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ON EQUATION
P(D)u = f(u™) + g(t,(«))) ON THE LINE

PI1oTR FIJALKOWSKI

(Communicated by Michal Feckan )

ABSTRACT. This paper deals with the existence of a real solution for the ordi-
nary differential equation

P(D)u = f(ul™) +g(t, ("))

in the Sobolev space H, (R) where n is the degree of the linear differential oper-
ator P(D).

1. Introduction

We shall consider an ordinary differential equation of the following form:

P(D)u = f(u™) +g(t, (), )- (1)

J=J15-501

Above, P(D) is a linear differential operator in R with a polynomial P of
one variable and, as in [8],

d

a; 3

for which the polynomial P(—id) of the variable d has real coefficients. We shall

consider two cases of m: m = 2k — 1, m = 2k. Other assumptions on P and

the values of j will be precised in the theorems corresponding to these cases.
Let us assume that the function f: R — R is continuous and that there are

positive constants €, and K, such that

If ()] < Klz|  for |z|<e,. (2)

D=-id =-i

Let us suppose that the function g: R x Rl — R satisfies Carathéodory
condition in the following form: g(t,-) is continuous a.e. with respect to ¢ and
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g(-»yy,---,¥;) is measurable for all y,, ..., y,- (For I = 0, we assume simply that
g = g(t) is measurable.)
Let us assume also that there is a function h € L,(R) such that

lg(t,yy, -y < h(t) (3)

for ¢,y,,...,y, € R. (Note that we do not assume any growth condition for the
function f.)

We shall look for real solutions of equation (1) in the Sobolev space H, (R)
where n denotes the degree of P. Thus the problem can be treated as a kind of
an infinite interval boundary value one. Such an approach can be found in [1].
[4] and [5].

We define the Sobolev space H (R) for non-negative s as the space of tem-
pered distributions v on R for which

+0co

ol := (2m)! / (Fo)OP (14 6P)° dé < +oo @

— o0

where F denotes the Fourier Transformation. Note that H (R) = L,(R). Con-
sequently, we shall denote the norm of L,(R) as || -||,-
Let us note the following important lemma (see [8; Corollary 7.9.4]):

LEMMA 1. Let s be a real number and j an integer for which 0 < j < s—1/2.

Then any v\ is (i.e. may be represented as) a continuous bounded function
if ve H,(R), and there exists a constant C' such that

sup |01 (1)| < Cllol], -
teR

In particular, we have:

LEMMA 2. Ewvery function v € H,(R) is continuous, vanishing at —oo, 400,
and

sup [v(t)] < |lv]]; -

teR

Proof. The lemma is obvious by the identity

and the Schwarz inequality. O

Note that, under our assumptions on the function f, the following lemma is
valid:
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LEMMA 3. The mapping v+ fov maps continuously H,(R) into L,(R).

Proof. By Lemma 2, any function v € H,;(R) is bounded, vanishes at
infinity and clearly, v € L,(R). Hence, by (2), fov € L,(R).
Let v. = v,, as j — oo, in H;(R). Let 0 < ¢ < ¢,/2. We have, for a

J
certamn j,,

+o0
[ 100 = ) at < e 5)
—o0
and
|vj(t)—v0(t)|§e, teR, (6)
if j > Jy -
Lemma 2 implies the existence of a constant « such that
lvg(t)] < € for |t| >« (7)
and
- +oo
/ lu(1)]? dt, / v (B> dt < e. (8)
— 00 a

By Lemma 2, v; — v, uniformly, which implies the uniform convergency
f(v;(t) = f(vy(t)) for t € [~a, a]. Thus, for a certain Jj,,

[1£(,0) = (@) at < ©)
if J > .jz : -
Suppose j > max{j,, j,}. From (6) and (7),
Ol (O] <& for [t >0
From (5) and (8),

/ o, (D2 dt < 2 / J0,(t) — v (D)7 dt +2 / oM dt < e (10)
Thus, by (2), (8), and (10),

/|f(vj(t))— dt<2/|f 2at+2 /|f(vo(t))‘2 dt

<2K2/|v )2 dt +2K° /|’Uo ? dt

< 101(25.
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Estimating the integral
+00
[ 17(0,0) = o) at

in the similar way and making use of (9), we obtain

+o00
/ |f(v;(t)) - Floo®)]” dt < (20K2 + 1)e,

which ends the proof. O

By H!°¢(R), we denote a local space corresponding to the space H (R).
this means the space of all distributions v € D'(R) for which ¢v € H_ (R)
if $ € Cg°(R) where C§°(R) is the space of smooth functions with compact
supports in R. The space H!°°(R) is a Frechét space with the topology defined
by the system of the seminorms [[¢v]|,, ¢ € C5°(R).

We shall use the following theorem (see, for example, [8; Theorem 10.1.27]):

THEOREM 1. For 0 < s, < s,, the embedding H, (R) — H_ (R) is con-
tinuous and the embedding H°°(R) — H*“(R) is compact, this means it is
continuous and maps bounded sets onto precompact ones.

1. Main results

We shall prove, under some additional assumptions, the existence of a solution
of equation (1) for m =2k —1.

THEOREM 2. Assume that all assumptions from Introduction are valid and the
degree of the polynomial Re P is equal to 2n, with

n, > 1.

Suppose that Re P has no real roots, hence there exists a positive constant C
for which

(1+€)™ < C,|Re P(¢)]. (11)
Then the equation
P(D)u = f(u(%—l)) + g(¢, u® ,u(’H"l_l)) (12)
with
1<k<n
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has a solution u € H,_(R) for which

[u®l,, < Cyllhlly- (13)

Proof. We shall show that if equation (12) has a real solution v € H,(R),
then estimation (13) holds. Indeed, we have

+o0 +oo
/ PD)u(t)u®(¢) dt = / PO (£) dt
—00 -0 .
=0 [ FPOW©OF ™)) o

+o0
= (2m)! / (1€)* FPD)u) (©)F (u®) (€) de

+oco

= (2r)"1(~1)* / PO |F®) @) de

— o0

+o00
= (2m) 7 (~ 1) / Re P(£)|F (u®) ()| dé .

From the above equality, estimation (11), and definition (4), we have

+oo

/ P(D)u(t)u®)(t) dt ’ ) (14)

— 0

CrH I, <

On the other hand, by condition (3) and the Schwarz inequality, we have

+o00
/ PO)u(tyu (1) dt‘
_:o n
= / £ (=D (1)u®R) (1) dt + / g(t, u® (@), ..., ulTr=D (1)) (1) at
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0 +o0

=\/f(:s) dz + / g(t,u(’”')(t),...,u“‘*”l_l)(t))u(”‘)(t) dtl
0+OO —00
:‘ /g(t uR(t), .. kT (1)) (2R (¢) dtl

+o00o
< / |h(t)u®P) (t)] dt
<[Rllollu® 1l < IRllglut™ Ly < lIAllglle™],, - (15)

Observe that, from Lemma 3, fou!?*~1) € L,(R), which warrants the above
calculation.

From (14) and (15), we obtain estimation (13) for solutions u € H, (R) of
equation (1).

Let us define the function f, in the following way:

f(—c1”h'||o) for =z < —C]||h||0,
f1(7:) =< f(x) for —Ciflhlly <2 <C Allo (16)
F(CyIRllo) for « > C, b, .

and consider the equation with a positive integer j and \ € [0, 1]:
P(D)v = /\(f1 (1)(2k—1)) + g(t,,u(k)’ o v(k+n,—1)))x ] (17)
where X(=j,j] is the characteristic function of the interval [—j, j].

We shall compute an a priori bound for real solutions v € H_(R) of equa-
tion (17). In the same way as above, we obtain

“+o00
Crt M2 < /P(D)v(t)vm‘)(t) dt|. (1%)

Now, we shall estimate the right hand side of equation (17):
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+oo
‘ /P(D)?)(t)v(2k)(f) dt’
J
-\ /fl(v kD ()00 (4)) R (¢) dt
Y ;
+/g( (t) k+n1 U(t))v(%)(t) dti
—J
(zk 1) ]
A' ) dz+ [ g(t, o™ (@), ..., oFFmD (1)) 020 (1) dt}
1'(“[( 7) [

< JolE D () — w0 (= )Isuplfl( )+ [lRllollo ™l

< 2|0l ”Hlsupu] )|+ (Il [t

NIy
< (2sup If, @)1+ Al ) 0P,
yeR
Thus we obtain the a priori bound for real solutions v € H, (R) of equations (17):
109, < € (25up 17, ()] + 1A, ) - (19)
yeR
Now, we observe that equation (17) in the space H, (R) is equivalent to

P]-"u:)\}'<(f1( DE) (0@, O)x ). (20)

Since the polynomial Re P has no real roots, hence the same is for the poly-
nomial P. Thus, from (20), we have

N ((P) F((HPD0) + (00, D))y m))

Setting w := v*) | we have:

w — \F ((ip) ((fl( (k=1) ())+g(-,w('),...,w("l_l)(-)))x[_j,ﬂ)>. (21)

Let
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Thus we may rewrite equation (21) as

(I- )\Tj)(w) =0, (22)
where I stands for the identity mapping.

We shall prove that T; is a compact mapping from H, (R) into itself. By
Lemma 1, the mapping v — (f o v)x[_; ;; maps contlnuously H, _,4(R) into
L,(R). We can prove the continuity of the Nemytzkii operator

Hnl_l(R) Sw g(-,w(-), .. ,w("l_l)(-)) € L,(R) (23)

in the standard way, using (3) (see for example [3; Appendix|, where the case of
n, —1 =0 is considered). By Theorem 1, the above operator is also continuous
as a mapping from Hn1_1/4(R) into L,(R).

The operator
v FL —(i')k}'v
P

maps continuously L,(R) into H, (R) (even into H, k(R)). From above and
continuity of the embeddmg H, (]R) = H, ,,R), T;: H, (R) » H, (R) is

continuous. If B is a bounded set in H_ (R) then B is bounded in H}°¢(R),
hence, by Theorem 1, it is precompact in H:Z"lc_l /4(IR). By the factor X T

continuously maps H}l"lc_l(R) into H, (R), hence the set T'(B) is precompact
in H _(R).
ny

Now, we treat I — )\Tj as a mapping from the ball of the center at zero and

the radius
G, (25up I£, (w)| + 1kl +e
y€ER

in the space H, into H,
From the a priori bound (19), we know that

(I = XT})(w) # 0

for

leoll,, = €y (250D 1, @) + I1Alo) +
yER

hence the Leray-Schauder degree of the mapping I — )\Tj with respect to zero is
equal to 1 — the degree of I. From the Leray—Schauder degree theory (see for
example [10]), equation (22) has a solution w; € H,

By (19) and Theorem 1, the sequence {w; } °, is precompact in HJ°¢ 1/4(R).
Take a subsequence {w; };°_; convergent to a certain w in the topology of
HYc | (R). Since {w; }i_; is bounded in H, (R), hence it is also bounded
in H i 1/4(]R) Thus we have w € H, _ 1/4(]R)
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We shall demonstrate that w is a solution of the equation

i)k
w=F""! (%]:(fl (w(k_l)(')) +g(,w(), ... ’w(nl_l)(')))) (24)

Observe that

(A @ O) + 9wy, (w0 X i
_——)f1(w(k_1)(')) g('7w(')7"'aw(n1 1)())

in the topology of the space S’(R) of tempered distributions on R.

In fact, for any ¢ € S(R), from the boundness of f;, (3), and the Lebesgue
Theorem, we have

/ o) (f1 (i (®) + g(tw, (©), - wT TV 0))x1y0 500 dt

+00
— / o) (£, (@ @) + (- w(®), ..., wm V(1)) dt.

The convergence in H }l"f_l(]R) implies the convergence in S’(R). Since F is
an homeomorphism of S’(R), (24) may be obtained from (21) if m — +co.
Let

wi= FH (L F(f, () ()) +9(w(), - w™ ().
It is easy to see that u € H_(R), u®) = w, hence u is a solution of equation

p(D)u = fl (U(Qk_l)) + g(ta u(k)a cety u(k+n1—1)) )

which have the same a priori bound for solution (13) as equation (12). From
definition (16) of function f,, we conclude that u is a solution of equation (12),
which ends the proof. O

Now, we shall formulate a theorem for the case of m = 2k:
THEOREM 3. Suppose that all assumptions from Introduction are satisfied. Let

P(&) = Re P(¢) +1€271Q(¢),
and suppose that the degree of Q) is equal to 2n, with
n, > 1.

Suppose Re P(0) # 0 and Q has no real roots, hence there exists a positive
constant Cy for which

(1+6)" < G,lQ()]. (25)
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Then the equation
P(D)u = f(u®) + g(t, ultrnet), . ylttnarn) (26)

with
n,a+1<k<ng+n,

has a solution v € H (R) for which

||u(lﬂhng+1)||n2 < Gyllnlly - (27)

Proof. The proof of Theorem 3 is similar to the proof of Theorem 2.
A priori bound (27) instead of (13) for real solutions u € H_ (R) of equation
(26) is the unique essential difference between them. We shall demonstrate that
if equation (26) has a real solution u € H,_ (R), then estimation (27) holds. In

fact, we have

+o0

/ P(D)u(t)u®*+1(t) dt
w0
~ [ POR® ) a
.
= (2m)"! / F(PD)a) (©)F (u ) (€) de
~
= (2n)! / (16)* F(P(D)u) () F (u™) (¢) de
+
= (2m)"! / Re P(E) +1E27H1Q(8)) (i)™ 1| F(u)(©)]? de
L
= (~1)k@n)! / (16741 Re P(€) — 22 242n+20(¢)) | F (u) () dé

— o0

+o0
= (~1)*(2m) ! / €222 6)| F(u) (€)°

+00
= (~1)*(2m)! / QO)|F (w0 () de.
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From the above equality, estimation (25), and definition (4), we have
+o00
/ PD)u(t)u®*+V(¢) dt|,

— 00

Cl—lllu(k+n3+1)“i2 S

and (27) may be obtained as in the proof of Theorem 2.
Observe that, under our assumptions,

P&) #0

for £ € R.
Setting w := v(¥*7311) we obtain a continuous Nemytzkii operator

an_l(R) Sw g(-, w(-),... ,w("rl)(-)) € L,(R)
instead of (23).
Thus it is easy to see that Theorem 3 may be proved as Theorem 2. O

3. Applications

We shall give two simple examples of applications of Theorems 2 and 3.

EXAMPLE 1. Assume that f: R — R is continuous and differentiable at zero,
and h € L,(R). Let us consider the equation

u® +u®) fu = f) + gt u) (28)

with the function g satisfying the assumptions from Introduction.
We have

f(x) = f(0) + fi(2)

and, from differentiability of f at zero, f, satisfies condition (2). Setting v :=
u — f(0), we obtain the equation

v 4@ Ly = f') + h(t). (29)
We shall apply Theorem 2. We have
P(&)=ReP() =& +1> (£ +1)Y)/2,

hence n; = 2 and C; = 2. From Theorem 2, equation (29) has a solution
v € H,(R) for which
01l < 2[Rl -

Thus equation (28) has a solution u for which v — f(0) € H,(R) and
llu'lly < 211All, -
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AMPLE 2. It is easy to see that the equation
u® —u® — o pu = f () +g(t,ul?), (30)

h functions f and ¢ satisfying assumptions from Introduction, satisfies the

assumptions of Theorem 3. Indeed, we have

P(&) =1+i& (& +1),

andn=5,n,=1,n,=1,C, =1, k=2.

(1]
(2]
(3]

(10]

(11]

From Theorem 3, equation (30) has a solution u € H,(R) for which
a1y < Il -
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