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ON A PROBLEM OF R. HALIN CONCERNING
SUBGRAPHS OF INFINITE GRAPHS

BOHDAN ZELINKA

In [1] R. Halin proposes the following problem:

Let G, A be graphs. For all positive integers n let G contain n disjoint copies of
the graph A. Does then G necessarily contain infinitely many disjoint copies of A ?

Here we shall answer this question negatively.

Theorem. There exist graphs 5, A such that for each positive integer n the
graph G contains n disjoint copies of the graph A, but it does not contain infinitely
many disjoint copies of A.

Proof. At first we construct an auxiliary graph H. Let {V,}._, be an infinite
sequence of pairwise disjoint sets such that | V, | = n for each positive integer n. Let

V= I:I V... The vertex set of the graph H is V. Two vertices u, v of H are adjacent

n=1
in Hif andonly if ue V,, ve V,, i#j. It is easy to see that for an arbitrary positive
integer n the graph H contains an independent set with n vertices, namely the set
V.. On the other hand, each independent set of H must be contained in some of the
sets V, ; these sets are finite, therefore H does not contain an infinite independent
set.

In the graph H each vertex is incident with countably many edges. If u is a vertex
of H, we choose an arbitrary one-to-one correspondence between the set of edges
incident with # and the set of all integers. By e, (#) we denote the edge
corresponding to the integer ». We make this for all vertices of H.

Now we construct the graph A. Its vertices are a, b,, c,, d, for all integers #, its
edges are ab,, b,b..., b.c., c.d, for all integers n (Fig. 1).

Take countably many disjoint copies of A and choose a one-to-one correspon-
dence between these copies and the verticos of H. The copy of A corresponding to
a vertex u of H will be denoted by A («). If @, is an isomorphic mapping of A onto
A(u), we denote @,(a)=a(u), @.(b,)=b,(u), @.(c,)=c.(u), @.(d,)=d.(u) for
all integers n.

Let u, v be two adjacent vertices of H. The edge uv is denoted simultaneously
by e, (u) and e,(v), where r, s are some integers. We identify the vertex c,(u) of
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A (u) with the vertex d,(v) of A(v) and the vertex d,(u) of A(u) with the vertex
c.(v) of A(v). We make this for all pairs of adjacent vertices of H. The graph
obtained in this way will be denoted by G.

Let A’ be a subgraph of 5 isomorphic to A, let @ be an isomorphic mapping of
A onto A'. The vertex @(a) has an infinite degree in A’, thus also in G and
therefore it must be equal to some a(u), because the vertices a(u) are the unique

vertices of infinite degrees in 5 . Then the vertices @(b,) are adjacent to a(u), each
of them has the degree four and they form a unique two-way infinite arc. The
unique set of vertices in G with these properties in G is the set of all b,(u),
therefore the set of all @(b,) is equal to the set of all b,(«). Now it is easy to see
that also the set of all vertices @(c,) (or @(d,)) is equal to the set of all vertices
c.(u) (or d,(u), respectively). We see that A’ = A(u) for some vertex u of H.

From the construction of 7 it follows that the graphs A (u), A(v) for u# v have
* a common edge if and only if & and v are adjacent in H. If « and v are not adjacent
in H, the graphs A(u), A(v) are disjoint (even vertex-disjoint). We have a
one-to-one correspondence between independent sets of H and systems of
pairwise disjoint copies of A. From the above mentioned assertion on independent
sets-of H the assertion of this theorem follows.
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OB OJIHOW MPOBNEME P. XAJIUHA KACAIOWENCS MOATPA®OB
BECKOHEYHBIUX 'PA®OB

Borgan 3enuuka
Peswome
P. Xanuu sapan cnepywowyto npobnemy. Ecim G u A paBa rpada Takux, 4to G COQEpXHUT n
/M3 LIOHKTUBHBIX KONui rpada A s BCAKOrO HAaTYPalbHOrO Yucha n, CAeayeT nv u3 3toro, uto G

COJICPAKUT OCCKOHEHHO MHOTO IM3 bIOHKTUBHBIX KONuU# rpacda A ? B HacTosLLeH cTaTbe Ha 3TOT BONPOC
OTBCUACTCH OTPULATENBHO.
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