebra that admits a discontinuous point derivation, which means
that there exist a non-zero multiplicative linear functional ¢p: B — C and a discon-
tinuous linear functional d: B — C such that d(zy) = d(z) p(y) + ¢(z) d(y) holds for
all ,y € B. For instance, such discontinuous point derivations exist in abundance
on the Banach algebra C*([0, 1)) of all continuously differentiable complex-valued
functions on the unit interval [0, 1]; see Section 6 of [3] for further information. Fi-
nally, assume that Q is a compact subset of the complex plane with at least two
points, and choose any injective continuous function f: 2 — C, for instance the
identity function on Q. In this setting, let

v(b)(w) :=¢(b) e + f(w)d(b) uw for all b€ B and w € 9,

where e denotes the identity element of A. Theun it is easily seen that v: B — C(Q2, A)
is a homomorphism for which v, : B — A is discontinuous if and only if f(w) = 0.
Since f is injective, it follows that v is discontinuous, although the range v(B)
separates the points of 0 in the sense that, for all distinct wy,ws € Q, there exists
some b € B for which v(b)(w;) # v(b)(ws).

We shall see that a strengthened version of point separation will guarantee conti-
nuity in this context. A subset G of C(Q, A) is said to strongly separate the points
of Qif, for any wy,ws € Q with w; # w,, there exists a function ¢ € G such that
g(wy) = 0 and g(w;) € Inv A, where Inv A denotes the set of invertible elements of A.

Clearly, strong point separation implies ordinary point separation for any subset
G of C(Q, A). Moreover, if C(2) := '(2.C) is viewed canonically as a subalgebra
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of C(f2, A) and if G is a subset of C(f, A) for which G N C(Q) is dense in C(R) and
closed under addition of complex constants, then it is easily seen that G strongly
separates the points of Q. Similarly, if G is a dense linear subspace of C(2, A) which
contains all A-valued constant functions, then G is strongly point separating. On the
other hand, in the preceding example, the set G := v(B) does not strongly separate
the points of 2, although for w;,ws € Q with w; # ws, it is always possible to find
some b € B for which v(b)(w;) and v(b)(w2) are distinct and both invertible, and also
some ¢ € B for which v(c)(w;) and v(c)(w) are distinct and both non-invertible.

The proofs of our main automatic continuity results will require the follow-
ing lemma, which states that strong point separation implies an apparently much
stronger separation property.

Lemma 2. Assume that G is a subalgebra of C(Q2, A) which strongly separates
the points of 2, and let E be any infinite subset of Q. Then there exist w, € E and
gn € G for all n € N such that gi(w,) =0 for k > n and gx(w,) € Inv A for k < n.

Proof. Choose distinct t, € E for all n € N. By the compactness of 2, there
exists some to, € Q such that U N {t,: n € N} is infinite for each neighborhood U
of to. By discarding one of the t,’s if necessary, we may assume that t,, # to, for
all n € N. Hence, by the strong point separation, there exists some h,, € G such
that h,(t,) = 0 and h,(tw) € Inv A for all n € N. Let f, := hy hy...h, € G for
all n € N. Then clearly f,(t1) = fa(t2) = ... = fo(tn) = 0 and fr(tx) € Inv A
for all n € N. By induction, we may now choose m(n) € N for all n € N such that
m(n) < m(k) and fo,(n)(tmk)) € Inv A for n < k. Indeed, let m(1) := 1, and if the
integers m(1) < ... < m(n) have already been chosen, we observe that the set U,, :=
f"j(ll)(lnv A)n...n 7;(In)(Inv A) is an open neighborhood of ¢, and hence contains
t, for infinitely many k& € N. Therefore, there exists an integer m(n + 1) > m(n)
for which tp(n41) € Un and thus fr ) (tmns1)) € Inv A for k = 1,...,n, which
completes the inductive choice. Finally, let wy, := t,,(n) € E and gn := fim(n) € G for
all n € N. Then gy (wn,) = 0 for £ > n and gy (wy) € Inv A for k < n, as desired. O

Another ingredient for the proofs of our principal theorems will be the following
central result from the theory of automatic continuity, which formalizes the so-called
gliding hump technique. A proof of this result is given in Section 2 of [11]; see also
Theorem 4.2 of [12] for a non-linear generalization.

Lemma 3. Consider a sequence of Fréchet spaces X, for n = 0,1,2,... and
continuous linear operators T,,: X,, = Xn_1 for alln € N. Further, forn =0,1,2,...,
let Y, be a normed linear space and consider continuous linear operators m,: Yo = Y,
for alln € N. Finally, let : Xoq — Y, denote a linear mapping such that 7,0 Ty.. . T, :
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X, — Y, is continuous for all n € N. Then there exists some n € N such that
m0T,... T,: X, = Y, is continuous for all k € N.

2. CONTINUITY OF HOMOMORPHISMS

Let Q denote a compact Hausdorff space, and consider an arbitrary unital complex
Banach algebra A. Whereas ordinary point separation by the range is insufficient to
ensure the continuity of a homomorphism into C(2, A), we now show that strong
point separation is, in fact, sufficient. Our first main result is the following.

Theorem 4. Consider an arbitrary Fréchet algebra B, a Banach algebra A with
identity, and a compact Hausdorff space ) without isolated points. If v: B —
C(9, A) is a homomorphism for which v(B) strongly separates the points of §2, then
v is automatically continuous. In particular, every epimorphisms v: B — C(Q, A) is
continuous, and the Banach algebra C(§2, A) has a unique Fréchet algebra topology.

Proof. We first claim that A, is a finite set. Suppose to the contrary that
A, is infinite. Then, by Lemma 2, there exist w, € A, and b, € B for alln € N
such that v(bx)(wn) = 0 for & > n and v(b)(wn) € Inv A for k < n. We now apply
Lemma 3 to the Fréchet spaces X,, := B for all n = 0,1,2,..., the Banach spaces
Yo := C(Q,A) and Y,, := A, and the operators T,,: B — B and m,: C(2,4) = A
given by T, (b) := b, b and 7,(f) := f(wn) for all b € B, f € C(N, A), and n € N.
Since v(b,)(w») = 0, the mapping 6 := v satisfies

0T .. . Tp(d) = v(by...0n0)(wn) = v(b1)(wn). . . v(bn)(wn) v(b)(wn) =0

for all b € B and n € N. Consequently, by Lemma 3, there exists some n € N such
that 7,41071...T,: B — A is continuous. Since

Tn410T1 ... T (0) = v(by)(wnt1)- - v(bn)(wWnt1) V(D) (wnt1)

for all b € B and since the first n factors on the right-hand side are invertible, we
conclude that v, ., is continuous on B. But this is impossible since w41 belongs
to A,. This contradiction shows that A, is indeed finite. Since A, is also open by
Lemma 1, we conclude that A, consists only of isolated points. By the assumption
on , it follows that A, is empty and hence that v is continuous, again by Lemma 1.
The assertion on epimorphisms is now immediate, since C(2, A) strongly separates
the points of 2, and the uniqueness of the Fréchet algebra topology on the Banach
algebra C(9, A) follows from this and the open mapping theorem for Fréchet spaces.

O
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Corollary 5. Assume that Q has no isolated points and that B is a strongly point
separating subalgebra of C (2, A), which is endowed with a Fréchet algebra topology.
Then the followwing assertions hold:

(a) B is continuously embedded in C(, A).
(b) All point evaluations from B into A are continuous.
(c) Every epimorphism from any Fréchet algebra onto B is continuous.

(d) B carries a unique Fréchet algebra topology.

Proof. Assertion (a) follows from Theorem 4 applied to the inclusion mapping
i: B — C(R,A4), and (b) follows immediately from (a). Consider now an epimor-
phism p: C — B from a Fréchet algebra C onto B. Again by Theorem 4, the com-
position i o u: C — C(Q, A) is continuous. From the continuity of i: B — C(2, 4),
it then follows that p: C — B has a closed graph and hence is continuous by the
closed graph theorem for Fréchet spaces. The final assertion (d) is a consequence of
(c)- ]

The preceding result applies to a number of classical algebras of vector-valued
functions: the Banach algebras C ™([0,1], A) of all n-times continuously differen-
tiable A-valued functions on the unit interval for all n € N, the Fréchet algebra
C>([0,1], A) of all infinitely differentiable A-valued functions on [0, 1], the vector-
valued Lipschitz algebras Lip, ([0, 1], A) and lip, ([0, 1], A) for all 0 < a < 1, and the
Banach algebra of all continuous A-valued functions on the closed unit disc which are
analytic on the interior. If B denotes any of these algebras, then Corollary 5 confirms
that B has a unique Fréchet algebra topology and that every epimorphism from any
Fréchet algebra onto B is automatically continuous. This complements a number of
classical results in this context. For instance, it is known that all C *-algebras and
all Arens-Hoffman extensions of semi-simple commutative Banach algebras have a
unique complete norm topology; see Lindberg [9].

Moreover, any of the preceding Banach algebras of vector-valued functions may
be used to see that an arbitrary unital Banach algebra A may be embedded into
a Banach algebra with unique complete norm topology. This result has also been
obtained by Loy [10], who used Banach algebras of power series for this purpose.

In Theorem 4 it is crucial to assume that Q has no isolated points, since, for
a finite set Q, discontinuous epimorphisms onto C(€2, A) can be easily constructed
from discontinuous epimorphisms onto A. Moreover, in view of Michael’s problem,
it seems difficult to relax the assumption on Q even if one chooses A = C. On the
other hand, for compact Hausdorff spaces with isolated points, the following positive
result holds.
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Theorem 6. Let Q be an arbitrary compact Hausdorff space. If the Banach
algebra A has a unique Fréchet algebra topology, so does C(Q2, A). Similarly, if A has
a unique Banach algebra topology, so does C(1, A).

Proof. Let 7 be any Fréchet algebra topology on C(f2, A), and consider the
identity mapping v from (C(Q, A),7) onto (C(R, A),|||l.)- By the open mapping
theorem, it suffices to show that v is continuous. The argument used in the proof
of Theorem 4 gives that A, is a finite set of isolated points of 2. But the following
will show that every isolated point w € 2 belongs to @\ A,. Indeed, let x, €
C(RY) C C(N,A) denote the characteristic function of the singleton {w}, and let
P,(f) := xu f for all f € C(Q, A). Then P, is a linear projection on C(Q2, A), which
is 7-continuous and hence has 7-closed range, denoted by A,. Thus A, is a Fréchet
algebra with respect to 7, which is algebraically isomorphic to A via evaluation at w.
Since the Banach algebra A is supposed to have a unique Fréchet algebra topology,
we conclude that the mapping v, | A,: A, — A is continuous with respect to 7.
Since v, = (v, | Au) © P., it follows that v, is 7-continuous and therefore w ¢ A,.
Thus A, = 0, so the continuity of v is now a consequence of Lemma 1. The second
assertion of Theorem 6 follows by the same argument. O

We close this section with a brief discussion of the locally compact case. If Q
denotes an arbitrary locally compact Hausdorff space, the algebra C(f2, A) of all
continuous A-valued functions on 2 becomes a topological algebra with respect to
the family of semi-norms py given by pr(f) := {||f(u)|| : v € K} for all f € C(9, A)
and all compact subsets I{ of 2. Note that this topology is not metrizable unless 2
is countable at infinity. Recall that a point w €  is said to be compactly isolated in
Q if w is isolated in every compact subset of 2 which contains it. We shall use the
same notion of strong point separation as in the compact case.

Theorem 7. IfQ is a locally compact Hausdorff space with no compactly isolated
points and if B denotes an arbitrary Fréchet algebra, then every homomorphism v :
B — C(Q, A) with strongly point separating range is automatically continuous. In
particular, all epimorphisms from B onto C(f2, A) are continuous.

Proof. We have to show that, for each compact subset I of 2, the homomor-
phism vi: B — C(IK, A) given by vy (b) := v(b) | X for all b € B is continuous. Fix
an arbitrary w € K and choose a compact set L C 2 in which w is not isolated. Since
the range of v, strongly separates the points of L, the proof of Theorem 4 shows
that A,, is a finite set of isolated points in L. Since w € L is not isolated in L, we
conclude that v,,: B =+ A is continuous. Consequently, A,, is empty which proves
that vy is continuous by Lemma 1. O

753



The preceding theorem applies, for instance, to the Fréchet algebra H(U, A) of all
analytic A-valued functions on an arbitrary open subset U of C. It follows that every
- epimorphisms from a Fréchet algebra onto H(U, A) is automatically continuous and
that H(U, A) has a unique Fréchet algebra topology.

3. CONTINUITY OF DERIVATIONS

Again, let 2 be a compact Hausdorff space, and consider an arbitrary complex
Banach algebra A with identity. Given a subalgebra B of C(f2, A), recall that a
linear mapping d: B — C (2, A) is said to be a derivation if 6(fg) = f6(g) +(f) g
holds for all f,g € B.

Theorem 8. Assume that §2 has no islated points and that B is a strongly point
separating subalgebra of C(Q, A), which is endowed with a Fréchet algebra topology.
Then every derivation 6: B — C(Q, A) is automativcally continuous. In particular,
every derivation §: C(Q, A) — C(f, A) is continuous.

Proof. As in the proof of Theorem 4, it suffices to show that As is a finite
subset of Q. Suppose that As is infinite, and apply Lemma 3 with G := B and
E := Ajs to obtain w,, € As and g,, € B for all n € N such that gx(w,) =0 for k > n
and gx(wn) € Inv A for k < n. As before, let Xy := B, Yy := C(Q, A), X, := B,
Y, := A, and define T,,(g9) := gn g and m,(f) := f(w,) for all g € B, f € C(Q, A),
and n € N. Since the mapping 0 := J is a derivation and g,(w,) = 0, we obtain that

Tl T1. .. Th(g9) = 6(91 - - gn 9)(wn)
= g1(wn). . -gn(wn) 0(9)(wn) + 0(91-..9n)(wn) g(wn)
= (5(g1 . .gn)(wn) g(wn)

for all g € B and n € N. By Corollary 5, the evaluation mapping which takes the
function g € B to g(w,) € A is continuous, which establishes the continuity of the
composition 7,0 Ty...T,,: B — A for each n € N. Consequently, by Lemma 3, there
exists some n € N such that 7,,10T;...T,,: B — A is continuous. For each g € B,
we have that

Tn10T1. . 'Tn(g) =0 (wn+1) .- -grl(wrl+l)6(g>(w71+l) + 5(!/1- . -gn)(wn+l) 9(Wnt1)s

which implies that the first summand on the right-hand side is a continuous function
in g € B. Since g3 (Wn+1) - - - gn(wny1) is an invertible element of A, we conclude that
0w, 4, is continuous on B and therefore wn41 ¢ As, the desired contradiction. a
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Corollary 9. Assume that Q has no isolated points and that B and C are strongly
point separating subalgebras of C({2, A), both endowed with a Fréchet algebra topol-
ogy. Then every derivation 6: B — C is automatically continuous.

Proof. By Corollary 5, we know that the inclusion i: C — C(Q2, A) is contin-
uous. Moreover, Theorem 8 implies the continuity of i0d: B — C(f2, A). hence the
continuity of §: B — C follows from the closed graph theorem. a

Note that Corollary 9 establishes the automatic continuity of all derivations on
c™([0,1], 4), C>=([0,1], A), Lip, ([0, 1], A), lip, ([0, 1], A), and other classical algebras
of vector-valued functions. In Theorem 8 and Corollary 9, it is important that
contains no isolated points. For arbitrary compact Hausdorff spaces, we finally obtain
the following result.

Theorem 10. If every derivation on the Banach algebra A is continuous, so is
every derivation on C(f2, A).

Proof. Leté: C(R,A) —» C(f, A) be a derivation. By the proof of Theorem 8,
we know that Aj consists entirely of isolated points of . We now show that every
isolated point w € ) necessarily belongs to 2\ As. This will prove that A; is empty,
from which the continuity of § will follow by Lemma 1. Since w is isolated, the
corresponding characteristic function x,, belongs to C'(2) and hence to C(2, A). The
calculation 6(x.) = 6(Xw Xw) = 2 Xw 0(Xw) implies that d(x.) = 0 and consequently
that

6(Xw )W) =6(f)(w) + 6(xw) (W) f(w) = 6(f)(w) =6u(f) forall f e C(Q,A).
It is routine to check that the definition d(a) := §(x. a)(w) for all a € A yields a
derivation d: A — A, which is continuous by the hypothesis on A. Finally, consider

any sequence of functions f, € C(Q2, A) which converges uniformly to zero. Then we
have that f,(w) — 0in A and therefore

b (fn) = 6(Xw fn) (W) = 0(Xw fn(W))(w) = d(fn(w)) = 0 asn - oco.

This shows that w ¢ As and hence completes the proof. O
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