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ENTROPY OF COMPLETE FUZZY PARTITIONS

DAGMAR MARKECHOVA

(Commaunicated by Andtolij Dvureienskij)

ABSTRACT. This paper deals with a fuzzy generalization of notion of a proba-
bility space. An entropy and a conditional entropy of complete fuzzy partitions
are defined. The main properties of such quantities are proved.

0. Introduction

In the classical probability theory [1] probability spaces (X, S, P) are stud-
ied. A o-algebra S of subsets of a set X is the main notion of the Kolmogorov
classical model of probability theory. The Kolmogorov probability model may be
uniquely represented by a system of characteristic functions of subsets of a set
X from the given o-algebra S, which have values in the closed interval (0,1).
When an event f, say, is described vaguely, then by a fuzzy set f (fuzzy event
f) we shall understand a real-valued function f: X — (0,1), which describes
the fuzziness of the event f.Thisisa basicideaof Zadeh’s fuzzy sets theory
2].

In this paper we shall use a fuzzy generalization of notion of a probability
space. A.fuzzy generalization of a notion of measurable partition from the clas-
sical probability theory is a notion of complete fuzzy partition [3]. In this paper
an entropy and a conditional entropy of complete fuzzy partitions are defined.
The main properties of such quantities are stated.

1. Basic definitions and facts

Here we follow mainly [3]. Let X # 0. By a soft fuzzy o-algebra M we
mean the set M C (0,1)% satisfying the following conditions:

(1.1) if I(z) =1 for any z € X, then 1 € M;

(1.2) if fe M, then f':=1-feM,;

(1.3) if 1/2(z) =1/2 for any z € X, then 1/2 ¢ M;
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(1.4) V1 Jfn:=supfn € M for any {fn}32, C M.
n= n

In the set M we define the partial ordering relation in the following way: f < g
if and only if f(x) < g(z) for each z € X . Using the complementation ’: f — f’
for any fuzzy subset f € M, we see that the complementation ’ satisfies two
conditions:

(1.5) (f')' = f forevery fe M;

(1.6) if f<g, then g < f’.
So that M is a distributive o -lattice with the complementation
the de Morgan laws hold:

(1.8) ( X fn)l = v f}, for any sequence {f,}5%, C M.
n=1 n=1

Of course, here A fn = inf f,. In the fuzzy sets theory the fuzzy subset 1 is
n n

!, for which

called universum, the fuzzy subset 0 = 1’ is called empty set and all fuzzy
subsets f,g € M such that f Ag =0 are called separated fuzzy sets. Analogous
weak notions ( W-notions) are defined in [4] as follows: Each fuzzy subset f € M
such that f > 1— f is called a W-universum. Each fuzzy subset f € M such
that f <1-— f is called a W-empty set, All fuzzy subsets f,g € M such that
f <1—g are called W-separated fuzzy sets.

LEMMA 1.1. A fuzzy subset f € M is a W-universum if and only if there
exists a fuzzy subset g € M such that f =gV (1 —g) [4].

LEMMA 1.2. Let a finite or infinite sequence {f.} of fuzzy subsets from M
be given. Then the fuzzy subsets g, defined by

fl’ Zf n=1’

=N faA (n\Z fi)', if n>1 (1.9)

are pairwise W -separated. Furthermore, if \| f. is a W -universum, then \/ gn
n n

is a W-universum |[3].

A fuzzy P-measure on M is a mapping m: M — (0,00) fulfilling the fol-
lowing conditions:

(1.10) m(fv(1- f)) =1 for every f e M,

(1.11) if {fn}s2, is afinite or infinite sequence of pairwise W-separated fuzzy
oo

subsets from M , then m( \Zl fn) =3 m(fn).

n=1
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Each above described triplet (X, M,m) is called in the fuzzy theory a soft fuzzy
probability space.

Example 1.1. Let (X,S,P) be a probability space in the sense of the
classical probability theory. Put M = {x,; A € §} (x, is the characteristic
function of the set A € §). If we define the mapping m: M — (0,1) by the
equality m(x ,) = P(A), then the triplet (X, M,m) is a soft fuzzy probability
space.

Example 1.2. Let X =(0,1), M ={f, f', fVf,fAf,0,1}, where
f: X — (0,1), f(z) = z for each ¢ € X. If we define the mapping
m: M — (0,1) by the equalities m(f) = m(f') = 1/2 m(l)=m(fVvf)=1,
m(0) = m(f A f') = 0, then the triplet (X, M,m) is a soft fuzzy probability
space.

It is easy to see that any fuzzy P-measure m has the following properties:

(1.12) m(f')=1-m(f) forevery f€ M.
(1.13) m is a nondecreasing function, ie. if f,g € M, f < g, then
m(f) <m(g).
(1.14) Let g € M be given. Then m(f A g) = m(f) for all f € M if and
only if m(g) =1.
(1.15) If f,g € M are W-separated, then m(f Ag) =
The mapping m(-/g): M — (0,00) defined for each g € M, m(g) > 0, by the
equality m(f/g) = _mfnf(—;\)g)_ , is a P-measure on M (see [3]).
The monotonicity of fuzzy P-measure implies that this measure transforms
M into the interval (0,1).

2. Entropy of complete fuzzy partitions

Let any soft fuzzy probability space (X,M,m) be given. Kabala and
Wrocinski [5] mean by a complete partition each finite or infinite sequence
of pairwise separated fuzzy subsets {f,} such that \/ fn is a universum. If

{fr} C M is a complete partmon, then for every z € X there exists 7 such
that fi,(z) = 1 and for every j # 0, fj(z) = 0 holds. This means that {f,}
contains only crisp subsets of the set X and hence the mentioned definition is
not useful for considerations on fuzzy subsets. Therefore in this contribution we
shall work with the following notion:

DEFINITION 2.1. (3] Each finite or infinite sequence of pazrwzsc W -separated
fuzzy subsets {fn} C M such that an 18 a W-universum s called a complete
fuzzy partition.
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It is easy to see that a partition described in Definition 2.1 contains uncrisp

subsets, in general. Namely, if we have any sequence {f,} such that \/f, is
n

a W-universum, then we can find the complete fuzzy partition {g,} defined
by (1.9). The sequence {fn} described above always exists. So, if it does not
contain crisp subsets only, then the generated partition {g,} contains uncrisp
subsets.

LEMMA 2.1. Let A= {f;} and B = {g;} be two complete fuzzy partitions.
Then the set AV B:={fiNg;; fi € A, g; € B} is a complete fuzzy partition,
too.

Proof. Itiseasy toseethat AVB is a set of pairwise W-separated elements
(see [6])- Moreover, \/ \/( fing) = (v f,) (\_/ gj) >1/2, s0 that \/ /(fiAgj)
J i
is a W-universum.

In the set F of all complete fuzzy partitions we can define the relation < in
the following way: for every A,B € ¥, A < B if and only if for every g € B
there exists f € A such that g < f. In this case we say that B is the refinement
of A.Since A< AVB, B < AVB, we shall read the symbol AV B a common
refinement of A and B. Each A = {f1, f2,...} € F represents in the sense
of classical probability theory the random experiment with finite or countable
number of outcomes with the probability distribution p; = m(f;), fi; € A, since

pi 20 and Y pi =3 m(fi) = m(V fi) =1 (see Lemma 1.1 and (1.10)).

We define an entropy of any experiment A = {f1, f2,...} € F by Shannon’s
formula:

Hp(A) = ZF , where F: (0,00) — R, (2.1)

zlogz, if z>0,

F =
(z) {0, if z=0,

H,,(A) is not necessarily finite.
If A,BeF, A={f}, B={g;}, we define a conditional entropy

Hu(B/g) = Z Z m(f:;)F(m(g;/f)), (2.2)

where
m(g;/f:), if m(fi;) >0,

205/ ) = { v A
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The following example shows that the notion of entropy of complete fuzzy
partition is a generalization of Shannon’s entropy of a measurable partition

[7].

Example 2.1. Let (X,S,P) be a probability space in the sense of the
classical probability theory. Let us consider the soft fuzzy probability space
(X, M,m) from Example 1.1. Then the system F contains all partitions of the
type {XAx""’XAk}’ where A; €S (i =1,...,k), AinA; =0 (¢ # j) and

k
U Ai = X . The entropy of a complete fuzzy partition A = {x Ao X Ak} is

i=1
k k
the number Hp(A) = — Y F(m(x, )) = — Y F(P(A:)), which is the Shan-
i=1 * i=1
non entropy of measurable partition {Aj,...,Ax} of a space (X,S,P).

Example 22. Let (X,M,m) be a soft fuzzy probability space from
Example 1.2. Then the set A = {f, f'} is a complete fuzzy partition with the
non-zero entropy Hp,(A) =log2.

THEOREM 2.1. The entropy H,, has the following properties:
(2.3) Hp,(A) >0 for each A€ F;
(24) if A, BeF, A<LB, then H,(A) < H,p(B);
(2.5) Hn(A) < Hp(AV B), for every A,B€ F.

Proof. The property (2.3) is evident. Let A, B€ F, A= {f;}, B={g;},
A < B. Then for every g; € B there exists f;, € A such that g; < f;, . Since A
is a system of pairwise W-separated elements we have g; = g;Afi, < fi, <1-f;

for every -i # io. Therefore by (1.15) we obtain F(m(g;)) =3 F(m(g; A fi)).

Put o= {(3,7); m(fi Ag;) >0}, B={i; m(fi) >0}. Then we have

Hun(B) = =3 JF(m(9;)) = =3 F(m(g; A £))

J

— Y i) logm(singy

(3,5)Ea
=— Y m(fing)-logm(g;/fi)— Y m(fing;)-logm(f:)
(i,j)Ea (i,j)€Ea
> = logm(fi) S m(fi Agj)
iep J
= - m(fi)logm(f;) = = Y_ F(m(f:)) = Hn(A).
iep i
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Since A < AV B, the inequality (2.5) is a simple consequence of (2.4).

THEOREM 2.2. Hm(BVé/A) = H'"(C/AVB) + Hm(B/A) for every
A B,CeF.

Proof. Let A= {fi}, B="{g;}, C = {ht}. If m(fi Agj) >0, then we

have
m(g; = Mg AR A fi) _ m(gj Ahe A fi) m(fi A gj)
(95 A/ 1) = = = T ne) m(F)
= m(hk/fi A g;) - m(g;/fi).

Moreover, it is easy to see that the function F' satisfies the condition
F(z-y)=z-F(y)+vy- F(z) for each z,y € (0,00). (2.6)

Therefore we obtain

Ha(BVC/4) = Z}:Zm(ﬂ) F(m(g; A b/ f:))
- }: z Z m(f;) - F(t(h/ fi A g;) - t(g;/ £:))
S NI CORR IS
+ah(ha/ fi A g5) - F(falgs/ 1))

- 22 ijm(f.-) +m(g;/f;) - F((he/fi A g5))
-X z Z m(f:) - (ke fi A g5) - F(h(g5/ £:))

- _Zé;m(ﬂ Ag;) - F(m(hi/fi A g;))
-2 Z m(f.->2kj m(h/f; A g;) - F(m(g;/ f:))

=Hu(C/ayB)+Hn(B/4).
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THEOREM 2.3. Let A,B€ F, A< B. Then Hn(A/e) < Hn(B/¢) for
each C € F.

Proof. Put A={f;}, B={g;}, C={hi}. Since A < B we have
F(x‘r’l(gj/hk)) = ZF(I?I(gj A fi/hx)) . This fact along with (2.6) implies

Hn(BJg) = sz(hk) F(m(g;/h))
- ZZm(hk) ZF m(g; A fi/hx))
- Zz’;m(hk) gijF(m(gj/fi A i) - m(fi/hy))
= i Z m(h) Z m(f;/hx) - F(m(g;/ fi A b))
- ZZ k) 33/ fi A ) - F (S )
sz(hk)zm(g]/fmhk) F(in(fi/he)) = Hm(A/c) -

LEMMA 2.2. Let A,Be F, A= {fi}, B={g;}, A< B. Then for every
he M it holds that m(h/\( V gj)) =m(hAf;), where § = {j; g; < fi},
JjE€S;
1=12,.... '
Proof. Since \/ g; < fi, the monotonicity of fuzzy P-measure implies

JES;
the inequality

m(h/\(jy&gj))sm(h/\f,-) (i=1,2,...).

Let us suppose that the assertion of the proved lemma is not true. This means

that there exists 79 such that m(h A ( V gj)) <m(hA fi;). Then we get
J€biy

£n(in(y,2)) <

i
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This conclusion is contradictory, because by (1.14) we have
e(on () o () -
i JES; J

and

zm(h/\f. = (hA(Vf,)) =m(

THEOREM 2.4. Let A, B be two complete fuzzy partitions, A < B. Then
Hm(C/A) > Hm(C/B) for each C € F.

Proof. Thefunction F is convex and therefore for any convex combination
E_ajxj (i.e. such that a; >0, j=1,2,..., Eaj =1) of elements z; € (0, 1)

J j
there holds
F(Z aj:vj) < Zcij(zj). (2.7)
J J
Let A= {fi}, B={gj}, C= {hi}. Denote by
a={i; m(fi)>0}, B={j; m(g;) >0}, v={k; m(h) >0},
6 = {]) g; < fi}a i = 1,2,.... Put a; = I(I,I(g]‘/f,'), T; = I%(hk/gj)a
1, k — fixed, j =1,2,....Let ¢: € a. Then

ZaJ = Zm gilfi) = Em(gj/fi) = Zm(,?(_;'\)f‘)
JEB JEB j j '

((y) 1)

- m(fi) =1

By the preceding lemma we get

iz =S mla: /) m = N g A fi) mb A g;)
D sy = Domlgs/f) - mhafg;) = 30 MR

JEB j€EB JEB
— Z ﬂl(gj) m(hk Agj) _ 777.(hk A (jé/&l‘ gj))
o, ) mlgs) m(f;)
= 2L s £,
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Evidently Y ojz; = m(hy/f;) alsofor i ¢ a.By (2.7) we obtain F(r%(hk/f,-))
JjEB

< Zr%(gj/fi) . F(r?l(hk/gj)) . If we multiply this inequality with —m(f;), we
J

get
—m(f;)- F(m(he/f)) > —m(f;) er?«gj/fi)-F(r%(hk/gj)) , hLk=1,2,....

Hence

Hn(C/4q) = sz(fz (m(he/ £:))
- ZZ 2 mlfi) - mg;/ f:) - F (m(hx/9;))
ik J
=-Y "> "m(g;)- F(m(hx/g;)) = Hn(C/B) -
i k

THEOREM 2.5. H,,(A/g) < Hn(A) for each A,B€ F.
Proof. Put £= {1}, A= {f;}. Then

Hu(Afg) = Zm(n F(m(f:/1)) = Z F(m(f;)) = Hn(A) -
Since any complete fuzzy partition B is a refinement of the partition £ = {1},
by means of Theorem 2.4 we obtain H,,(A) = H, (A/g) > H,, (.A/B) )
THEOREM 2.6. For each A, B,C € F, we have:

Hu(BVC[4) < Hn(B/4) + Hn(C/a)-

Proof. Since A < AV B for each A, B € F, according to Theorem 2.4
we have the inequality

Hn(C/avB) <Hn(C/4)-
This along with Theorem 2.2 implies

Hu(BVC/4) = Hn(C/av B) + Hn(B/4) < Hn(C/4) + Hm(B/4) -

We have seen that the conditional entropy of complete fuzzy partitions de-
fined here fulfils all properties analogous to the properties of entropy of measur-
able partitions in the crisp case.
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