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PERSPECTIVITY AND CONGRUENCE 
IN PARTIAL ABELIAN SEMIGROUPS 

A L E X A N D E R W I L C E 

(Communicated by Anatolij Dvurečenskij ) 

A B S T R A C T . To any subset M of a partial abelian semigroup L, we associate 
a relation of perspectivity ~M, where a ~M b if and only if there exists some 
element c G L such t h a t a® c and c ® b both exist and belong to M. If ~M is 
a (faithful) congruence, we say t h a t M is algebraic. T h e theory of pairs (L , M), 
where L is a partial abelian semigroup and M is a fixed algebraic subset provides 
a natural generalization of the theory of manuals. 

Introduction 

This paper concerns the common partial-algebraic background of the various 
"orthostructures" that have been considered in the literature on quantum logic: 
Orthomodular posets, orthoalgebras, D-posets (or effect algebras), and their 
respective non-unital variants. 

The most familiar of these are orthomodular partially ordered sets (cf. [9]). If 
L is an orthocomplemented poset, one calls elements a, 6 G L orthogonal if and 
only if a < b'; L is orthomodular if and only if for all orthogonal pairs a,b £ L, 

(i) a V b exists, and 
(ii) ( a V 6 ) A b ' = a.l> 

It is usual to refer to the join guaranteed by (i) as the orthogonal sum of 
a and b, and accordingly to write a 0 b for a V b when a < b'. Evidently, 
this partial binary operation is commutative, and it is not difficult to show that 
the orthomodular law (ii) is equivalent to the condition that the partial binary 
operation 0 be both associative and cancellative. Thus, any OMP (L, < , ' , 0 , l) 
gives rise to a partial abelian semigroup (L, 0 ) . We can recover the partial 

A M S S u b j e c t C l a s s i f i c a t i o n (1991): Pr imary 03G12, 81P10; Secondary 06F99, 08A55. 
K e y w o r d s : effect algebra, orthoalgebra, orthomodular poset, partial abelian semigroup, 
perspectivity . 

^ Concerning (ii), note tha t b < (a V b)", so tha t (a V b) A b' = ((a V b)' V b)' exists by 
virtue of (i). 
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ordering from the orthogonal sum, since a < b if and only if 3c E L (namely, 
b A a') with a(B c = b. 

While it is a matter of taste whether to view an OMP as primarily an order-
theoretic or primarily a partial-algebraic object, this is no longer the case when 
we consider more general orthostructures. An orthoalgebra ([2], [6]) is a cancella-
tive partial abelian semigroup (L ,©) possessing a unit element 1 such that, 

(i) VaG L 3!a' G L a® a' = 1, 
(ii) V a E F 3a©a = > a = 0 : = l ' . 

If we relax condition (ii) and instead require only 
(iii) MaeL 3 a©l = ^ a = 0 : = l ' , 

we obtain the objects variously called weak orthoalgebras [7], D-posets [3], [4], 
[11], or effect algebras [5], [8]. We shall use the last term. Any orthoalgebra or 
effect algebra L may be partially-ordered by declaring a < b if and only if 
b = a © c for some c. (L, <, ') is then an involutive poset (orthocomplemented 
if L is an orthoalgebra), the operation © is order-preserving in both arguments, 
and a © b is defined if and only if a < b'. However, a © b need not be the join of 
a and 6; hence, the partial order is definitely subordinate to the partial binary 
operation. 

Our aim in this paper is to place these structures in a broader partial-algebraic 
context, by developing some of the relevant general theory of partial abelian 
semigroups. This offers, besides generality, much in the way of unity and clarity of 
presentation. In particular, we are able to re-interpret a number of known results 
concerning orthoalgebras and D-algebras as instances of universal constructions 
involving cancellative partial abelian semigroups. 

An outline of the paper is as follows: In Section 1, we collect basic definitions, 
examples, and some elementary results concerning the natural pre-order on a par­
tial abelian semigroup. In Section 2, we discuss certain "faithful" congruences 
on partial abelian semigroups, showing that any PAS supports a canonical such 
congruence, and that the corresponding quotient has a certain universal prop­
erty. Using this result, it is shown that any cancellative, unital partial abelian 
semigroup has a universal effect-algebraic homomorphic image. In Section 3, we 
consider a special sort of faithful congruence which we call a perspectivity. In 
Section 4, we obtain a representation theorem for cancellative, unital partial 
abelian semigroups generalizing that of F o u 1 i s and Randall for orthoalgebras 
(cf. [9]) and the analogous representation for D-algebras of D v u r e c e n s k i j 
and P u l m a n n o v a [4]. We also show that every unital PAS has a universal 
cancellative, unital homomorphic image. Similar arguments are deployed in Sec­
tion 5 to construct a tensor product for cancellative, unital partial abelian semi­
groups, extending work of B e n n e t t and F o u 1 is [2] and D v u r e c e n s k i j 
[3]. 

Some of our results have been announced previously ([13], [14]). 
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1. Preliminary results 

By a partial abelian semigroup (PAS) we mean a structure (L, _L, ffi), where 
JL is a binary relation on L, and © is a partially defined binary operation with 
domain _L satisfying 

p®q = q®p, (1) 

( p e . ) ® r = p ® ( ? 9 r ) . (2) 

These identities are to be understood as asserting that if the term on either side 
is defined, so is that on the other, and the two are equal. 

The associativity condition is quite strong, and in fact does most of the 
work in what follows. It may be well to consider, for contrast, two examples of 
partially-defined commutative binary operations that are associative in a weak 
sense, but not in the sense of (2). First, let S be an arbitrary semigroup. Define 
a _L b if and only if ab = ba, and set a o b = ab if this is the case. Certainly, 
if both a o (b o c) and (a o b) o c exist, they are equal; however, the existence 
of the one by no means implies that of the other. Next, consider an arbitrary 
partially ordered set (P, < ) . Let a _L b if and only if a V b exists in P. Again, if 
both aW (by c) and (aVb) Vc exist, they are equal; however, one may construct 
simple examples in which b V c and a V (b V c) exist while a V b does not. 

A zero in a PAS L is an element 0 such that p JL 0 for all p G L and 
p © 0 —p. The usual argument shows that a zero, if any exists, is unique. The 
formal adjunction of a zero to a PAS presents no difficulty; we shall therefore 
assume henceforth that every PAS (and, in particular, every abelian semigroup) 
possesses a zero. 

We say that L is cancellative if and only if for all a,b,c G L, 

a_Lc_Lb & a®c = b®c -==-> a = b. 

L is positive if and only if for all a,b E L, a © b = 0 ==> a, b = 0. (Note that if 
L contains no zero, then the formal adjunction of a zero yields a positive PAS.) 

1.1. EXAMPLES. 

(a) Let L be any complete A-semilattice with 0. For a, b G L, set a _L b 
if and only if 3c G L with a,b < c. Then a _L b = > a V b exists in L, and 
(L, JL, V) is a positive PAS, but need not be cancellative. 

(b) Let L be an orthomodular poset. As usual, set p _L q if and only if 
p < q' and p © g = p V q for p _L q. Then (L, JL, ©) is a positive, cancellative 
PAS. 

(c) Let X be an set, and £ , a collection of subsets of X with the property 
that if A G £ and B C A, then B G £. For _4, B G £, let _4 _L _9 if and only if 
A H _9 = 0 and _4 U 29 G £; in this case, set A © _9 = A U _5. Then (£, _L, ©) is 
a cancellative, positive PAS. 
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(d) Let ^ be a collection of non-negative integer-valued functions on a set 
X with the property that if / G # and g < / , then g G $. For / , g G # , let 
f _L g if and only if / + g G E, in which case define / © g = f + g. Note that if 
all the functions in # are {0,1}-valued, we recover example (c). 

(e) Let A be an ordered abelian group with positive cone A+. For any 
e G A+, the interval [0, e] = {a G -A | 0 < a < e} becomes a PAS if we take 
a J_ b to mean a + b < e, and set a@b = a + b in this case. 

In any PAS L, we may define a relation a < b if and only if 3 x G L such 
that a©x = b. If L is cancellative, then this element x is unique, and we denote 
it by b — a. 

1.2. LEMMA. Le* L be a PAS. For p ,gG L, let p < q <=> 3reL p@r = q. 
Then 

(a) The relation < is reflexive and transitive, i.e., a pre-ordering. 
(b) If < is a partial ordering, then L is positive. 
(c) If L is cancellative and positive, then < is a partial ordering. 

P r o o f . 

(a) Since a © 0 = a, a < a for any a G L. Transitivity follows from the 
associativity of ©. 

(b) For any a G L, we have 0 < a. Hence, if a © b = 0 and < is a partial 
ordering, a, b < 0 < a, b, whence, a = b = 0. 

(c) Suppose L is cancellative and positive, and suppose that a, b G L with 
a < b < a. Then a = b @ y = (a © x) © y for some x,7/ G L. By associativity, 
a = a © (x © y), whence, by cancellation, x © y = 0. Positivity now yields 
x = y = 0, whence, a = b. • 

Let us say that two elements a, b of a PAS are strongly orthogonal if and 
only if a _L b and for all z < a, b, 2 : l z ==> z = 0. The following generalizes 
a standard result concerning orthoalgebras (cf. [6]): 

1.3. PROPOSITION. Let L be a positive cancellative PAS. Then a and b are 
strongly orthogonal if and only if a © b is a minimal upper bound for a, b G L . 

P r o o f . Suppose a, b are strongly orthogonal. Certainly a,b < a <@b. Let 
a,b <c< a©b : Then c = a © x = b©H and a © b = c©z = a © ( x © z ) , whence, 
by cancellation, x © 2: = b. By the same token, a © b = b©(H©z), whence, 
y @ z = a. Thus 2: < a, b, and (as a _L b) 2: _L z, whence, 2 = 0. It follows 
that c = a(B b. Conversely, suppose 0 ^ z < a, b and z ± z. Then a = x © 2, 
b = y (& z for some x,y £ L. Let c = x © y © z, and observe that a,b < c and 
a © b = c © z > c . • 
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We call an element w ofa PAS L a unit if and only if for every a G L, there 
exists at least one b G L such that a © b = u. A unital PAS is a PAS with a 
distinguished unit, which we denote generically by 1. 

Evidently, u is a unit if and only if a < u for every a G L. If < is a partial 
ordering, L has at most one unit. On the other hand, every element of an abelian 
group is a unit. 

1.4. LEMMA. Let L be a unital PAS with unit 1 . 

(a) L is cancellative if and only if 

VaGL3!a 'GL a © a ' = l . (3) 

(b) If L is a cancellative, then L is positive if and only if 

VaeL a _L 1 => a = 0 . (4) 

P r o o f . 
(a) Clearly, (3) holds in any cancellative unital PAS. Conversely, if L satisfies 

(3) and a,b,ce L with a@b = a@c = de L, then d'ffl(affib) = 1 = d'®(a@c). 
By associativity, (d' © a) © b = 1 = (d' © a) © c. But then b = (d' © a)' = c. 
Thus, L is cancellative. 

(b) Suppose L is cancellative. If L is positive and a © 1 exists, then a © 
(a © 1)' = V = 0; by positivity, a = 0. Cancellativity plays no role in the 
converse: Suppose (4) holds and a © b = 0. Then a © b _L 1, whence, a l l and 
b _L 1, whence, a = b = 0. • 

Thus, a positive, cancellative unital PAS is the same thing as an effect algebra 
as defined in [3]. 

1.5. R e m a r k . Effect algebras go by several aliases in the literature. In [7], 
they are called weak orthoalgebras; in [3] it is shown that effect algebras are 
essentially the same things as the D-posets defined in [11] and elsewhere (the 
latter being defined in terms of a relative difference operation, rather than a 
partial sum). In [1], D i n g e s uses the term D-semigroup for a (not necessarily 
unital) cancellative, positive PAS. In one respect, our usage is more general than 
that of the cited papers: We count the degenerate PAS {0} as an effect algebra 
(with 1 = 0) . 

An orthoalgebra (cf. [5], [6]) is a cancellative, unital PAS satisfying the con­
dition that "iaeL a _L a = > a = 0 . Clearly, this is stronger than condition 
(4) of Lemma 1.4, so every orthoalgebra is an effect algebra. 

By way of example, note that any orthomodular poset, regarded as a PAS 
as in Example 1.1(b), is an orthoalgebra. On the other hand, if A is an ordered 
abelian group and e G -A+, the interval [0, e], regarded as a PAS in the manner 
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of Example 1.1(e), is an effect algebra but seldom an orthoalgebra. This last is a 
special case of the following observation: If L is cancellative and positive, then 
for any e E L and any p, q < e, define p J_e q if and only if p © q < e. This 
is evidently a PAS, and inherits cancellativity and positivity from L; since e 
serves as a unit, ([0, e], _Le, ©, 0, e) is an effect algebra. The converse is evidently 
true as well: If [0, e] is an effect algebra for every e £ L, then L is cancellative 
and positive. 

It is natural to wonder whether one can adjoin a unit to a PAS. For a can­
cellative PAS, this is always possible. The following construction is essentially 
due to A. M a y e t [12]; cf. also [10]. 

1.6. LEMMA. Let L be a cancellative PAS. For each a G L . introduce a symbol 
a' £ L, and form L! = L U V. Extend the relation _L and the partial operation 
© to L! as follows: 

(i) Va, 6 G L a JL b' <=> a <b; in this case, a © b' = (b — a)'. 
(ii) Va, beL a' JLb'. 

Then L\ is a cancellative, unital PAS with unit 1 = 0 ' . 

P r o o f . It is sufficient to check the associativity of the extended orthog­
onal sum. There are only two non-trivial cases. Let a, b, c G L. If a J_ b and 
(a © b) JL c', then a@b < c, whence, c = (a © b) © x for a unique x. It follows 
that b < c, whence, b © c' = (c — b)' = (a © x)r exists. Hence, a < (affix), i.e., 
a _L (b©c' ) , and 

a © (6 © c') = ((c - b) - a)' = x' = (c - (a © b))' = (a © b) © c'. 

The other case, i.e., (a © b') _L c, is handled similarly, and is left to the reader. 

• 

2. Homomorphisms and congruences 

A function / : L -» 5 from a PAS L to a PAS 5 is a homomorphism if and 
only if 

(i) Va, bGL a JL 6 ==> / ( a ) _L /(&) and / ( a © 6) = / ( a ) © f(b), 
(ii) / (0 ) = 0. 

(note that (ii) is redundant if S is cancellative). A homomorphism / is faithful 
if and only if f(a) _L f(b) => a _L b. We say that / is unital if and only if L 
and S are unital and / ( l ) = 1. 

Note that the trivial homomorphism / : L -» {0} is faithful if and only if 
L is a semigroup, i.e., if and only if a _L b for all a, 6 G L. Also note that if 
/ : L -» 5 is faithful, / (L) C 5 is a sub-PAS of S. 
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By a faithful congruence on a PAS L, we mean an equivalence relation « on 
L such that for all a,b,c G L, a « b and a _I_ c imply b J_ c and a ffi c « b ffi c . 
Denote by [a] the equivalence class of a G L under a congruence « on L; 
then the partial operation [a] 0 [b] = [a ® b] provided a _L b is well-defined 
and makes L/« a PAS. The map [ ] : L -> L/« is a faithful homomorphism. 
Conversely, if / : L -» M is a faithful surjective homomorphism, the relation 
a zz b <=> f(a) = / (b) is a faithful congruence, and L is canonically isomorphic 
to L/w. 

R e m a r k s . It should be noted that if L is an effect algebra, then any faithful 
homomorphism / : L —> S is injective. The intersection of any set of faithful 
congruences is again a faithful congruence; however, not every equivalence rela­
tion generates a faithful congruence. For instance, the universal relation on L is 
a faithful congruence if and only if the constant map / : L —> {0} is faithful, in 
which case, as observed above, L is a semigroup. 

An ideal is a set J C L such that Va,b G L with a _ L b , a 0 b G J if 
and only if a, b G J (cf. [8]). We call J a null ideal if and only if, in addition, 
J C L~ := {a G L | VbGL a _1_ b}. Note that every null-ideal of L is a 
commutative monoid under ©. The set L~ is itself the largest null-ideal of L, 
and the intersection of null ideals is again a null-ideal; thus, the set of null-ideals 
of L is a complete lattice, and, in particular, has a smallest element, which we 
denote by J 0 . Note that J0 = {0} if and only if L is positive. 

2 .1 . LEMMA. Let cj>: L -> S be a faithful homomorphism. 

(a) If J C S is a null-ideal, so is 4>~l(J). 
(b) If (f) is surjective, </>_1(0) is a null-ideal if and only if S is positive. 

P r o o f . 
(a) Note first that if a G L and (j)(a) = 0, then for all b G L, (j)(a) i_ </>(&), 

whence, because 4> is faithful, a JL b. Thus, (f)~1(S±) C L~. Now note that for 
all a,b e L, a®be 4>~l(J) if and only if 4>(a) 0 0(b) G J ; if J is a null-ideal, 
this occurs if and only if (j)(a), <j)(b) G J , i.e., if and only if a, b G 4>~l(J). 

(b) If S is positive, {0} is a null-ideal, whence, (j)~l(0) is null by part (a). 
Conversely, suppose (j)~l(0) is a null-ideal. Let x,y G S. Since 0 is surjective, 
x = (j)(a) and y = <f>(b) for some a,b E L. Then x 0 y = 0 => a®b E 4>~l (0), 
whence, a,b E (j)~l (0), whence, x = y = 0. • 

2.2. THEOREM. Let J be a null-ideal of L. Define a relation « on L by 
a ps b <̂ => 3x,y £J a 0 x = b0H. Tben P^ is a faithful congruence and L/zz 
is positive. If L is cancellative, so is L/zz. 

P r o o f . The relation & is clearly symmetric; since 0 G J , it is reflexive. To 
see that it is transitive, let a,b,c £ L with a & b & c. Then there exist elements 
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x,y,u,v e J with a 0 x = b 0 y and b 0 u = c 0 v. Since u G L~ , (a 0 x) 0 it, 
and ( b 0 y ) 0 u exist, and we have a 0 ( x 0 ^ ) = ( b 0 ^ ) 0 y = c 0 ( f 0 H ) , whence, 
as x 0 u and t> 0 y belong to J, a w c. To see that « is a faithful congruence, 
let a,b,c G L with a « b and b _L c. Let x,y G J with a 0 x = b 0 y. Then 
y JL (b 0 c), and we have (b © c) 0 y = (b 0 y) 0 c = (a 0 x) 0 c = (a 0 c) 0 x , 
whence, a 0 c exists and a 0 c « b 0 c. 

It follows that there is a faithful surjective homomorphism 0: L —> L / « 
with 0_ 1(O) = {a G L | a « 0 } . But if a « 0, then a 0 x = y for some 
x,y e J, whence, since J is a null-ideal, a G J. Thus, 0 - 1 (O) = J. By part 
(b) of Lemma 2.1, L / « is positive. Finally, note that if L is cancellative and 
(j)(a) 00 (b ) = 0(a) 0 0 ( c ) , then for some x,y G J we have a © 6 © x = a © c 0 ? / , 
whence, b0x = c(By, i.e., 0(b) = 0(c); thus, L / « is also cancellative. • 

If J is a null-ideal of L, we adopt the notation « 7 for the faithful congruence 
of Theorem 2.2, and denote the quotient L/~j by L/J. We write L + for 
L/J 0 . L + is universal among positive faithful homomorphic images of L in the 
following sense: 

2.3. COROLLARY. Any faithful homomorphism 0: L —> S from a PAS L into 
a positive PAS S factors uniquely through L + . 

P r o o f . Let a + denote the equivalence class of a G L under zij . If 0: 
L -» S is a faithful homomorphism and x G J0, then x G 0_ 1(O) since the 
latter is a null-ideal. Thus, the map 0 + : L + -» 5 given by 0 + : a + H-> 0(a) is 
well-defined. It is straightforward that 0 + is a faithful homomorphism. • 

These matters work out particularly well if L is cancellative and unital: 

2.4. THEOREM. Let L be cancellative and unital. Then 

(a) L + is an effect algebra. 

(b) J0 = 2.- = { 1 } - . 
(c) J0 zs an abelian group. 
(d) Va, b G L. a + = b+ z/ ana7 on/y if a <b < a. 

P r o o f . 
(a) L+ is cancellative and positive by Theorem 2.2, and the faithful homo­

morphic image of any unital PAS is unital (since 0(1) serves as a unit for this 
image). Thus, L+ is an effect algebra. 

(b) Certainly, LL C {1}L. Suppose a l l . For any b G L, we can find 
some b' G L such that b 0 b' = 1, whence, a _L b by associativity. Thus, 
L- = { 1 } - . Now let 0 be the quotient homomorphism L -> L + . As in the 
proof of Theorem 2.2, 0_ 1(O) = J0 C LL. By part (a), L + is an effect algebra, 
so VxGS x J_ 1 => x = 0. Thus, 

0"1(O) = 0" 1 ({1} ± ) = { a G L | 0(a) _L 0(1)} = { 1 } " ; 
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hence, J0 = {1}~ = L~. 

(c) Evidently, J0 is a cancellative abelian semigroup, so it suffices to produce 
an inverse for an arbitrary z G JQ. Let x := (1 ® z)'\ by part (b), this belongs 
to J0. Now 1 = (1 ® z) ® x = 1 0 (z ® x). Since L is cancellative, z ® x = 0. 

(d) Suppose a + = b+. Then for some x, y G J0 = 1~, a® x = b®y- Since 
1- is an abelian group, we have a = (a® x) ® (—x) = b ® (y — x), whence, 
b < a. Similarly, a <b. Conversely, suppose a <b < a. Then for some x) y G F, 
a ® x = b and b®y = a. Thus, 

1 = b' ® b = b' ® ((& 0 y) ® x) = 1 ® (x ® y). 

Hence, x ® y G 1- = J0. Since J0 is an ideal, x,y G J 0 . But then a « j b, i.e., 
a + = b+ . D 

Thus, every cancellative unital PAS is an extension of an effect algebra by an 
abelian group. By way of a simple illustration, if S is an effect algebra and A 
is an abelian group, we make L = S x A into a PAS by setting (p, x) _L (g, y) if 
and only if p _L q, and, for such a pair, defining (p, x) ® (q, ?/) = (p ® g, x + y). 
Clearly, F+ = (S x AL)+ - S ' a n d L 1 - ^ . 

2.5. COROLLARY. Let L be a cancellative, unital PAS. Any unital homomor-
phism (/>: L -* S from L into an effect algebra S factors uniquely through L+ . 

P r o o f . I f a G l - 1 , then (j)(a) _L 1 in S, whence, as S is an effect algebra, 
(j)(a) = 0. Hence, 1~ C </)_1(0). It follows that the map 0 + : L+ -> S given by 
0 + ( a + ) = (j)(a) is well-defined. Using the fact that the homomorphism a H» a + 

is faithful, it is easily verified that </>+ is a unital homomorphism. Clearly, 0 = 
0+ ° [ ]+, a n (^' c c l u a ^y clearly, this is the only possible factorization of <p through 
F+. • 

The image of an orthoalgebra or effect algebra under a faithful homomor­
phism is again an orthoalgebra or effect algebra. Let L be a unital PAS, and 
suppose there exists at least one faithful homomorphism / ' : L -> S from L into 
an effect algebra S. Let ^ e be the faithful congruence on S given by a &eb if 
and only if for every such homomorphism </>, <j>(a) = 4>(b). Then e(L) := F/~e 

is easily seen to be an effect algebra, and to be universal among faithful, unital 
effect-algebraic images of L, in the sense that a faithful unital homomorphism 
from L into an effect algebra factors uniquely through e(L). If L is cancellative 
and unital, then, by Corollary 2.5, e(L) exists and coincides with F+ . Note that 
e(L) = {0} if and only if L is a semigroup. 
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3. Algebraic sets and perspectivity 

There is a well-known representation theory for orthoalgebras in terms of so-
called manuals or, in more recent usage, algebraic test spaces (cf. [4], [6], [9]). In 
this section, we introduce a generalization of this notion. In Section 4, this will 
be used to develop a representation for effect algebras in terms of manual-like 
collections of functions. A related representation is discussed in [3]. 

Let L be a PAS and M C L. We say that a and b are perspective relative 
to M , writing a ~ 6, if and only if there exists some c G L such that a l e , 
b _L c, and a® c, c<$b e M. 

Note that every element of M is perspective to every other element of M , 
and that a ~ 0 if and only if a 0 b G M for some b G M . 

We call a subset M C L algebraic if and only if the relation ~ is a faithful 
congruence. A perspectivity is a faithful congruence arising in this manner from 
an algebraic set. If ~ M is the faithful congruence on L induced by an algebraic 
subset M C L, we write L/M for L/~M and [ ] M for the canonical surjection 
L-^ L/M. 

3.1. E X A M P L E . Let A be any collection of sets and let L = {A \ 3E G A 
ACE}. Then M = A is algebraic in L if and only if A is a manual (cf. [9]), 
and L/M is just the usual Foulis-Randall logic of A. 

Call M C L dominating if and only if for every a G L, there exists some 
6 G L with a _L b and a 0 b G M . A unit is by definition an element 1 such 
that {1} is dominating. Notice also that if L is cancellative, an element u G L 
is a unit if and only if {u} is algebraic. 

3.2. LEMMA. Let M be an algebraic subset of L. Then 

(a) M is dominating, 
(b) L/M is cancellative and unital. 

P r o o f . 
(a) Since ~ M is a faithful congruence, it is reflexive — thus, a ~ M a, whence, 

for some 6 G L, a(Bb € M. Thus, M is dominating. 
(b) If [a ] M 0[6] M = [a]M©[c]M , then for some x G L, a 0 b 0 x , a 0 c 0 x G A/, 

whence, 6 0 (a 0 a) , c 0 (a 0 x) G M , whence, [b]M = [c]M . Thus, L / M is 
cancellative. Note that for every e, / E M , e ~ / . Set 1 = [e], where e G M 
is arbitrary. Since M is dominating, for every [a] G L/Af there is some 6 G L 
with a 0 6 G M , i.e., [a] 0 [6] = 1. Thus, L/M is unital. • 

3.3. LEMMA. Let M be algebraic in L. 

(a) If a G L and b G M ; £/ien a ~ b if and only if b = a 0 z ; where z ~ 0 . 
(b) Se£ M = {a G L | 3b_G M a ~ b } = { b 0 z | b G M , z ~ 0 } . Tben 

~ M =- ~ M (whence, M is also algebraic). 
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P r o o f . 
(a) If z ~ 0, then as a = a © 0 , a ~ a@z. On the other hand, if a ~ b G M, 

then for some z G L, a © z, £ © b G M . Since z@b,b@OeM, z ~ 0. 
(b) It suffices to show that a ~ ^ 6 = > a ~ M b. If a ~ M b, then for some 

x G L, a@x, x@b exist and belong to M . Hence, there exist elements z,w G L 
with z, w ~ 0 and a © x © z, b © a; © 10 in M . But then we have a@z ~ b@w; 
and since ~ is a faithful congruence, a ~ a@ z and b@w~b. Hence, a ~ b. 

D 

If M = M , we say that M is closed. 

3.4. LEMMA. Let M C L . T/ie following are equivalent: 

(a) M w closed and algebraic. 
(b) M 25 dominating, and for all a,b,c G L iv2% a ~ b and b ± c, b©c G M 

= > a l e & a 0 c G M . 

P r o o f . 
(a) = > (b). If M is algebraic and a ~ b and b@ce M, then a@c exists. 

Since M is algebraic, it is dominating, whence, for some z G L, a © c © z G M . 
Suppose a@ x, x @b G M . Then c ~ x, whence, a 0 c © z ~ a 0 : r 0 z . Since 
a@ x e M and (a 0 x) 0 2 G M , z ~ 0 by part (b) of Lemma 3.2. Hence 
a@c~(a@c)@z€M, whence, since M is closed, a@ c £ M. 

(b) = > (a). Conversely, suppose M is dominating and satisfies (b). The 
relation ~ M is clearly symmetric, is reflexive since M is dominating, and tran­
sitive since a ~ b ~ c implies for some x, y a@x, x@b, b@y and y@c all lie 
in M , whence, by hypothesis, a@y G M , whence, a ~ c. Now suppose a ~ 6 
and b ± c. Since M is dominating, we can find some x G L with bffic©x G M . 
Thus, a 0 ( c 0 x ) G M . But then a l e and (a @ c) © x, x @ (b @ c) EM, i.e., 
a@c~b@c. Thus, ~ M is a faithful congruence, and M is algebraic. It remains 
to show that M is closed. To this end, let a~be M. Then as b © 0 = b G M , 
we have a@0 = a £ M as well. • 

3.5. LEMMA. Let 0: L -» S be a faithful surjective homomorphism, and let 
M C S be algebraic. Then 

(a) (j)~1(M) is algebraic in L. 
(b) If M is closed, so is 0 - 1 ( M ) . 

P r o o f . 
(a) For a,b G L, a ~ 0 - i ( M \ b if and only if for some c £ L, 0(a) © 0(c), 

0(c) ©0(a) G M ; since 0 is faithful and surjective, this occurs if and only if there 
is some x G S with (j)(a) © x, x © 0(b) G M , i.e., if and only if 0(a) ~ M 0(b). 
Thus, ^A)-i(M) ls ^ e faithful congruence induced by the homomorphism [ ]M°f > 
where [ ] M : L -> L / M . In particular, since 0(L) ~ L, L/(/)~1(M) ~ S / M . 
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(b) If a G L, there is some x = 0(b) G S with 0(a) 0 x = 0(a © b) G M , i.e, 
there is some b G F with a®b e (})~l(M). Thus, 0 - 1 ( M ) is dominating. Now 
suppose a 0 x , x®b, b®ce (j)~l(M): Then 0(a)©0(x) , 4>(x)00(b), 0(b)©0(c) 
G M . Since M satisfies (b) of Lemma 3.4, 0(a) ©0(c) = 0 ( a 0 c ) G M , whence, 
a^ceM. D 

3.6. THEOREM. Fe£ 0: L —r 5 be a faithful surjective homomorphism from L 
onto a cancellative, unital PAS S. T/ien M := 0 - 1 ( a ) zs a closed algebraic set, 
and S ~ L / M . 

P r o o f . Suppose that S is cancellative and unital. Then {1} is a closed 
algebraic set, whence, by Lemma 3.5, M is closed and algebraic. Suppose now 
that a, b G L with a ~ M b. Then for some c e i , 0(a) © 0(c) = 1 = 0(b) © 0(c) . 
Thus, since S is cancellative, 0(a) = 0(b) . Thus, the map 0: F/Af —> S given 
by 0([a]M) = 0(a) is well-defined. Clearly, 0 is a surjective, faithful homomor­
phism. Now let 0(a) = 0(b). Then for some y = 0(c), 0(a) © y = 0(b) © y = 1, 
i.e., 0 ( a©c) = 0(b©c) = 1, whence, a(Bc,c(Bb G M . Thus, a ~ M b, and 0 is 
an isomorphism. • 

As an example, let M be the set of unit elements of a cancellative, unital 
PAS L. Then M = 0 _ 1 ( 1 ) , where 0 is the faithful surjective homomorphism 
L —> F+ of Theorem 2.2. Hence, M is closed-algebraic and L/M ~ L+. This 
observation can be sharpened somewhat. Let A = L~ be the null-ideal of L as 
in Theorem 2.2; A is an abelian group and acts freely and transitively on M . Let 
N C M : Then TV is closed-algebraic if and only if N is the orbit {u+x \ x G B} 
of a unit u € M under a subgroup B of A] moreover, if this is the case, then 
(L/N)1 ~A/B. 

The following appears in [13]; we include a proof for completeness. 

3.7. LEMMA. Let M C L be closed and algebraic. The following are equivalent: 

(a) L/M is positive, hence, an effect algebra. 
(b) MaeL VbGAf a_Lb =-> a®beM. 

P r o o f . 

(a) ==> (b) : Let 0 : L -> L / M be the surjection a i-> [ a ] M . If L/M is 
positive, then (f)~1(0) is a null-ideal by Theorem 2.2. Thus, if (a © x) ~ 0, 
x ~ 0. Now suppose a J_ b, where bGM. If a ± b G M , then since M 
is dominating, there is some x G L such that (a © :r) © b G M . But then 
(a © x) ~ 0. It follows that a ~ 0 . Since M is closed, a^Bb £ M. 

(a) = > (b) : Suppose (b) holds, and that [a]M 0 [b]M = 0, i.e., that 
a © b ~ M 0. Then for some c e M, a © b © c G M . It follows that a © b _L c, 
whence, b _L c and b © c G M . But then a ~ 0. Similarly, b ~ 0. • 
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We shall call a set M C L strongly algebraic if and only if it is algebraic and 
satisfies the equivalent conditions of Lemma 3.7. We now have the following: 

3.8. THEOREM. Let L be any PAS, and let M be any algebraic subset of L. 
Then there exists a strongly algebraic subset N C L with M C N. 

P r o o f . By Lemma 3.2, L/M is cancellative and unital. By Theorem 2.4, 
( L / M ) + is an effect algebra. Let (j>: L -» ( F / M ) + be the map <f>(a) — ([a]M) + • 
Then 0 is a faithful surjective homomorphism, and M C 0 _ 1 ( 1 ) . By Theo­
rem 3.6 and Lemma 3.7, 0 _ 1 (1 ) = N is a strongly algebraic set with L/N ~ 
(L/M)+. • 

3.9. COROLLARY. A PAS L admits a faithful surjective homomorphism onto 
an effect algebra if and only if L contains an algebraic set. 

4. Summable functions 

In this section, we produce the advertised representation theorem. Let L be 
a PAS. For each a G L, we define a partial function n i-> na from Z + to L 
by induction: Define l a = a; if na has been defined and na _L a, then set 
(n 4- l )a = na 0 a. Let p(a) be the greatest n G Z + for which na is defined, if 
any, and set p(a) = 0 otherwise. We call p(a) the rank of a G S. Note that if 
n + k < p(a), then (n -f- k)a = na®ka. 

We now define the summability of a finitely-nonzero function / : L -» Z + and 
its swm 0 / = 0 / ( a ) a G L simultaneously, by recursion on the cardinality of 

a£L 
Sf : = L \ / - 1 ( 0 ) , as follows: 

(i) If Sj = 0 — i.e., if / is identically 0 — then / is summable and 
e / = o. 

(ii) If \Sf\ = 1 with Sf = {a} , then / is summable if and only if f(a) < 

p(a)\ in this case, 0 / = f(a)a, where Sf = {a}. 
(iii) If #(Sf) > 1, then / is summable if and only if for any a G Sf, the 

function fa given by fa(x) = < ' ^ is summable and the 
1 0 , x = a 

quantity 

0 / : = / ( a ) a ® 0 / a 

exists and is independent of a. 
We call a finite subset ACL summable if and only if the Z+-valued char­

acteristic function XA i s summable, setting © 4 = 0 ^ . 
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Denote by 6 ( F ) , the collection of summable functions L -» Z + . Notice that 
for all a E L: X{a\

 1S summable and 0 X / a } = a5 he n c e> &(L) is non-empty, 
and the map 0 : 6(F) -> L is a surjection. 

If / G 6(F) and #: F -> Z + with g(a) < f(a) for all a G S, then g G 6 ( F ) . 
Hence, 6(F) is a PAS under the restricted addition / 0 g = f + g provided this 
is again in 6 ( F ) . We have the following generalized associative law: 

4 . 1 . LEMMA. Let f,g: L -> Z + be summable. Then f + g is summable if and 
only « / © / l © ^ and in this case, © ( / + g) = 0 / ® 0 g . 

P r o o f . A straightforward induction on # ( 5 ^ U S^). • 

The substance of the foregoing is that the map / H-> 0 / is a faithful homo-
morphism from 6(F) into L. Since, as already observed, this map is surjective, 
we have: 

4.2. THEOREM. Every PAS is the faithful homomorphic image of its PAS of 
summable functions. In particular, every PAS is the faithful homomorphic image 
of a cancellative, positive PAS. 

If L is a cancellative, unital PAS, we have a somewhat sharper result: 

4 .3 . COROLLARY. Let L be a cancellative, unital PAS, and let DJl be the 
collection of summable functions f G 6(F) such that 0 / = 1. Then DJl is 
algebraic in 6(F) and L ~ &(L)/DJl. 

P r o o f . It is sufficient to notice that / ~m g if and only if 0 / = 0 g. 

• 
Notice that a cancellative unital PAS is an orthoalgebra if and only if the 

rank function p is identically 1 on F \ {0}; in this case, 6(F) consists of 
{0, l}-valued functions, i.e., of the characteristic functions of subsets of F. Hence 
E(L) = 6 ( F ) , and Wl is simply the manual of finite orthopartitions of 1 in F, 
and we recover the standard representation theory of orthoalgebras as logics of 
manuals as a special case of Corollary 4.3. 

If (j): L -» S is any homomorphism of PASes, we may lift 0 to a homomor-
phism 0: 6(F ) -> 6 ( M ) by setting 0 ( / ) = </>(0/) for all / G 6 ( F ) . This 
will be a faithful homomorphism if and only if 0 is faithful. More generally, 
for a given homomorphism (j>: L —j> S) let us say that a function / G Z ^ is 
(j) -summable if and only if 

aeL 

exists in S (i.e., if and only if f(a) < p((j)(a)), and the function a i-> f(a)(f)(a) 
G S is summable). 

The following result shows that every unital PAS has a universal cancellative, 
unital image. The proof is adapted from similar arguments in [2] and [3]. 
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4.4. THEOREM. For any unital PAS L, there exists a cancellative unital PAS 
c(L) and a unital homomorphism 7 : L -» c(L) such that for any unital homo-
morphism, <j>: L —•> S, S a cancellative, unital PAS, there is a unique homomor­
phism (j): c(L) —> S with (j> = <j> o 7 . 

P r o o f . Let 9Jt C Z + consist of those functions / : L —> Z + such that, for 
every unital homomorphism <j>: L —j> S with S cancellative and unital, / is 
0-summable and 0 </>(/) = 1^. Let # denote the set of functions g: L -> Z + 

such that g < / for some / G O T . Then J is a PAS (cf. Example 1.1(d)). Note 
that X{i} G 9tt, so this set is non-empty, and indeed, for any / G &(L), f G #• 
Let / , g G 5 with / 0 g G 971. Then 0 < K / ® g ) = 0 < K / ) © 0 0 ( g ) - I5 f o r a11 

4>: L -$ S. Consequently, / ^ ^ g if and only if 0 </>(/) = 0 0 ( g ) for all such 
homomorphisms 0 (since 5 is cancellative). It follows easily that 9JT is algebraic 
in # . Let c(L) = gyOJt, and define for a G L 7(a) = [ x j • By Lemma 3.2, c(L) is 
cancellative and unital. Since 0 0 ( x a ® X b ) = (f>(a)®(j)(b) = </>(a®b) = 0 0 ( x a e & ) 
for all 0, 7 is a homomorphism; clearly, 7(1) = 1 since X\ £ 9)1 • Finally, if 
(/): L -* S with 5 cancellative and unital, then </>([/]) = 0 0 ( / ) is well-defined 
and gives us the desired homomorphism c(L) -> 5\ D 

4.5. COROLLARY. Every unital PAS has a universal effect-algebraic image. 

P r o o f . Let L be a unital PAS and set e(L) = c(L)+. It follows from 
Theorem 4.2 and Corollary 2.5 that any unital homomorphism from L into an 
effect algebra 5* factors uniquely through e(L). • 

It should be noted that the trivial PAS {0} is cancellative and unital (with 
0 = 1). Under the trivial homomorphism (j>: L —•> {0}, every function / G Z^_ 
is summable. Hence, if L admits no non-trivial unital homomorphisms into a 
cancellative unital PAS, then 9tt = Z ^ and c(L) = {0}. 

5. Tensor produc ts 

In this section, we give an account of tensor products of cancellative, unital 
PASes. Both our results and our methods parallel those of [2]. 

Let L1, L2 and S be PASes. A function $ : Lx x L2 -> S is a bimorphism 
if and only if for all a G Lx and for all b G L2, the functions $(a , • ) : L2 -» S 
and $ ( - , b ) : Lx —> S are homomorphisms. We shall call a finitely non-zero 
function / : Lx x L2 —•> Z + is bi-summable if and only if for any PAS S and any 
bimorphism $ : Lx x L2 -» 5 , the sum ( $ , / ) := 0 / ( a , 6 ) $ ( a , 6 ) exists (where 
(a, 6) runs over Lx x L2).

 a>6 

Let ©(-&!, i 2 ) denote the collection of all bi-summable functions on LlxL2. 
Note that for all (a, &) G Lx x L 2 , the characteristic function X{(a,6)} i s ki-
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summable; hence, 6 ( F 1 , L 2 ) is non-empty. &(LX,L2) becomes a PAS if we set 
/ © 9 = / + 9 provided that this is again bi-summable. 

For notational convenience, we shall henceforth ignore the distinction between 
an element a G L and the corresponding summable function X{a\ £ ®(-^)> a n d 
likewise that between the ordered pair (a, 6) and the function Xua M} • Thus, we 
treat L as a subset of &(L) and Lx x L2 as a subset of 6 ( L 1 , L 2 ) . 

5.1 . LEMMA. Let Lx and L2 be PASes. For f G &(L) and g G &(L2), define 

f.gt Z ^ l X L 2 by (f • g)(a, b) = f(a)g(b). Then 

(a) f - g is bi-summable; 
(h) The map (/, g) .-> / • g is a bimorphism from &(L) x &(L2) into 

6(L^L2); 
(c) For every bi-morphism $ : Lx x L2 -> S there exists a unique homomor-

phism 4>: &(L1,L2) - r S such that </>(/ • g) = $ ( 0 / , 0 g ) . 

P r o o f , (a) and (b) are straightforward. For (c), let \I>: &(L) x &(L2) -> 5 
be any bimorphism. Define </>: G(L1,L2)->S by 0 ( / ) = ( $ , / ) = 0 / ( a , 6)$(a, 6), 
and note that this is a homomorphism. Observe that (a'6) 

W^) = 0/W#)^,t)^(/^). 
(a,6) 

a 

If L, K2 and S are unital, a unital bimorphism $ : L1 x L2 —> 5 is a 
bimorphism such that $ (1 ,1 ) = 1. A tensor product of two cancellative, unital 
PASes L and L2 is a pair (T, ©), where T is a cancellative, unital PAS and 
0 : Lx x L2 —r T is a unital bimorphism, such that any unital bimorphism 
<3>: Lx x L2 —> S into a cancellative, unital PAS S lifts uniquely to a unital 
morphism (j>: LXQ L2 -> 5 with 0(a O 6) = $(a, 6) for all (a, 6) G Lx x L2. 

The usual argument shows that T , if it exists, is unique to within isomor­
phism; consequently, we speak of the tensor product of L and L2 and denote 
it by LXQ L2. Note that we allow Lx Q L2 — 0 — indeed, this will be the case 
whenever Lx x L2 admits no nontrivial unital bimorphism into a cancellative 
unital PAS S. 

The following result (a close cousin of Theorem 4.4) is essentially due to 
B e n n e t t and F o u 1 i s [2] for orthoalgebras and to D v u r e c e n s k i j [3] for 
D-posets. 

5.2. THEOREM. Any cancellative, unital PASes Lx and L2 have a tensor 
product LXQ L2. 

P r o o f . Let Wl denote the collection of functions / G 6 ( L l 5 L2) such that 
for all unital bimorphisms $ : Lx x L2 —> S from Lx x L2 into S is cancellative, 
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unital PAS 5 , © $ ( / ) = ls- Let S be the PAS consisting of all functions 
g: Lx x L2 4 Z + such that g < f for some g G VJl. Note that $ C e ^ , ^ ) . 
Observe also that, for all (a, b) G L . x L 2 , X(a,6) + Xia' v) belongs to £; hence, 
Lx x L2 C 5\ It is straightforward to verify that 9)1 is algebraic in # C &(LX, L 2 ) , 
whence, Lx O L 2 := 579JT is cancellative and unital. Evidently, the map (a, b) i-> 
a 0 b := [xta M] 1s a bimorphism. Suppose now that $ : Lx x L2 -» 5 is a 
unital bimorphism. We may lift $ to a bimorphism <E»: 6(LX ) x 6 ( L 2 ) —•> 5 
as in the proof of Theorem 4.4. By Lemma 5.1, this factors uniquely through 
&(LX,L2). Since <_> is unital, <l> maps 9JT to { 1 5 } , whence, descends to a unital 
homomorphism on 379JT. D 

Note that if Lx x L2 admits no non-trivial bimorphism into a cancellative, 
unital PAS, then every f G &(LX,L2) belongs to 9Jt, whence, LXQ L2 — {0} . 

5.3. LEMMA. Le£ .4 ana7 I5 be abelian groups, each understood as a cancellative 
unital PAS with unit 0. Then AQ B is the usual tensor product of A and B 
(in the category of abelian groups). 

P r o o f . It suffices to observe that if $ is a unital bimorphism from A x B 
into a cancellative, unital PAS 5 , then 0 = $(0,0) = 1 — whence, S is itself 
an abelian group with unit 0. D 

Let us say that $ : Lx x L2 -> S is a faithful bimorphism if and only if 
both 3>(a, •) and $ ( - , b ) are faithful homomorphisms for all non-zero a G Lx 

and b G L 2 . If Lx Q L2 exists and ©: Lx x L2 -» Lx Q L2 is faithful, we say 
that Lx and L2 adrarf a faithful tensor product. Notice that if © is faithful and 
LXQL2 — {0}, then both Lx and L2 are semigroups — hence, abelian groups, 
and hence, in fact, both trivial. 

The existence of a faithful tensor product imposes rather sharp restrictions 
on the factors: 

5.4. LEMMA. Suppose Lx and L2 admit a faithful tensor product. If either 
factor contains an element of non-zero rank, then every non-zero element of 
each factor has rank 1. 

P r o o f . Suppose a G Lx is non-zero and has non-zero rank. Without loss 
of generality, we may suppose the rank of a to be 1. Suppose that b G L2 \ {0} 
has rank other than 1. Then, as b _L b, (aQb) _l_ (aQb). If x i-» x © b is faithful, 
we have a _L a, a contradiction. D 

As a special case of the foregoing, suppose Lx is an effect algebra and that 
there exists a PAS L2 such that Lx © L2 is a faithful tensor product of Lx and 
L 2 . Then Lx is an orthoalgebra. 
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5.5. THEOREM. The following statements are equivalent: 

(a) Ll and L2 admit a faithful tensor product. 
(b) There exists a faithful bimorphism Lx x L2 -> S for some PAS S. 

P r o o f . Clearly, (a) implies (b). Conversely, if $ : Lx x L2 —> S is a bimor­
phism, then the existence of $ guarantees that of LXQL2. Let 0: LXQ)L2 -> S be 
the unique extension of $ guaranteed by the definition. Fix a £ L and suppose 
that aOb J_ aQc for some b, c G L2. Then $(a, b) = </>(a©b) _L </>(aOc) = $(a , c). 
Since $ is faithful, b _L c. The same argument shows that 0 is faithful in its 
first argument as well. Thus, (a) and (b) are equivalent. • 

There is no difficulty now in forming tensor products of effect algebras. If Lx 

and L2 are two such, form Lx © L2 as in Theorem 5.2; this is cancellative and 
unital, hence, by Corollary 2.5, has a universal effect-algebraic image Lx ©L 2 : = 
(L1 © L2)+ (non-trivial if and only if Lx © L2 is non-trivial) which evidently 
solves the universal mapping problem for bimorphisms of effect algebras. Thus, 
wre recover Theorem 5.9 of [2] and Theorem 7.2 of [3]. 
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