Mathematica Slovaca

Maria Jureckovd; Ferdinand Chovanec
On some properties of submeasures on MV-algebras

Mathematica Slovaca, Vol. 54 (2004), No. 2, 161--167

Persistent URL: http://dml.cz/dmlcz/128680

Terms of use:

© Mathematical Institute of the Slovak Academy of Sciences, 2004

Institute of Mathematics of the Academy of Sciences of the Czech Republic provides access to
digitized documents strictly for personal use. Each copy of any part of this document must contain
these Terms of use.

This paper has been digitized, optimized for electronic delivery and stamped
O with digital signature within the project DML-CZ: The Czech Digital Mathematics
Library http://project.dml.cz


http://dml.cz/dmlcz/128680
http://project.dml.cz

Mathematica
Slovaca

© 2004
Mathematical Institute

Math. Slovaca, 54 (2004), No. 2, 161-167 Slovak Academy of Sciences

Dedicated to Professor Sylvia Pulmannovd
on the occasion of her 65th birthday

ON SOME PROPERTIES
OF SUBMEASURES ON MV-ALGEBRAS

MARIA JURECKOVA — FERDINAND CHOVANEC

(Communicated by Anatolij Dvuredenskij )

ABSTRACT. In this paper we study some properties of a submeasure on MV-al-
gebras. We show that the nonatomicity,the Saks property and the Darboux prop-
erty are equivalent properties of a submeasure on MV-algebras.

1. Introduction

Let S be a o-algebra and u: & — [0,00) be a measure on S, i.e.,

(i) u(@)=0;
(ii) u< G An) = § w(A,,), whenever (4,)32, C S,
n=1 n=1
such that A;N A, =0, i #j,and U 4, €S.
n=1

We say that p is nonatomic if, for arbitrary A € § such that p(A4) > 0,
there exists B € S , B C A such that 0 < u(B) < u(4).

A measure p has the Darbouz property if, for any A € S and any t € R such
that 0 < t < u(A) there exists B € S, B C A, such that u(B) =t.

It is known that the fact that u is a nonatomic measure on a o-algebra S is
a sufficient condition for p having the Darboux property ([6]). Generalizations
of this proposition can be found in many directions. For example, Olejcek in
(8] showed that the preceding assertion for a finitely additive measure is false in
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general and gave some sufficient conditions for a finitely additive measure having
the Darboux property. An interesting result can be found in [4]. In this paper
Dobrakov deals with relations between Darboux property and nonatomicity
in the case that p is subadditively continuous, i.e., for any A € § and any € > 0
there exists § > 0 such that B € § and u(B) < § implies (AU B) < u(A) +¢
and p(A) < u(A—B)+e. Klimkin and Svistula in [7] solved this problem
on F-algebras such that they replaced the nonatomicity by the Saks property,
i.e., for any € > 0 and any A € S there exists e-partition of A, i.e., there exist
A A,, ... A, €S, such that

Udi=4, AnNA;=0,i#j, nA)<e, k=1,...,n.
k=1

Riec¢an in [9] considered the fuzzy sets, i.e., the functions f: X — [0,1]
instead of crisp sets (see [10]) and proved that for any Dobrakov submeasure the
Darboux, Saks and nonatomic property are equivalent.

In this paper we give the following generalization. We consider an MV-algebra
instead of o-algebra and prove that if x4 is a Dobrakov submeasure on MV-al-
gebra, then the nonatomic property is a sufficient condition for the Darboux
property. The main ideas of the proof are taken from [7].

2. Notations and preliminaries

MYV-algebras were originally introduced by Chang [3] as algebraic systems
M = (M,@,@,*,OM,IM), consisting of a nonempty set M, two constant
elements 0,,,1,, in M, two binary operations ®,® and the unary operation
* satisfying the following axioms for all z,y € M:

t@y=ydzr, zOWD2)=(@0Y)d2,
zD0, =1, Td 1y =1y,
() ' =z, Oy=1,, z0z"=1,,,
(z"ey) dy=@oy) or,
zQy=(z"dy*)".
We note that if M is an MV-algebra, then it is a distributive lattice with
respect to the partial order < defined by = < y if and only if z©y* =0,,, and

with the least and greatest element 0,,,1,,, respectively. Lattice operations V
and A are defined by aVb=(a©b*)®b and aAb=(a®b*)©b.

Recall that M is a o -complete MV-algebra if M is a o-complete lattice.
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Let S be a o-algebra of all subsets of a nonempty set X. Define
EoF=FUF, EOF=ENnF, E*=X-F; EFeS.

Then S is a o-complete MV-algebra. The converse is not true. In the sequel we
will assume that M is a o-complete MV-algebra.

DEFINITION 1. A mapping p: M — [0,00) is called a submeasure on M if
the following conditions hold:

(i) If z,y € M, = <y, then pu(z) < p(y);

(ii) To any y € M and any € > 0 there exists § > 0 such that £ € M and
p(z) < 6 implies p(y ® z) < p(y) +¢;

DEFINITION 2. The submeasure p is nonatomic if, for every y € M such
that u(y) > 0, there exists £ € M, = <y, such that 0 < u(z) < u(y).

DEFINITION 3. The submeasure u has the Darbouz property if, for all y € M
and any t € R, 0 <t < pu(y), there exists £ € M, z <y, such that pu(z) =t.

DEFINITION 4. The submeasure p has the Saks property if, for any ¢ > 0
and any y € M there exists e-partition of y, i.e., there exist ¥;,...,y, € M
such that y; < yj for any ¢ # j and

n
Zyi=y1€By2EB---€Byn=y, where pu(y,) <e, i=1,...,n.
k=1

LEMMA 5. Let p be a nonatomic submeasure on M and y be an element of
M such that p(y) > 0. Then to any € > 0 there exists z € M such that x <y
and 0 < p(z) <e.

Proof. Suppose the converse, i.e., there exists € > 0 such that for any
z € M, z <y, either u(z) > € or u(z) = 0. Since p is nonatomic, there
is z, € M, z; <y, such that 0 < p(z;) < u(y). According to previous
assumptions u(zr,) >e¢.

Since z; < y, it follows from the properties of MV-algebras that y = =, @
(y®z}). For more details see [5]. Denote &; = 3 (u(y) — pu(z,)). Clearly, &, > 0
and according to property (ii) of a submeasure p there exists § > 0 such that
p(z, ® 2) < p(r,) + €, whenever z € M, u(z) < 4. Put z=y©z}. Evidently
u(y © 2?) > 0. To prove u(y © z}) > 0 assume that u(y © z}) = 0. Then

1) = p(z, ® (Y ©a3)) < ulay) +e, < pley) + 5 (W) = p(z,)) < ply),
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which is a contradiction and so u(y © z}) > 0.
Hence, there exists z, <y © z] such that p(z,) > € and we can continue in
the previous process. We obtain a sequence (z,)5%; C M such that

oo
xIEszéB---:Zzngy and plz,) 2e, n=12,....
n=1

o .

Denote z, = 3 z;. Evidently 2, \, 0,,, which gives u(z,) \ 0. This shows
i=n

that there exists a natural number n such that

uz,) < ulz,) <e,
which contradicts that pu(z,) > € and this entails 0 < pu(z) < €. O

3. Nonatomic submeasure and
the Darboux and Saks property
PROPOSITION 6. Any nonatomic submeasure p1 on M has the Saks property.
Proof. Let y € M, € >0 and g be a nonatomic submeasure on M. Put
a, =sup{p(z): z€M, =<y, px)<e}.

If a, = 0, the proof is finished, because in this case u(y) =0 <e.
Consider a, > 0. It implies that there exists y, € M, y; <y, u(y,) <e¢
such that

a
_21' <,u(y1) <a.

The proof is complete if pu(y ® y;) < €. If not, we will construct a sequence
)P CM,y, <yOy; O+ OYn_y, Ky,) <& such that

‘—12ﬂ<u(yn)sa,,
and
a, =sup{u(z): ¢ €M, T<yYOY 0 Oyn_y, uz)<e}.
Put now

oo
20 =D YT Un OUng @
i=n

It is easy to see that a
0< 5 < w(y,) < p(z,)
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and since z, N\, 0,,, we obtain u(z,) \, 0, which gives that nli)ngo a, =0.

Put z = y0O (Z yi) . To show u(z) = 0, suppose the contrary, i.e.,
i=1

u(z) > 0. Applying Lemma 5, there exists z € M, z < z, such that u(z) <e¢
and

oo * k *
szzy@(ZyJ Sy@(Zyi) =yQy, 0 -0y, k=1,2,....
=1 =1

This implies pu(z) < a;,, for £ =1,2,... and, because lim a, = 0, we obtain
n—oo

p(z) <0, which contradicts our assumption and so u(z) =0.

o0
Since ) y; \ 0,,, there exists n, such that
i=n

o0
i=ng
Moreover

o0 o0 *
yleayz@--'@yno_l@Zyi@(y@(Zy,-) ) =y

i=ng

and so we can conclude that

&= {yl,yz, 3 Yng—11 Zyl, }

'L—'no
is an e-partition of y. O

PROPOSITION 7. Let i be a submeasure with the Saks property on an MV-al-
gebra M. Then u has the Darbouz property.

Proof. Consider y € M, t € R such that 0 < ¢t < u(y) and a sequence
of real numbers (g,)52; such that £, \( 0, ¢, < t. By the assumption, the
submeasure p has the Saks property, which gives an g,-partition of y, i.e., there

exist y;,...,y, € M such that y, < yj, i # J, Zy =y and p(y;) <g <t
forall i =1,2,...,n. Since u(y; ®---Dy,) —-u(y) >t there exists [ such that
wy, ©---0y)<t, py & -0y dy,,)>t.
Denote z, =y, ®---®y, and 2, =y, @ --- DY, ®Y,,,- Then
T, <z <y, plz)<t, plz)2t,
1(z, © z7) = p(Y4q) <& -
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Now we will apply the Saks property to the z; ®x7. There exists an €,-partition
{vy,...,v;} of z; ©z] such that

k
zl®x1‘=2vi and ply,) <eq, i=1,2,...,k.
i=1

Since p(z,) <t and p(z, ® (2, 0z})) = p(z, dv, ®---Bv,) > t, it is clear
that there is a natural number m such that

plr, ®@v, @ ®v,,) <t and wr, v @ - ®v, Dv, ) >t.

Put 2, =2, @v,®---®v, and z, =2, 6v, & ®v, v, ,,. Then

T, ST,<2, 52 LY,
wxy) <t, plzm)2t, plza©x3) = (v, ) <é&-
By this way we obtain two sequences (z,)32,, (2,)52, of elements of M such
that
) Sz <Lz, <z, <<%z <y,
wz, 0z;) <e

n?

o0
Put z = \/ z,,. It is evident that z € M and z < y. The proof will be complete

n=1
by showing that u(z) = t. Conversely suppose that p(z) < t. Then we can put
e = £(t — p(x)) > 0. By the property (i) of the submeasure there exists § > 0
such that for any w € M with p(w) < d, p(z ® w) < p(z) +¢€. Since €, \, 0,
there exists n, such that ,u,(zn0 ® a:;‘lo) <é¢,, <0.Then
'u(zno) = M(zﬂo @ (zno @ x’r*lo)) S p'(x @ (zno @ m:lo))
< u(z) +e = pla) + 5(t - u(@) <t
contrary to u(z;) >t for all i =1,2,.... This entails that p(z) > ¢.

Take now £ > 0. By the property (ii) of Definition 1 there exists ¢ > 0 such
that u(mno dw) < u(mno) + ¢, whenever w € M and p(w) < §. Since

H(]:@x:;o) Su(zHQQx:lo) S6T‘l,o<(5’

we have
u(z) = p(z,, & (o)) <p(,)+e.

But ,u(xno) < t, which implies that u(z) < t+ ¢ for any € > 0, and so we can
conclude that p(x) =t. O
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PROPOSITION 8. Any nonatomic submeasure on M has the Darbouz prop-
erty.

Proof. This follows directly from Propositions 6 and 7. O

It is evident that if u has the Darboux property, then u is nonatomic. Com-
bining this fact with Proposition 8 we can conclude our assertions with the
following theorem.

THEOREM 9. Let u be a submeasure on an MV-algebra. Then the nonatomic-
ity, the Saks property and the Darbouz property are equivalent properties of a
submeasure p.
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