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ERROR BOUNDS FOR THE SECANT METHOD
IOANNIS K. ARGYROS'

ABSTRACT. Error bounds for the secant method eventually better than those
presented in literature, under the same assomptions.

I. Introduction

In this paper we study the iterative procedure

Xn 41 =xn_8f(xn—l’ xn)—lf(xn) (1)
to approximate solutions x* of the equation
f(x)=0, ()

where f'is a nonlinear operator between two Banach spaces E and E, x_, and
X, are two points in the domain of f, and 6fis a consistent approximation of f”.

The iterative procedure (1) is called the secant method but it is also known
under the name of regula falsi or the method of chords. This procedure has been
known since the time of early Italian algebraists [5] and it was extended to the
solution of nonlinear equations in Banach spaces by Sergeev [12] and
Schmidt [11]. Potra [6], [7], [8], Ptak [9], [10], Dennis [3], Gragg
and Tapia [4] and others have done similar work on the secant as well as
the Newton method.

Here we provide a priori and a posteriori error estimates which are proven
to be eventually better than those presented in literature [7], [8], [9], under the
same assumptions.

Finally, a simple example is provided, where our results are compared
favourably with the corresponding results obtained in [7] and [8].

I1. Error estimates for the secant method.

In the study of the secant method we shall use the method of nondiscrete
mathematical induction. This method was developed by V. Ptak by refining
the closed graph theorem [9], [10].
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Let T denote either the set of all positive numbers, or an interval of the form
0, b] = {xeR; 0 < x < b}. Let w be a mapping of the cartesian product 7 into
T and let us consider the ‘‘iterates” w of w given for each t = (¢,, t,)e T? by

wO) = t,, w"t(t) = w"(ty, w(t)), n=0,1,2, ... (3)

Definition 1. A mapping w: T? — T with the above iteration law is called a rate
of convergence of type (2, 1) on T if the series

oe]

o(t) =y w1 “)

k=0

is convergent for all te T?.
We will need:

Definition 2. Let E and E be two Banach spaces and let V be a convex and open
subset of E. Let f: V — E be a nonlinear operator which is Fréchet-differentiable
on V. A mapping df: V x V — L(E, E) will be called a consistent approximation
of ' if there exists a constant H > 0 such that

18/Cx, y) =" < H(llx — zll + Ily — zll) forall x,y,zeV.  (5)

The above condition implies the Lipschitz continuity of . In this case we can

by using a standard argument (see [7], p. 432) easily deduce the following:
If@) —f) = f' =)l < Hlu—vl* wuveV (6)

and
1/ @) = f(v) = &f (x, y)(u =)l < H(lu —v| + [x — vl + |y —v]) [lu — vl

(7
Let C(hy, q,, r,) be the class of all the triplets (f, x,, x_,) satisfying the
following properties for some y:

(p) fisa nonliizear operator having the domain of definition V < E and taking
values in E.

(p2) xo and x_, are two points of V such that
[xo — x4l < qop  NXg — x4l < p. (8)

(p3) fis Fréchet-differentiable in the open ball
U= U(x,, p) = {xeV||x, — x|| < u} and continuous on its closure U.
(ps) There exists a consistent approximation 8f of f” such that Dy = 8f (x_,, x,)
is invertible and

IDg " (81 (x, y) —f' DI < hollx — z|| + Iy — zll) forall x,y,zeU. (9)
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(ps) The following inequalities are satisfied:

105 f (o) < 1o (10)
hodo + 23/ Iory < 1, (1

1
/1251—(1 — hogo — N (1 — hyqo)? — 4hore) = po. (12)

0

Using the iterative procedure (1) Potra showed in ([7], Thm. 3) and ([8],
Thm. 1) thatif (f, x,, x_;) € C(hy, qo, 1), then the equation f(x) = 0 has a locally
unique solution x*, and certain error estimates are valid.

In particular he showed:

Theorem 1. If (f, x,, x_,) € C(hy, g, 1), then via the iterative procedure (1) one
obtains a sequence {x,}, n >0 of points from the open ball U(x,, u,) which
converges to a unique root x* of the equation f(x) =0 in U(x,, ty) and the
following estimates are satisfied:

1%, — X*II < GWs (%)), to = (qo> 7o), =0, 1,2, ... (13)

Ix, — x*|| < e(n) = lag + Ix, — X, 1 11x0 -1 = Xu2ll + 1%, = X, 1 D] = a,
n=1,2, ... (14)

%, 41— Xl < w(t,), n=0,1,2, ... (15)

[x, — x*|| < co(n) = 55— [1x, — x|l —

[(so — 1, — Xoll)* = (X0 — X I 4+ (1%, _ 1 — X0 D) 1%, — x, 1112, (16)

n=1,2, ...

where
1
a,=—[(1 - hoqo)2 - 4h0r0]'/2, (17)
2h,

1 — gohy
Sy = ———, 18
0 2 (18)

r(g+r)
19
r+2r(g+r) + a? (19)

wo(t) = wy(q, r) =

and
o(t)=0y(g, r)=r—ay+~r(g+r) +a;. (20)

We can prove the following theorem:
Theorem 2. Under the hypothesis of Theorem 1 the following inequalities hold

forn=1,2,3, ..,
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lx, = x*| < ¢\(n) =

= [a,f—l +llx, = X X1 — X, ol + “xn_xn—l“)]|2 —a,_,

provided that for n = 1, 2, ... the following estimate is true:

wi ™ D(t,) +
W'~ (to) + 2v/ws = V(16)(go + W'~ (ko)) + ag

wi” (o)
+2 (n—1) (n—1) (n—1) le’
wy' ™ (L) + 2\/Wo (8)(qo + wo" ™ () + ag

where
h = 1D, '@ (x,3) — f' ()
et x =zl + Iy —z|
= 08f(x,_1, x,),
Gnir =T = lIx, = X0 1l
and

(s G 1) = Gy = j{(l ) — 4] n=0,1,2, ...

2N

(H)

(22)

(23)
(24)

(25)

Proof. First let us observe that with the constant a, given by (17) we
have o,(r,) = p,. Hence the closed ball with centre x, and radius g, is included
in U. Consider the triplet (f, x_,, x,)e C(hy, q,, 1;). We will prove that

f, x,_1, x,)eC(h,, q,, r,). It suffices to show that the inequality
hq, + 2/h,r, < 1.
Using (9), (15), and (20), we have: _
1Dg ' (Dy — DIl < I1Dg” (Do = f'(xu - NIl + I1Dg” ' (f" (x4 1) = D,)|
< holllxo — X, Il + llx—y = X, ol + X, — x4 1]
< hol2]lxg — X, ol + X2y — Xoll + X,y — x, 1]

< ho[2(py — ao(wg" = V(1)) + go + W'~ V(5)]

(26)

< 1= holwd = (te) + 2w~ D) (g0 + W&~ (1)) + a3 < 1.

According to Banach’s lemma this implies that

I(Dg' D)~ E< {1 = holllxg — x, o[l + l1x_y = x, 4l + 1,y — x, 117
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From the identity
D, '(®f (x, y) = f'(2) = (D5 ' D,) ™' D5 ' 3f (x, y) — f'(2))s
(9) and (28) we obtain
1D @f(x, ) = f @) < hol(Dg ' D)~ (Ix =zl + Iy —21),  (29)
that is
hy < 2z, = ho{l = Rolllxo — X, ol 4+ X2y = X,y | + (1%, -1 — X, 17" (30)
By (27) and (28) we can easily obtain that

By < g~ (o) + 23/ w8~ V(te)(go + W~ V(1)) + a2]. 31)

To show (26), using (24), and (31), it suffices to show (H), which is true by
hypothesis.

By applying Theorem 1 to the triplet (f, x,_,, x,) we deduce (21). That
completes the proof of the theorem.

Note that by using (3) we can easily deduce that

wi(2) = wy(t)
and

W) = wows 2@, wi (0], n=2,3, .... (32)

Let us assume that the sequence {w{”(t,)} is bounded above by ¢,. Then, using

(32) and (19) it can easily be seen that (H) is satisfied foralln =1, 2, ....
We can now improve the results of Theorem 1 through Theorem 2 as follows:
Proposition 1. Under the hypotheses of Theorem 2 the following are true:
(@) Foralln=1,2, ..., the triplet (f, x,_,, x,)€C(2,, s T),

X, = x*| < ex(m) =

= [dy_ 1+ 1%, = %, 2ol (IX 1 = X ol + I = X, DI —d, oy (33)

and if
d>a, n=0,1,2, ..., (34)
then
ex(n) < c(n), (39)
where we have denoted
dzas Gy 1) = by = zl [(1 = 2, — 4z, n=0,1,2, ...  (36)
Zﬂ
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(d) If
a,=>a,, n=172 .., (37)

then
cqn)y<cm) forall n=1,2, ... (38)

(c) Moreover, for all n =1, 2, ..., the triplet (f, x,_,, x,)€C(hy, q,, 1),

X, = x*[| < ¢5(n) =

= leq_y + Iy — x, ol (- = 2, ol + I, — 2, 1 ID]' 2 — e,y (39)
and if
e,=>ay, n=12, .., (40)
then
cy(n)<c(m) forall n=1,2, ..., (C3))]

where we have denoted

e q, 1) =e,= L [(1 — hyg,)? — her, A, n=0,1,2, ... (42)
2h,

Proof. (a) By (30)—(32) it follows that the triplet (f,x, _,, x,)€ C(z,,q,, )
By applying Theorem 1 to the triplet (f, x,_,, x,) we obtain (33). Using (14),
(33) and (34), the inequality (35) follows immediately.

(b) Using (14), (21) and (31), the result (38) follows.

(c) The triplet (f, x,_,, x,)€ C(hy, q,, ), since the proof of (26) can be
repeated with /4, = hy and h, dominated by the right-hand side of (31). Applying
Theorem 1 to the triplet (f, x, _,, x,) we obtain (39). Using (14), (39) and (40)
the result (41) follows.

That completes the proof of the proposition.

Facts. The functions a,, d,, and e, are decreasing with respect to each of their
variables separately. Therefore, they are decreasing in the sense that if P is a
function of the three variables 4, g and r, h, < h,, q, < ¢, and r, < r, implies

P(hZa 412: r2) S P(hh qI’ rl)' (43)
Indeed, we get
P(hy, g1, ) = P(hy, q,, r\) = P(hy, g5, 1) = P(h,, q,, ry). (44)
Note that:
(a) Inequality (34) holds if
In < Go» (45)
r, < ro, (46)
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and

z, <z, forall n=0,1,2,.... 47
(b) Inequality (37) holds if
qn S qO’
In < o,
and
h,<hy,, forall n=0,1,2,.... (48)
(¢) Inequality (41) holds if
rn < ry
and
4. <q,, forall n=0,1,2, ...
Moreover, since the sequence {x,},n = — 1,0, 1, 2, ... converges, there exists an

integer N > 1 such that (45) and (46) hold for all n > N.

With the exception of the scalar case, the cost of computing 4, may be very
high. However, the d;s and zs can be computed.

By (30) we can easily check that (47) is true if

”xo_xn—l"+”x—l_xn—ll|+“xn—l—xn”S2q0 for all n=0, 13 23""
(49)
It turns out that under certain assumptions the conditions (45) and (46) are
satisfied.
In particular, we can show the following:
Proposition 2. Assume:

(a) the hypotheses of Theorem 1 are true.
(b) The following estimates are true:

ro < 4o, (50)
and
2hy(ro + qo) < 1. (51)
Then
wi (L)) K wi V(L) <ry, forall n=1,2, ..., (52)
r,<r,
and
qn S qO'

Proof. It suffices to show (52). The rest will follow from (14), (24) and
(50). We first show that (52) is valid for n = 1.
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That is
ws () < ro, (53)

which is true by (19) and (61).
Assume now that

v, = wd" " (1) < wi'2(1) = v, < wi' (1) = v
We must show that
Wo(va, 1)) = W (1) < wi" = (1) = wy(vs, v,),

which is true since the function wy is increasing in both variables.

That completes the proof of the proposition.

Let us denote by 4 and B the left-hand sides of (11) and (51), respectively.
It can easily be seen that

A<1l#»B<I,

but both can hold at the same time.
Let us take for example:

hy=1,q,= Sandry= %; then 4 = .785744285 and B = 1.040816327

or
hy=1,qg,= .29 and r,= .2, then 4 = 1.184427191 and B= .98

or
hy=1,qg,=ry= .1,then 4 = .732455532 and B= .4.

Furthermore, we can produce the following a posteriori error estimates on
the distances || x, — x*||.

Theorem 3. Assume:

(a) the hypotheses of Theorem 2 are true
and

(b) the linear operator df (x, y) is such that

8f (x,y)(x —y) =f(x) — f(y), forall x,yeV. (54)
Then the following inequalities are true:

c2(n) < ||xn+l - xn“ (55)
and

1 — 20y 1% — x| = /(1 = 2hy || X0 — X, 1) — 4k | D5 ' £ (x|

X, — X*|| < cy(n) =
I Il < cu(n) 2y
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n=12,... (56)
Proof. Using (30) and (33) it can easily follow that

— — x* S
fim g » L= ol = 2+ ey =t

0,
new 2h,

which implies (55) for sufficiently large n. By reordering the sequence {x,},
n= —1,0,1,2 we can assume that (55) is true forn = 1, 2, ... . Let us consider
the linear operator D, given by

D = 8f(x*, x,). (57)

We will show that D is invertible for all » > N. Indeed, we have by (9), (15), and
(27) and (55) for n > N,

1D5' (f(x0) = D)II < holllxo — x*I| + %0 — x, 1]
< ho[2]lx — X, + IIx, — x*[]
< hol2]lx0 — X, ]| + ¢x(m)]
< hol2llxp — X, + 1%, 41 — X,11]
< ho[2(y — G(Wi"(15)) + W (1))
<1 — ho[w(t) + qo + 2w (1) (g0 + W (1)) + @3] < 1.

According to Banach’s lemma it follows that the linear operator D is invert-
ible for n > N and that

ID'DY"I < [1 = ho(2llx — x, | + l1x, — x*IDI " (58)
Using the identity

D(xn - X*) =f(x,,),
(57) and (58), we obtain
%, = x*[I < I(Dg”' D)~ II- 1 D5 f(x)

<1 = hoQlxe — x,ll + llx, — x*ID)~" 1Dg” ' (x ). (39)

The inequality (56) follows now from (59).

That completes the proof of the theorem.

We now compare the estimates ¢, and c,.

Proposition 3. Under the hypotheses of Theorem 2 the following inequality is
true:

c(n) <cy(n), n=1,2, ..., (60)
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where ¢4 and c, are defined by (56) and (16), respectively.
Proof. Using the identity

Jx) =F(x,) = fx, 20 + 8 (x, 15 x, 2 2) (X, — x,_)
and (7) we obtain
1Dg™" fOeDI < ho(llx, — Xyl + 11, -2 = X, oD Xy — x, 2ol (61)
Moreover, it can easily be seen that
1 — 2hyllxg — x, | = 2ho(so — IIx, — Xo1)- (62)
The estimates c¢,(n) and cy(n) can be written, respectively,
cy(n) = | Dy f(x,)I{2[1 = 2hglxg — x, || + ((1 = 2hgllxe — x,11)* —
— 4hy | Dy f(x,)ID" 2T (63)
and
co(n) = ho(llx, — X, I+ 1%, - — X, oD x, = 2, 1 [H{Aol(so — I, — Xol) +
+ (5o = 1%, = xol)* = (1%, = Xy L+ 1%, -0 = X2l 1, = x, 211D 21 (64)

Using (61) and (62) it can easily be seen that the numerator of (63) is smaller
than or equal to the numerator of (64). Whereas the denominator of (63) is
greater than or equal to the denominator of (64). The estimate (60) now follows.

That completes the proof of the proposition.

Moreover, we can show:

Proposition 4. Assume

(a) the set C\(zy, qi, ry) denoting the class of all triplets (f, x,_,, x;)€
€ C(z4, g, 1y) satisfies the estimates (50) and (51) for some fixedk,k = 0,1,2, ....

(b) For k=0, 1,2, ... the sequences {z,} and {q,} are decreasing.

Then for every fixed k, k =0, 1, 2, ... the following inequalities are true:

Ix, — x*| < o, (w(1), with t, = (g, ry) (65)
and
o, (w"(t)) € oW’ (ty)) forall n=k, k+1, ..., (66)

where we have denoted

rig+r
. = W', . = 67
wi(2) = wilg, r) 2T d (67)
and
o(ty=r—d +r(g+r)+d;. (68)
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Proof. The result (65) follows immediately by applying Theorem 1 to the
triplet (f, X _ 1, X) € C(Zy» qis 1) < C (2> Gi» 1i), for each fixed k, k=0, 1, 2, ....
By (3) we have for k =0, 1, 2, ...

oo (W§(19)) = op(Wo(p1, p2)) With p, = w" = 2(ty), p, = wy" = "(t))  (69)
and

o (W(1)) = o (Wi(p3, pa)) With py = (W~ 2(1,), ps = w{" = (1)

n=k+1,k+2, ... (70)

The functions w,, w,, 0, 0, are increasing in both variables. Therefore (66)
is true if

wim(ty) = wi(t), m=k, k+1, ...

The above inequality is true as equality for k = 0.
Assume

wim(t)) = wi™, for fixed k=0,1,2, ...andall m=k, k+ 1, .... (71)

Then we must show
wo(wg™ ~ V(t5), wi™(1)) = wi™ * V(te) = w * V(ty ) =
= w1 W () W (84 0) (72)
or, since
W(m+ l)(tk) = W(m+ l)(fk+ )= Wk"f I)(lk+ 1)
we must have
w§™D(t) = w(w V(). wiP(1),

which is true by (71) and the fact that the functions w,, w,, are increasing in both
variables.

That completes the proof of the proposition.

A lower bound on ||x, — x*| can be given by the following:

Proposition 5. Under the hypotheses of Theorem 2 the following inequality
holds forn=1, 2, ...

||xn—l - X*“ = q,
where q is the positive root of the equation
hO”(DO_an—I)_]” |x, _y — x*||2 +
+ (0 + 1(Dg ' Dy )X,y — X0l X, —y — X*| = DX, _y — x, | = 0.
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Proof. Using the identity
xn X1 = x* — Xn + (DO-IDn— I)_]DO‘I[(f(x*) _f(xn—- ])) - Dn— I('x* —Xn- I)]’

(7) and the triangle inequality, the result follows immediately.

That completes the proof of the proposition.

Note that ¢ depends on ||(Dy 'D, _,)~"|, which in practice can be replaced by
the right-hand side of (28). Denote by g the resulting quantity. Then we will
certainly have

lx, ,—x*|>¢g>4 forall n=1,2, ....

I11. Applications
Let us now compare the estimates (33) with (14) and (56) with (16), on a very
simple example. We consider the quadratic equation
f(x) = x?—16. (73)

Take x_, = 3, and x, = 3.2 and &f(x, y)(x — y) = f(x) — f(»). Then hy = ;—2,

The condition (11) is now satisfied, since
thO + 2\/ horo == .806451609 < 1.
It is easy to see that (f, x_,, x,)€ C(hy, g, ro)-
The secant method for (73) becomes
Xp— 1%y + 16

Xn-1 + Xy

X +1 =

n=0,1,2, ....
Note that x* = 4.

We can now compute

x, = 4.129032258,

N, = 3.985915493,

;= 3.999776048,

x; = 4.000000395,

.\‘5 = 4,
a, = 1.8,
dy, = a,.

d, = 2.461392145,
dy = 3.014220162,
d, = 3.092844865,
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and
d, = 3.099887432.

Using the above values, (33), (14), (56) and (16), we can tabulate the follow-
ing results <within a precision of% 10‘8),

error error error error
" error estimates (33) | estimates (14) | estimates (56) | estimates (16)
1 12903226 27096774 27096774 .25675941 27096774
2 .014084507 .030974961 042129881 02443182 .03492694
3 2.23952-107* | 3.608997-10~* | 6.042855-107* | 3.8946524-10%| 4.945036-10"*
4 3.95-1077 5.108-1077 8.777498-10"7 | 6.8693502-10~7 | 7.182-1077
5 1.1-107" 1.4-107" 2.46-107% 1.9-107" 2.0-107"

The above table indicates that our estimates (33) and (56) are better than the
corresponding ones given by (14) and (16), respectively. Note, however, that the
additional information (computation) || Dy ' f(x,)| is used by (56).

Similar favourable comparisons can be made between the lower bound
obtained here and the corresponding one in [[8], formula 12].

The above strongly recommends the usefulness of our estimates in numerical
applications. '
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