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LAGUERRE POLYNOMIALS
WITH FOUR PARAMETERS

| FRANTISEK PUCHOVSKY |

(Communicated by Michal Zajac)

ABSTRACT. The polynomials P, (z), which are orthonormal in the interval
[0, +-00) with respect to the weight function P(z) = (a+z)?*(z—b)?8 e~%, where
a>0,a€eR,b2>0,06> %, are investigated. There are derived relations for
cocefficients of these polynomials, relations for the sums of kth powers sin) of zeros
of these polynomials, the relation giving a connection between the polynomials

of different degrees and differential equations for the polynomials P, (z).

1. Introduction

The Laguerre polynomials L, (z) may be defined by the relation

xr dn
dzn

L, (x)=z""%e (z"t>e?), (1)
and Ly(z) = 1, a > —1. The system of polynomials L_(z) is orthogonal in
the interval I = [0,00) with respect to the function L(z) = z®e™%, so for
n=01,...,

/Lfl(x)L(z) dz =n!T'(n+a+1), /Ln(x)Lm(x)L(:c) dz=0 (2
T I

for m # n (see [1; p. 93]).

In the work [2] J. Korous defined his polynomials K, (z), which are or-
thonormal in the interval [0,+00) with respect to the weight function K(z) =
z%(a+ r)Pe~%, where a, B, a are real numbers, o > —%, a>0.
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In the present work we will investigate the system of the polynomials
{Pn(x)}zozo, where

Py(z) =3 aMa"*,  af” >0, (3)
k=0

which are orthonormal in the interval I = [0,400) with respect to the function
P(z) = (a+2)**(z ~b)*Pe7?, (4)
where a >0, a € R, b>0, 8> %,i.e.
o0
/P"(:c)Pm(z)P(a:) dz =94, ., (5)
0
and 6, ,=1,6, , =0for m#n.

Laguerre polynomials L_(z) and Korous polynomials K, (z) are special
cases of considered polynomials P, (z).

In this work we derive some relations for coefficients of the polynomials (3),

the relations (19) and (20) for the sums of kth powers sfcn) of the zeros of
these polynomials, the relation (24), which expresses a connection between poly-
nomials of different degrees and differential equations (35) and (37).

2. Basic relations and lemmas for polynomials P (z)

NOTATION. For n=0,1,2,... we define

(n-1)
qn:%(n) for n>0, g, =0 for n<O0, (6)
)
)
=2k for k>0, r{"=0 for k<0, rM=1, (7)
)
i = / ¢P(2)P(z) dz. (®)

I

Remark 1. 7, (z) = 7, denotes arbitrary polynomial of at most nth degree.

Remark 2. ¢ and ¢; (¢ = 1,2,...) are positive constants independent of n
and z and t, respectively. The numbering of these constants in each lemma and
theorem is independent of the numbering in the others.
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LEMMA 1. (RECCURENCE FORMULA FOR P, (z)) Under notations (3), (6)
and (8) for every n

(€ = 3,)P,(2) = 4y Py (7) + 4, P, (2). 9)

Proof. See[1; p. 77]. a

LEMMA 2 (CHRISTOFFEL-DARBOUX FORMULA) Let {Pn(x)}:’:O be a
system of orthonormal polynomials in the interval [0, +00). Denote

P (z,t) =Y P(z)P(t)- (10)
k=0
Then for x #t
P.(z,t) = gy (@ — 1) {Ppyy (2)P,(t) — P, (z)P, 1 (B)} - (11)
Proof. (11) follows from (9). See [1; p. 79]. a

LEMMA 3. Every polynomial F., (z) of the nth degree can be expressed in the
form

F (z)= i a, P, (z), (12)
k=0
where
o, = / F,()P,()P(t) dt. (13)

I

Proof is well known.

LEMMA 4. Preserving the notation (8) we denote

i =2 / (z + )" P2(¢)P(z) dz, (14)
I
h = 28b / (z = b))~ P2(2)P(x) dz . (15)
I
Then for n=1,2,...
Jp=2m+1+20+28—i +h,. (16)
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Proof. We use integration by parts on (8). Then

In = / xP;f(x)P(x) dz

I

—/aanz(x) [P(z)e*] de™®

I

= [-zPl(z)P(z)], + / 2zP,(z)P,(z)P(z) d
1

+ /{1 +2az(z + a) ! + 2Bz(z — b) "' } P3(z) P(z) dz

=2 +1+2a+28—i,+h,,

where in the last integral we substitute by t = z+a—a and by x = r—b+0,
respectively and we use (5). O

LEMMA 5. For n — 400 the following relations hold

i, = 0(1), (17)
h, =0(1). (18)
Proof. The relations (17) and (18) follow from (14) and (15). a

LEMMA 6. Let sk for k=0,1,2,... be the sum of kth powers of zeros of
the polynomials P, (x). Then

n—1
=3 g =-r{V, (19)
k=0
n—1
sV =3"(2¢2 +52), (20)
k=0
—rgn) =n’+(2a+28)n+o0,, (21)
where
n—1
=3 (hy —iy). (22)
k=0
Proof.
I. There holds R
(n) __ . __al(n) - a
EN _;li O r(n), (a)
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where rk is defined in (7).
From recurrence formula (9) comparing coefficients at powers " we get
+1)_(n+1
ag") (n) Jnagn) = g4, gl (n )
Dividing this equation by aé") and substituting for g, ,, according to (6) we
have
= =, (b)
Let us put for k =0,1,2,... 5,(cn) = sfc") - sgc"_l). From there using (a) and
(b) we have

50 = ol o7 = g0 gD ©
(because 3(10) =0).
From there
() _ N (G-1)
25? ZZ[Sl —-s ]
i=1 i=1
and thus

n—1
=> j;
1=0

II. From recurrence formula (9) by comparing of coefficients at powers z"
and z"7!, respectively, we get

1 1
(n) (") Jnaf)n) = qn+1a((3n+ ) £n+ )
ag">rgn> B I

Dividing these two equations by agn) and substituting for ¢, and ¢,+1 ac
cording to (6) and, further, using known relation

n

s = Zx? = [s(ln)]2 —2r{™ = —p{M () _gp(n)

1

i=1
i.e.
s MM pop(® — o, (d)
we get
I NI Ll L S VL NG
Further

o) 4 ) o) _ g
gn 1)+T(n 1) n l)+2rén—1) =0.
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Subtracting the second of these equations from the first and using (c) we have
574 4 () D)l 420 ) g,
from where in virtue of (e), (c), (a)
Jén) = _jn—lr(n_l) - jn—lrlgn) + zjn—lrgn_l) + 2(1,21_1 = j,zl_l + 2(]721_1 .

1

Because sgo) =0, it follows from there

n—1
s =g +32).
k=0

III. From the relations (19) and (16) we get

n—1 n—1
—r{™ = S k= Z(2k+1+2a+2ﬁ+hk — i)
k=0 k=0

=n(n~1)+n+2an+2ﬁn+an=n2+(ga+25)n+an’

where ¢, is defined in (22). O
LEMMA 7. For n = 400
o, =0(1). (23)
Proof. (23) follows from (17), (18) and (22). m]
LEMMA 8. For n=1,2,... we have
n—1
2P, (2) =nP,(2) + ¢,P,_;(z) + > 7, Py (z), (24)
k=0
where
Ve =i~ hP, (25)
9 =200 [ (@ +0)7 P, (2)By () Pa) d, (26)
1
hflk) = 2ﬂb/(x - b)—an(x)Pk(az)P(m) dz. (27)
1
Proof. According to (12)
oPy(z) =) B Py(z), (a)
k=0
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where

b = [ 2PL@)P@)P(@) da. (b)
1
We use integration by parts to (b) and then

B = [2P, (2)Py(2) P(2)]° - / P, (2)P,(z)P(z) do
T
- /xPn(x)P,;(a:)P(:v) dx—i—/xPn(x)Pk(z)P(x) dz
T T
- /:v[2a(x +a)7! +28(z — b)7'| P (z)P,(z)P(z) dz
T

= /:an(a:) [P,(z) — Pi(2)] P(z) dz + (—2a — 20) /Pn(:r)Pk(:c)P(x) dz
I T

- / P, (z)P,(z)P(z) dz + i¥) — h{F . (c)
1

1. Let k=n.
Then in virtue of (8), (16), (14) and (15) from (c) we get (because ™ =1,
R = h,,)
B,=j,—n—1-2a—-28+1, —h, ()
=2n+1+2a+28—i,+h, —n—-1-2a—-28+i,—h, =n.
2. Let k=n-1.
Then from (c) in virtue of (6) and (5) there is
By =g, +i ™) =Y. (e)

3. Let k<n-—1.
Then from (c) in virtue of (5) there is
B

A R T ()

From (c) - (f) we get (24). a
LEMMA 9. Let n=1,2,.... Then

¢z —26,q, +7" =0, (28)

where q,, 1is defined in (6), r§") in (7) and 26, = h(n~1) —§(n=1),
Proof. There holds

/xPn(z)Pn_l(x)P(z) dz = o = dn- (a)
T
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Integrating left-hand side by parts we get

q, = —/GUPn(:c)Pn_l(x) [P(:z:) e’] de~®
T

= [-2zP,(z)P,_,(z)P(z)]; + /wP,’l(x)Pn_l(z)P(x) dz
I

+ /x[2a(x +a)"! +28(z — b)) P,(z)P,_, (z)P(z) dx
T (b)

= /a:P,"(z)Pn_l(z)P(a:) dr - 2aa/(:c +a)"'P,(z)P,_,(z)P(z) dz
I 1

+28b / (¢ = b)'P,(2)P,_,(¢)P(c) dz
I

— Jn _ isln—l) + h‘(nn—l) ,

where
J, = /mP,'l(:c)P _y(z)P(z) dz
1
- /[nPn(x) - Tgn)q;lpn—l(w) + 7rn—2] Pn—l(x)P(z) dz
I
= —rgn)q;'l ) (c)
i1 904 / (z +a)'P, (2)P,_, (z)P(z) da, (d)
1
A(n=1) = 28p / (z—b)"'P,(z)P,_,(x)P(z) dz. (e)
I

From (b) in virtue of (c)-(e) we get

Gn = J, + 0D =D = (Mgl 25
From there (28) follows. =

LEMMA 10. For n = 400
g, =n+0(1). (29)

Proof. (29) follows from (28), (17), (18), (21) and (22). g
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LEMMA 11. Let P (z) be a polynomial of the degree n and s, be the sum of
kth powers of its zeros. Then for a natural number r

r—1
z"Pl(z) = Zskx"k_an(z) + Ty - (30)
k=0
Proof. See [3; p. 352]. o

LEMMA 12. Let P, () be a polynomial of the degree n and s, be the sum of
kth powers of its zeros. Then for a natural number r

r—2
2" Py (z) = Py(@) Y opa™ P,y (31)

k=0

where
k
o = Z SmSk—m — (K+1)8, . (32)
m=0

Proof. (31) follows from (30). a

3. Differential equations for polynomials P, (z)

THEOREM 1. Let us denote

o g
E:{ 6={ = e+d=a+0, (33)
I} o
a —b
e={ f::{ = e+ f=a-b. (34)
=b a
Let n=0,1,2,.... Then
P (&) = [(z + )aPA(2)P(@)] ~ 26f(e ~ )@+ )7 Pl(x)
+ [n(z+e—-1)+0,]P,(z) (35)
n—1
= Z kak(m) + ann—l(x) ’
k=0
where o, is defined in (22),
Xy, = —28(e — f)f~' P,(0)P,(0)P(0) (36)
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and
g, —n
T+e

zP,(2) + 20— f(@+ )7 Py(a) + [n+ |P(@) = —2—R,(x), (37)

Tt+e "
where R (z) =m,_,.

Proof.
a) Let

B,(x) = P~ (¢) <= [2(z + ) P,(2)P()] (a)

i.e. according to (4)
B (z) = P! (a:)dix {z(z +e)P,(z)[(z + e)*(z + f)2‘§] e "},

Then from the previous relation we get
B,(z)=z(z+e)P)(z)+ [-z(z+e)+(z+e)+x
+a(z +e)2e(z +e) ! + 20z(z + e)(z + )] P (x)
=z(z +e)P)(z)
+ [-2? 4+ (2+2c —e)z +20z(z +e)(x+ )" + €] Pi(z).

(b)

At first we take the expression z(x + e)(z + f)~! which can be written in the
form

z(z+e)(z+ )7l = [(x+f)(z +e) — f(x+e)](2:+ !
=z+e— flz+e)(z+ f)!

1 (c)
=z+e—flz+f)+(e=Hlx+])
=z+e—f—fle=f)z+f)".

Substituting (c) into (b) we get
B, (z) =z(z+e)P)(z) + {-2*+ (2+ 2 —e)z
+26[z+e—f— fle= f)x+f)7] +e}Pi(z) @
=z(z+e)P)(z)+ {-2°+(2+2+20 —e)z
+e+25(e—f)+25f(e— f)z+ f) '} PL(x).
Because according to (30) and (31) there is
2(x + €)P!() = n(n — 1)P,() + 7, , (©)
—2’ P} () = (—na +11") P, (&) + ™,y | (0
zP!(z) =nP (z)+m,_,, (8)



LAGUERRE POLYNOMIALS WITH FOUR PARAMETERS

then from (d) under notation

C,(z) =25f(e— f)(x + )" P, (z) (h)
we have

B, (z) - C,(z) + [-n(n — 1) + nz — r&") (2+2e+20—e)n|P (z)=m

n

From there by using (21) (because 2a + 28 = 2¢ + 26)

B, (z) - C, (z)+ [n(:c +e)—n+ an] P(zx)=m,_,=A4,(z). (i)
According to (12) and (13)
n—1
A (2) = X Pi(2), (i)
k=0
where
X = [ 4,@P)P@) dz, (x)

T
so by using (i)

X = /[Bn(x)—Cn(:E)]Pk(z)P(x) d:c+/[n:v+en—n+an]Pn(x)Pk(:c)P(w) dz.

1 T
M
Using (a) for every k

B, (z)P,(z)P(z) dz

I

~— ~—

P, (z) d[z(z + e)P.(z)P(z)]

Il

P (z)z(z + e)Pr'L(m)P(:L')];o - /P,’c(a:)P;(m):c(a: +e)P(zx) dz

= /P (z )di[x(wﬂ—e) 4 (z)P(z)] dz
I
= [ P@)B,@)P@) da,
I
| Bu@P@P@) da = [ P@)B,(@)P() dz (m)
I I
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Because according to (i)

A, (z) = Bi(z) — Cp(2) + kxPy(z) + 7 (7) = Tp_q
from there
B, (z) = C(x) — kxP,(z) + 7 (x) . (n)
Then from (m) using (n)

/ B, (z)P,(z) dz = / P, (z)C,(z)P(z) dzx — / P_(z)[kzPy(z) + 7] P(z) dz .

I I I

(o)
For k <n —1 from (1) by using (o) and (5)

Xy = / [P,(z)Ci(z) - C,,(z)P(z)] P(z) dz . )
1

For k =n —1 from (1) using (0), (5) and (28a)
Xaos = [ PA@)C, (@)Pla) dz = (n = 1)g, +a,n - [ Prs@Ca@P@ de,

T
and thus

I

Xa = [ [Pu@C, 1 (8) = Co(@)P, (@) P(@) do +4,. (x)
I
Let us denote in (h)

K =26(e—f)f. (s)

Then from (p) using (h) after integration by parts we have

X =K [ @+ )7 [Pia)P, (@) = Poo)Py(@)] Ple) de
1
1 d [P(z)
— _Kf'P(0)P,(0)P(0) + K / (z+ f)~2P, (2)P,(2)P(z) dz
I

+K / (z+ f)"'P,(z)P,(z)P(z) dz (t)
I

+K / (z + )" [2e(z + @)~ + 20(z — b)) P (2) P, (z) P(z) dz
I

oK / (@ + f)"'P,(2)P.(z)P(z) dz .

I
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The integrals on the right-hand side of (t) equal to zero according to (5)
besides the last one.

Substituting the last nonzero integral into (j) and using (10) we have
n 1

S Pa) [N POPLOPE) dt= [(+) T PLOP, (2, 0P@) de =0,
k 0 T T

because P, (z,t) =, , at t and P, (z,t)(t+ )t =m, _,
Hence for k < n — 1 there is

X, = —Kf'P,(0)P,(0)P(0), f>0.
Substituting (24) into (35) and dividing by positive expression (z + e), we
get (37). O
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