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(Communicated by Ladislav Misik)

ABSTRACT. In the paper, we prove that if a local system S fulfils an inter-
section condition, then the porosity of the sets from S(z) at x cannot be too
large.

First, we recall some definitions from B. Thomson’s book [1]. Let A
be a subset of the real line R. Then by |A|° we denote the exterior Lebesgue
measure of A and we put x + A ={z +a; a € A}, —A ={-a; a € A},
AT =AN0,00) and A~ = AN (—o00,0].

By the right-hand porosity of A at x we mean

pT(A,z) = limsup M
h—0+ h

b

where /\’(A,.’IJ,.T, + h) denotes the length of the largest open subinterval of
(r.r+h)\ A.

Similarly, the left-hand porosity of A at x is defined as

AA,z — h,z)

p (A, z) = limsup 7

h—0t
By a local system, we mean a family S = {S(z); = € R} of nonempty
collections of subsets of the real line such that, for any = € R,
(i) {«} ¢ S(x),
i) if SeS(x), then z €5,
ii) if SeS(z) and S" DS, then S’ € S(z),
) if SeS(x) and 6 >0, then SN (z—é,z+6) € S(x).
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We say that a local system S satisfies the parametric intersection condition of
the form S, NSy N [z — Ay —z), y+ A(y — )] # 0 if, for each choice of sets
{S;; =z € R} with S, € S(z), there is a positive function § on R such that

Smﬂsyﬁ[m—)\(y—r), y+/\(y—x)] # (0 whenever 0<y—z< min{é(r).é(y)}.

It is easy to see that if S satisfies the above-mentioned intersection condition.
then there exists a sequence {E,} of subsets of the real line such that

R = UE" and SzﬂSyﬂ[r—/\(y—x),y+/\(y~m)] # 0

n=1
whenever =,y € E,, .

THEOREM. Let S be a local system such that:
(a) S(z)={x+S; S€S(0)} for every x,
(b) STU-S*T€S(0) and S~ U—-S~ € S(0) whenever S € S(0),

(c) S satisfies the parametric intersection condition
1

SmﬂSyﬂ[:c—)\(y~x),y+/\(y~x)] # 0 for some )\>~—2—.
Then, for any z € R and S € S(z),

1

=+ A
(d) p*(S,z) < ii)\ and p~(S,z) <

>

D=

+
+A7

—

Remark. It is easy to observe that if a system S is filtering (i.e.
S1NSy € S(z) for S1,S2 € S(x) ), then condition (b) from Theorem is equivalent
to:

(b’) —S € S(0) whenever S € S(0).

Proof of Theorem. Suppose that conditions (a)-(c) hold, but con-
dition (d) is not true. We can assume that there is a set S € S(0) such that

pt(S,0) > @+ g some @ with 4+ < a < min{1l,1 + A} (in the case

1+ A 2
p~(S,0) > ?i;\\ the proof is analogous). Hence, there are sequences {a,}.

{bn} of positive numbers, converging to zero, such that b,+; < a, < b,.

> a a+ A 1 -« + -
SN — n 1= — . Sy = S -5
S nL:Jl(aq“ bn) ?® and b, 1 T\ 1 N Put Sy STU-S

and S; =z + Sy for z € R. Conditions (a) and (b) guarantee that S, € S(u).
and

Sz 0N U(m+an,at+bn)uU(x—b,,,:zt—a,,) =0. (1)

n=1 n=1
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. INTERSECTION AND POROSITY CONDITIONS ...

From (c) it follows that we can find a sequence {E,} of subsets of the real line

oo
such that R = |J E, and, for every positive integer n,
n=1

S,NSyNnfz=Ay—=z),y+Ay—=z)] #0  whenever z,y € E,. (2)

Let ny be a positive integer for which |Ep,|® > 0, and let zo € E,, be an
exterior density point of FE,,. Then there is a positive number § such that

|Eny N (x0,1)]°

> 2 -2« for t € (zg,z0+96). (3)
t— o

Let ko be a positive integer with bko (14 A)é. Then (3) implies that the

set E,, N (xo + 21 Y bkn, o+ — Tx + )\ — b, ) is nonempty. Choose any point vy
2-
from this set. Then yo € E,, and TT )\ bko <yo—xy < 1+ T b, -
Hence,
Yo — To + AMyo — xo) < by, , (4)

and

1

‘2‘(3/0 To) > ‘1 A bko ag, > (1 - 0)(3/0 - $0) > —Ayo — ) . (5)

Inequalities (4) and (5) imply that
Yo — by <o — AMyo — o) < o + ag, < Yo — ak, < Yo + AMyo — o) < To + b, ,
and, consequently,
(20 = AMyo — 0), Yo + A(¥o — 0)] C (Yo = brg» Yo — ko) U (o + @iy To + biy) -
This inclusion and (1) show that

Sao N Syo N [0 = Ao — 20), Yo + Alyo — o) = 0.

However, the last condition contradicts (2) because zo,yo € Fpn, - This ends the
proof.

COROLLARY 1. Ifalocal system S fulfils conditions (a) —(c) of Theorem, then
any set S from S(x) is neither right-hand strongly porous at x nor left-hand
strongly porous at x (i.e. pT(S,x) <1 and p=(S,z) < 1).
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COROLLARY 2. If a local system S fulfils conditions (a)-(b) of Theorcm

and an intersection condition S, NS, N [z,y] # O, then p*(S,x) < -l)— and

p (S,z) < % for any S € S(z).

COROLLARY 3. If a local system S fulfils conditions (a)—(b) of Theorem and
(c’) S satisfies the parametric intersection condition

Sy NSy N [x My —2z), y+ My — m)] #0 for each X\ > — L

5 5
then any set S from S(z) is neither right-hand porous at x nor left-hand porous
at  (i.e. pt(S,z) =p (S,z) =0).
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