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ABSTRACT. Let G denote a locally compact Abelian group with character

group G. For 1 < p < oo, AP(G) denotes the vector space of all complex-

valued functions in L!(G) whose Fourier transforms f belong to LP(G). A,(G)
is a Banach convolution algebra with the sum norm || f||? = || f|l; + [|f||p, , [14].

Research on the spaces A,(G) was initiated by Warner [22]. Later, a num-
ber of authors such as, e.g., Larsen, Liu and Wang [14], Martin and
Yap [17], and Lai [13] worked on these spaces and a generalization to the
weighted case was given by Girkanl: [10], Feichtinger and Girkanlh
[8]. The present paper deals with the more general case in which we also use
the gereralized Fourier transform of [5]: AD)9 (G) denotes the (Banach) space

of functions in LP (G), a weighted LP-space, with Fourier transform in Lg}(é),
equipped with the sum norm fIB%, = £l + Il o -

0. Introduction

Through this paper, G denotes a locally compact (non-compact, non-discrete)
abelian group with dual group G, both written additively. Certain well-known
terms such as Banach function space (BF-space), Banach module, Banach ideal,
strong translation- and character-invariance, generalized character will be used
frequently in the sequel; their definitions may be found, e.g., in (3], [6]. [8], [18],
(21]. C.(G) denotes the space of complex-valued, continuous functions with
compact support. The main tool in the present paper is the Fourier transform
denoted by “ or by F'; two kinds of Fourier transforms will be used: The classical
Fourier transform, cf. eg., [18], [19], and a generalized Fourier transforrn (cf. [5])
discussed below. The Fourier algebra {f | f€ Ll(é)} is denoted by A(G) and

is given the norm ]If”A = || fll;; here, f is the classical Fourier transform of
f e LYG).

AMS Subject Classification (1991): Primary 43A15, 43A25.
Key words: Beurling algebra, Banach module, Banach ideal, BF-space.
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Let now Q be a fixed open and relatively compact subset of G. We define
S0 @) ={f| =L, fu, 4. €C, fo€ Ay, n>1, and Yllf,ll, < oo},
1

where A, = {h € A(G) | supp(h) C Q}, and where L, denotes the translation
operator given by L f(z) = f(z —y). Any representation of f in the form (1)
is called an admissible representation. It is known that S,(G) is independent of
Q, ([4]). Endowed with the norm

1£lls, =inf{ I flla| f=23L, f, admissible},

S,(G) is the smallest strongly character invariant Segal algebra on G. It is well-
known that the Fourier transforms induce an isomorphism between S,(G) and

SO(G), hence their transposes induce isomorphisms of their dual spaces (e.g., for
the weak topologies). Thus the generalized Fourier transform is defined by

(6,f)=(0,f) for feS,(G), o€ SHG).

Below we present some further details concerning this known construction.

Through this note, we also will use Beurling weights, i.e., real-valued, mea-
surable and locally bounded functions w on a locally compact abelian group G
which satisfy

1<w(z), wlz+y) <w@)w(y) for z,yeG.
For 1 < p < oo, we set
Li(G)={f| fweL(G)}.

Under the norm ||f||p w = waHp, this is a Banach space embedded into LP(G).

For p =1, L} (G) is a Banach algebra under convolution, called Beurling alge-
bra, cf. [18]. It is known that the maximal ideal space of L! (G) can be identified
with the space of all generalized characters n on G such that n € Ly?(G) and
n(z) < w(z) la.e., cf. [21] and [16].

1. The spaces ALY (G)

The first lemma is a sharpening of a known result [5] and will be used in a
number of arguments in the sequel.

LEMMA 1.1. Let 1 < p < oo be given. For f € LP(G) and h € S,(G), the
integral

(f,h) := | f(z)h(z) dz
/
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converges, and (f,h) — (f,h) is a continuous bilinear form on LP(G) x S, .
Hence f— (f,-) is a continuous linear embedding LP(G) — (Sy(G), |- ).

Proof. The space S,(G) is continuously embedded into any of the L(QG)
spaces with 1 < g < oo.

The lemma plays a role in the generalization of the classical Fourier transform
to spaces such as LP(G), p > 1, in the following manner (see [5] and the remark
in the introduction): It is known that the classical Fourier transforms F, and
Fp, induce isomorphisms Sy(G) — Sy(G) and Sy(G) — S,(G). Accordingly,
their transposes "F; and Fy, yield isomorphisms of the dual spaces S, (@) and
S5(G). In fact, these maps are isometries of the dual spaces. One now defines

F: LP(G) — S)(G)
as the composition of the map of Lemma 1.1 with
Fr: SH(G) — SH(G).

This is the precise meaning of the map f +— f of the introduction, i.e., of the
identity (f,h) = (f,h). For p =1 or p = 2 the generalized Fourier transform
coincides with the classical one. O

COROLLARY 1.2. For any weight function w on G, the form (-,-) restricts
to a continuous bilinear form on LP (G) x §,.

DEFINITION 1.3. Let 1 < p,q < oo and let w, w be weight functions on G,
G, respectively. We set

ARL(G)={f e I%(G)| feLL(G)}
and equip this space with the norm

AL = 1l + 1l

where (7) is the generalized Fourier transform [5].

We remark here that A%? (G) clearly is continuously embedded into L% (G),
hence also into LP(G). Thus Whenever the latter is continuously embedded into
the locally convex vector space B, then so is AP (G). As an example, we
mention the following result, needed later: 7

PROPOSITION 1.4. Let A (G) = A(G)NC,(G) with the inductive limit topo-
logy induced by C,(G). Then AP (G) is continuously embedded into A with
its w*-topoiogy. ’

Indeed, it is known that A/ = Q(G), the space of quasimeasures on G, and
that LP(G) is continuously embedded into Q(G) (with its weak topology as the
dual of D(G)) ([15]).

The first structure result is the following:
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THEOREM 1.5. (A? |- |22 ) 4s a Banach space.

w,w

Proof. Let (fn) be a Cauchy sequence. Clearly, (f,,) is a Cauchy sequence
in LP (G), and ( n) is Cauchy in LY (G) Therefore, (f,) converges to some

f € L? (G) while (f,) converges to g € L (G) To prove the theorem. we need
to show that f =g.

But this is obvious since f — f is continuous from LP (G) into (S{)(é). -1

1)
1

LEMMA 1.6. For every f € LP(G), ©+ L_f is continuous G — LP (G), and

if |L,ll,,, denotes the operator norm, then ||L,|| ., < w(z), for 1 <p < oc.

Proof. Since |[L,f[}, < wP(@)|[f|P,, this proves second claim. Recall
that C_(G) is dense in L? (G) and this lemma is true for all ¢ € C_(G). Hence
a simple calculation shows that =+ L_f is continuous for all f € LP (G). O

w N

PROPOSITION 1.7. For every 0 # f € LP (G), there exists ¢(f) > 0 such

that c(flw(z) < L fll, . < w(@)fll,,., - Moreover, there is ¢ > 0 such that
(@) < 1L, < ().

Proof. The upper estimate already is established in Lemma 1.6. For the
lower one, recall from [8; Lemma 2.2] that for each f # 0, there is ¢, > 0 such
that e,w(z) < [|Lyfll,y,. L€, such that ¢, < L, fl],,, /w(z) (for every = € G).
Accordingly, the set of such positive constants c¢; is bounded, and we let c(f)

be its supremum. Clearly, then, c(f)w(z) < ||sz||pw for z € G, proving the
first part of the proposition.

The inequality c(f) < [|L,fll, ., /w(z) leads to:
o(f) < gllpw/w(x)

for every f # 0 such that ||f||,,, < 1. Here, the bound on the right is indepen-
dent of f, and thus, the proof is complete if we set

c=sup{e(f) | Ifll,., <1}
.

Before returning to the spaces AP (G), we establish the following result

concerning the multiplication operators M,, t € G, on LP (G):

LEMMA 1.8. LP(G) is strongly character invariant, and t — M, f is a con-
tinuous map G — L? (G) for every f € LP(G) for 1 <p < cc.

Proof. Since this lemma is true for all g € C (G), and C_(G) is dense in
L? (G), the proof of this lemma is easy. O
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THEOREM 1.9. AN (G) is translation and character invariant. Furthermore,
for each f 30, there ezists constant c(f), ¢(f) > 0 such that
c(frw(e) < LI, <w@IfIRL,  e(fw) < IMFIRL, <w@IfIS, -
Lastly, there are C,D > 0 such that

Cuw(z) < L1573, <wlz),

Duw(t) < [|M,||22 < w(t).

w,w —

Proof. Since |L,fl,, = Ifly. and [Mfl,, = Ifll,, © = 1 and
w > 1 yield the upper estimates immediately in view of Lemma 1.6.
For the lower estimates, note that

c(fw(z) < e(fw@) + 10 < 1ol + 110,

and similarly for M,, where ¢(f), c(f) are the constants from Proposition 1.7.
Set now

C =sup{c(f) | IfI5%, <1},
D =sup{c(f) | IfI5% <1},

and the lower estimates follow immediately. O

It is easy to prove the following proposition by Lemma 1.6. and Lemma 1.8.
PROPOSITION 1.10. For every f € Aﬁ;?w(G), the maps © — L_f, and
t— M,f, are continuous from G respectively G into A{Zf{J(G).
PROPOSITION 1.11.

a) For 1 < p < oo and any weight function w on G, L?(G) is a Banach
convolution module ([8]) over L) (G) under (f,g) — f*g.

b) For 1 < q < oo and any weight function w on G, AP4 (G) is a Banach
convolution module over L} (G).

Proof. It is easy to see that LP(G) and AP (G) are BF-spaces (i.e.,
L? (G) and AR (G) are continuously embedded into Lj_ (G)). Hence, the proof
is completed by Lemma 1.6, Proposition 1.10 in this paper, and Lemma 1.5 in
[6].

Recall that A}U”qw(G) is a Banach convolution algebra [8]. By Proposi-
tion 1.6. (b), AL% (G) is a Banach ideal within L} (G), (i.e., AL9 (G) is con-
tinuously embedded into L. (G)). A trivial consequence of this: ;4.15;‘{0(6') is a
Banach convolution module over A9 (G). Set ,

A}ng ={fe L, | SUPP(f) is compact}.
Then it is clear that AK, c AR (G). -
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LEMMA 1.12. Suppose that w satisfies the Beurling-Domar condition (BD).
Then a bounded approzimate identity (shortly BAI, [8]) (f,) C A, C L} (G)
also yields an approzimate identity (shortly AI) for LP (G).

Proof. Since the vector space C,(G) of continuous functions on G with
compact support is everywhere dense in LP (G), then, given g € LP (G) and

e > 0, there exists a function f € C_(G) such that ||f — gll < 3—i;. where

C =sup|le,||; ,, - Using the above result we have
«
€ €
— = . 1
3¢ 3 (1)
It is known that L} (G) has another approximate identity (u4) 3¢, with compact

support, and (ug)ge; is also an approximate identity in L% (G) ([11]). Now,
using the inequality

lleaf = fllipw
<llexf = (exf) ugll, . + s (Fug) = fFrugl +11f ug = fllpw (:
<llegllywllf = frugll, o + lleaf = Flly wllugll, . + 1 s = fllp

and choosing a fixed 8, € J such that

leaf — el w < lleallywllf —gll, ., <C

8]

)

(3)

* 9
leallywllf = £ty < 5

and
€

g ) (4)

one can find o € I such that |le}f — f|| < e for all @ > a,. Consequently, if
one combines (1) and (4), one obtains

I gy = fllp <

leag = gllpw < llegg — e fllpw +llesf — fll, 0 +llg = fllpw < (5)

PROPOSITION 1.13. Suppose that w satisfies (BD). Then
a) ADR? (G) admits an approzimate identity, bounded in LL(G) and with
compactly supported Fourier transforms. Furthermore AP:Y (G) is an es-

sential Banach module ([8]) over L} (G).
b) AP4 (G) does not admit a BAI in its own norm for 1 <p < oco.

Proof.

a) Let f € A?(G) C L%(G). By Lemma 1.12, the BAI(f,) C AK.(G) is
an approximate identity for L? (G), and so, given € > 0, ||fif — f||,,’,w < e for
sufficiently large n.
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Since (f,,) is bounded in L% (G), the techniques used in the proof of [8; The-

orem 4.2] apply and show that also ||Ef - fllq’w = ||f,‘;fa||qyw < ¢ for sufficiently
large n. Evidently, this proves the first claim.

One now concludes from [9; Corollary 2.3] that A2 (G) is an essential Ba-
nach module over L. (G).

b) By assumption, G is non-discrete, i.e., G is non-compact. Therefore,
vol(K) for K C G compact becomes arbitrarily large. On the other hand, the
proof of Theorem 4.2 of [8] shows that fn — 1 uniformly on compact subsets of
G. Thus, if K is compact, anK — X uniformly, and hence, in LI (G); then
1 axacld = Ixaclid o =I{w 2 vol(K). Lastly,

1Fxxlle, < / (1w (2) dt = [1F, ]2, .
G

If these last norms were bounded, the set {vol(K) | K C G} would be bounded,
which is a contradiction. Therefore, (f,) cannot be || - |59 -bounded. O

We now collect a few results concerning Banach module structures on AR, (Q)
with respect to pointwise multiplication by elements of suitable function algebras
on G. As a beginning, we list some of these algebras:

Recall that A(G) is the Fourier algebra F(Ll(é)) of G. We also set A, =
A(G)NC(G), equipped with the inductive limit topology of its subspaces A, =
A(G)NCk(G) topologized by ||-|| 4. This makes A (G) into a T, locally convex
vector space whose dual we simply denote by A ; unless otherwise specified, A/,
is given its weak topology o(A’,A.), a T, locally convex topology. It may be
worthwhile, at this point, to recall that {g € LYG)| g€ A,(G)} is norm-dense
in L'(@), cf. [16; F7.c]. Consequently, A (G) is dense in (A(G),|| - |4)-

Generalizing these standard constructions, we next introduce the Banach
spaces A¥(G) = F(LL(G)), w an arbitrary weight function on G, with the norm
I9ll, = llgll; ., - With this, A“(G) is a Banach algebra under pointwise multipli-
cation. By analogy with the earlier definition, we set AY(G) = A¥(G) N C (G),
again equipped with the inductive limit topology 7, of the subspaces

A%(G) = 4(G) N C(G)
equipped with their norms. A?(G) is non-trivial if w satisfies (BD). We let
A¥(G)" be the dual with the weak topology.

We now define the vector space Ag’f;(é) and its norm || - |37, as in Defi-
nition 1.3 and establish the following important results concerning the Banach
modules AR (G).
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THEOREM 1.14. [f w is symmetric (i.e., w(—x) = w(x)). then the Fouricr

transform is an isometry between the spaces AU (G) and ATl ((7).

Proof. It is known that Fourier transform is linear and one to one. Now.

take any function g € A%LP (G). Since g € L (G) and w is symmetric. then
g e LP (G), where g = g(—x). Hence we have g = g. That means the Fourier
transform is onto. One can also write ||f[[29, = [[f||%7, for all f € AV (7).
This proves the theorem. O

THEOREM 1.15.
a) If w is symmetric, then AP (G) is a Banach module over A+ ().

b) If, in addition, w satisfies (BD), then the A“(G)-module AL (G) ad-
mits an approximate identity and is an essential Banach module.

Proof. Since AZP (G) is a Banach convolution module over L'(G) and
the generalized Fourier transform turns convolution into pointwise multiplica-
tion, then (a) is easily shown by Theorem 1.14; (b) is a consequence of Propo-

sition 1.13. O

THEOREM 1.16. If w satisfies (BD), then under a natural map, the mazimal
ideal space of L. (G) is homeomorphic to the one of A}U‘{J(G)

Proof. Asusual, (regular) maximal ideals are identified with multiplicative
linear forms on the Banach algebras under consideration, and hence, the map of
the theorem becomes the restriction map.

First of all, since w satisfies (BD), then A% (G) is dense in L} (G), and
Theorem 24.B of [16] applies and shows that under the restriction map, the
space of multiplicative functionals on L. (G) is homeomorphic to a closed sub-
space of the maximal ideal space of A}u’:’w(G). Therefore, it suffices to show that
restriction is surjective:

In turn, this will follow if we can show that a multiplicative linear form F on
Ai;?w(G) remains continuous in the L} (G)-topology. Since |F(f)| < (Hf”b;f’w)sp,
this amounts to estimating the spectral norm in terms of the L} -norm.

Let f*™ denote the nth “convolution power” of f. Then

1P, <15l + 15 FlL
= 1F "l wllf g + 10l
and we wish to obtain a suitable bound on the second summand: Since
£l < NIl < 00,
1F fllgo < UF Nl fllgo UM g < IFIEHIAN
<A I g
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and so we see that
(I52) ) < S
indeed, [[f*"]|ha < | “’,’1||f|1l 9, yields the last inequality after taking nth

w.w — w

roots and the limit as n — oo.

Returning to F' as above, the inequality now implies that |F(f)| < [Ifll; ..
and we are done. O

Remark 1.17. Because of Theorems 1.16 and 5.6 in [21] the maximal ideal
space of Ai,‘i}(G) may be identified with the space of “generalized characters”

(with respect to w).

The last part of Section 1 is concerned with inclusion relations between spaces

f the form ALY (G), and the first result is the following one:

LEMMA 1.18. If AL (G) C AP2% (G), then the inclusion is continuous:

wiy,wW1
There exists a constant ¢ > 0 such that

1A%, < IR

Wa,w?2 wi,w1

for every f € APLD (G).

wi,w1
Proof. Put [[fl = [IflI5%, + [Ifl729%,. Then a sequence (f,) is || - ||
Cauchy if and only if it is Cauchy for both original norms. Since A% (G) and

AP2:92 (G) are continuously embedded into LP*(G) and LP?(G) respectively, it

wo,w?2

follows that (APL% (G),]| - ) is complete.

It is clear that the || - ||-topology is finer than the original one, i.e., the two
Banach topologies are comparable, hence coincide by the Closed Graph Theorem.
This shows that the two norms are equivalent, and, in particular, that there is

¢ > 0 such that || - || <¢|- ||P% | and this implies the required inequality. O

wy,w1
THEOREM 1.19. Let p and q be fized numbers satisfying 1 < p,q < oo. Then
APd - (G) C AR9  (G) if and only if w, < w; and w, < w; .

wi,w1 w2,w?2

Proof. The sufficiency of the condition is obvious. The necessify follows

using the preceding lemma: There now is ¢ > 0 such that [|f|52,, <c[lfl5?,,
for f € AR (G).

Using the result of Theorem 1.9 one sees that there are constants ¢; > 0 and
¢, > 0 such that

cywy(z) <L fIT ., < w @R,
as well as

cQwy(7) < L 15w, < wa(@)F157 s
for ¢ € G. Therefore,

caWy(z) < || Ly fIY 0, < cwr(@)IFIGT 0, -
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Taking the supremum over ||f||%9, <1 yields w,(z) < ;;9"“’1(3’) for z € G.
2

wi,wW1

The relation w, < w, is obtained in the same manner. ]

COROLLARY 1.20. Let p and q be fixed numbers satisfying 1 < p,q < 0.

Then AP4  (G) = AP (G) if and only wy =~ w, and w; = w, (i.e., there

exzst Ml,Mz,Kl,K > 0 such that w,(z) < Myw,(z), w,y(r) < Myw, ( ) and
(z) < K w,(z), wy(z) < Kywy(z) for all z € G).

Remark 1.21. Lemma 1.18 and the proof of Proposition 1.19 also show
that, if AR (G) C AR9 (G), then already w, < w; and w, < w, for
1< p1a‘117P27‘12 < o0.

wo,wW?2

The next proposition involves spaces Aﬁ;"fd(G) with fixed weights w, w rather
than fixed p, ¢

PROPOSITION 1.22. Assume that w satisfies (BD) and that w(t) — oo as
t—o0 in G.If
AL (G) C AZT(G),

then q, < q, .

Proof. The proofis a copy of the proof of Theorem 3.6 in [8] and is omitted.
a

THEOREM 1.23. Assume that 1 < p,,p,,q;,q, < 00, w,, w, satisfy (BD) and
symmetric and w; — 00, w; — oo at infinity for i = 1,2. Then AP (G) =
w;‘{jz(G) if and only if w, R w,, w, Rw, and p; =p,, q; = q,.

Proof. If the corresponding weights are equivalent, and the exponents are
equal, then equality of these spaces is evident. For the converse, if we use Re-
mark 1.21, we obtain that the corresponding weights are equivalent. Then, by
Proposition 1.21, we have ¢, = ¢, since w, and w, are symmetric, and the
spaces APL9 (G), AT-P1 (G‘) and AP29 (G), A%P2 (G) are isometric. Hence,

wa,w?2 w2,w?2
AP (G) Aﬁfz"ljz(G) 1f and only if Azlf,%l(G) A%2P2 (G). Once again using
Proposition 1.22 we obtain that p, = p,. This completes the proof. O

ExAMPLES. There are several interesting special cases of the space AR (G).
The most important is the space

AR = L (R™) 0 LR™),
where L2(R™) denotes the Bessel potential spaces of order s (see [20]) with
w(y) = (L+1o)?
For more examples, we refer the reader to (8] and [10].
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