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BASES OF CLASSES
OF TREES CLOSED UNDER SUBDIVISIONS

BOHDAN ZELINKA

At the Fifth Hungarian Colloquium on Combinatorics held in Keszthely in 1976
L. Lovasz has proposed the following problem [1]:

Given two finite graphs G, H, let G < H mean that H contains a subdivision of G.
Let us call a class ¥ of finite graphs closed if G € %, G <H implies H e ¥%. (For
example, the class of non-planar graphs is closed.) The (well-defined) minimal
members of a closed class form its basis (e.g. Ks and K3 ; for the class of non-planar
graphs).

Conjecture. If two closed classes have a finite basis, so does their intersection.

We shall not solve here this problem in general, but we restrict ourselves to trees.
A closed class of trees is defined analogously as a closed class of graphs.

Let 91, 9, be two closed classes of trees, let %,, 3B, be their bases, respectively.
Denote I =J:nJ,. A tree T belongs to I if and only if it contains simultaneously
a subdivision of a tree from %, and a subdivision of a tree from %..

Suppose that B, and 3B, are finite. Then B:={X1, ..., X} B2={Y1, ..., Ya}.
By €, we denote the class of all trees which contain simultaneously a subdivision of
X; and a subdivision of Y;;i=1,...,m;j=1,...,n. Evidently 7= | %;. Let

i=1j=1
9;; be the basis of €; for any i and j ; then each tree from I contains a subdivision
of a tree from some %j; and every tree dontaining a subdivision of a tree from some
2;; belongs to J. The basis of I is then B = I:_"J LnJ ;. If we prove that each & is
i=1j=1
finite, then also A is finite.

Before proving this, we shall define some auxiliary concepts.

To each finite tree T we define the reduced tree R(T) so that the vertex set of
R(T) is the set of all vertices of T whose degrees are different from 2 and two
vertices u and v of R(T) are joined by an edge in R(T) if and only if they are
connected in T by a path, all of whose inner vertices (if any) have the degree 2.
Evidently T is a subdivision of R(T) and R(T) for each T is determined uniquely.
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The vertices of T whose degrees are different from 2 will be called node vertices of
T.

Now let U be a subset of the vertex set V of a tree T. The set U is called linearly
independent if any three pairwise distinct elements u, v, w of U have the property
that none of them belongs to the path connecting the other two in T. (If U has less
than 3 elements, it is always linearly independent.) It is easy to prove that the
maximal number of elements of a linearly independent set of vertices of T is equal
to the number of terminal vertices of T. If a subset of V is not linearly independent,
it is called linearly dependent.

Now let T, and T, be two finite trees. Let T be a tree which contains
simultaneously a subdivision T; of T; and a subdivision T3 of T,. Let T be the
intersection of Ti and T3; it is either an empty graph, or a tree. (The graph
consisting of one vertex and the graph consisting of one edge with its end vertices is
also considered a tree.) By T; we denote the least subtree of T containing both T;
and T;. If Ty is non-empty, then T3 is the union of T and T3. If Ty is empty, then
T consists of the trees T1 and T and of the path connecting the vertex of T; which
is the nearest to T; with the vertex of T, which is the nearest to T7j.

First consider the case when Tj is non-empty. A vertex u of T1 which is not
a node vertex of this tree is a node vertex of T3 if either u is a node vertex of T3, or
u is not a node vertex of T3, but u belongs to T and is incident with an edge of T
not belonging to T and with an edge of T3 not belonging to T;. Analogously for
vertices of T;. Let K, (or K;) be the set of all vertices of T; (or T3) which are not
node vertices of T; (or T3), but are node vertices of T; (or T; respectively). Let L
be the set of vertices which belong to both T1 and T3, are node vertices in none of
them and are adjacent with an edge of T; not belonging to T; and with an edge of
T; not belonging to Tj.

The number of vertices of K is less than or equal to the number of node vertices
of T;; this number is equal to the number n, of node vertices of T, because at the
forming of subdivisions no new node vertex arises. Analogously the number of
elements of K is less than or equal to the number n;, of node vertices of T,.

Consider the set L. Suppose that it is linearly dependent in T3. This means that
there exist three pairwise distinct vertices u, v, w of L such that v is an inner vertex
of the path connecting u and w in T3. But u and w belong simultaneously to T; and
T therefore this path is contained in both T1 and T;. Let k4, h. be the edges of this
path incident with v. As v is not a node vertex of T}, it cannot be incident with an
edge of Ti other than h; and k. and therefore it is incident with no edge of T'1 not
belonging to T; (the edges hi, h, belong to T3). This is a contradiction with the
assumption that v e L. We have proved that L is linearly independent in T3.

As L is linearly independent in T3, it is linearly independent in anyone of its
subtrees, therefore also in T and T;. Its number of vertices is less than or equal to
the minimum q of the numbers of terminal vertices of T1 and T;. This number q is
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also the minimum of the numbers of terminal vertices of T, and T», because at the
forming of subdivisions no new terminal vertex arises.

Take the reduced tree R(T3). Let Ti, T3, T3 be the subtrees of R(T3)
corresponding to the trees Ti, T;, T3 respectively. The tree Ti (or T3) is
a subdivision of R(T,) (or R(T-)) obtained by inserting at most n,+q (or n,+gq
respectively) vertices onto its edges. Such subdivisions are finitely many. The tree
T3 can be constructed from T7 and T7% so that we choose isomorphic subtrees of T7
and T3 and an isomorphism which maps one of them onto the other and we identify
pairs of vertices corresponding to each other in this isomorphism.-This can be done
in finitely many ways, therefore to the given trees T; and T, we can construct only
finitely many trees R (T3). A subdivision of some of these trees R(T3) is contained
in each tree from the class of all trees which contain non-disjoint subdivisions of T;
and T, as their subtrees.

It remains to consider the case when the intersection T) of T} and T is empty.
Then evidently R(T3) consists of the disjoint copies of R(T:) and R(T,) and an
edge joining a vertex of R(T;) with a vertex of R(T>); this edge is formed from the
path joining these vertices at the transition to the reduced tree. The number of such
trees R(T3) is again finite.

If T,=X;, T.=Y;, then we have the result that &; is finite and, as mentioned
above, also % is finite. We have a theorem.

Theorem. If two classes of trees closed under subdivisions have a finite basis, so
has their intersection.

REFERENCE

[1] Proceedings of the Fifth Hungarian Colloquium on Combinatorics held in Keszthely in 1976.
Akadémiai Kiadd, Budapest (to appear).

Received October 28, 1977
Katedra matematiky
Vysoké skoly strojni a textilni

Komenského 2
461 17 Liberec

63



BA3UCHI KJIACCOB OEPEBLEB 3AMKHYTBIX OTHOCHUTEJIBHO ITOJIPA3IEJIEHUHA
borpan 3enunHka
Pes3rome

Krnacc # pepeBbeB Ha3bIBa€TCA 3aMKHYTHIM, ECITH OH C KaX/IbIM AepeBoM T CONEPXKHUT BCe epeBbs,
KOTOpbIE copiepKaT nofpasnenieHue fAepepa 1. MuHuUManbHOe ceMedcTBO 9B AepeBbeB obapaloliiee
TEM CBOMCTBOM, YTO BCHKO€ AEPEBO U3 F CONEPXKHUT MOApA3fe/ieHHe HEKOTOpOro Aepesa M3 4,
Ha3bsaeTcs 6a3zucoM kiacca K. [lokazaHo, YTO eCM iBa 3aMKHYTBIX Kjacca 7, I, NepeBLEB UMEIOT
KOHe4Hble 6a3uchl, T0 I,NT, TOXe UMEET KOHEUHbIH 6a3uc. ITO SBNAETCA YaCTHYHBIM pELIEHHEM
npo6nemsi JI. JloBaca.
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