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SEMI-CLOSED SETS
AND THE ASSOCIATED TOPOLOGY

N. D. BANERJEE—CHHANDA BANDYOPADHYAY

Introduction

Let (X, ¥) be a topological space. Let A = X then following N. Levine [4] A is
said to be semi-open iff there exists a T-open set O such that O c A = O where

() denotes the T-closure. A set Fc X is said to be semi-closed iff X —F is
semi-open. In [2] S. G. Crossley and S. K. Hildebrand have defined the
semi-closure scl A of a set A <X as follows:

scl An{F: F is a semi-closed set containing A}. They have proved that A is
semi-closed iff A = scl A. They have introduced in [2] another set D4 = X for each
set A = X such that scl A(AuDauUB) = AuDauscl B for all subsets B < X, and
that D, is minimal in the sense that if any set C < X satisfies this relation, we have
D4 = C. By defining c: P(X)—P(X) by the rule: cA =AuD, for all A eP(X)
where P(X) denotes the family of all subsets of X. It follows that the operator c is
a Kuratowski-closure operator in X. The topology induced by the Kuratowski
closure operator ¢ on X, is denoted by &(X). In [2] it has been shown that F(T) is
finer than T on X. The purpose of this paper is to study properties of F(<). In §1
of this paper, we have established a characterization of open sets in (X, §(%)) and
deduced that (X, ¥(T)) does not associate any more real-valued continuous
function than (X, T) does, where we take the space R of reals with usual topology
II. If Ca(R) is the class of continuous functions ever & (into self). We have sought
informations in §2 for f: (R, F(11))— itself to be continuous whenever fe Ca(11).
We have also studied conditions for continuity of functions over topological spaces
whenever the spaces are equipped with finer topologies of the kind as stated above :°

§1. Theorem 1.1. For a topological space (X,Y) a subset G X belongs to
&(2) iff for each x € G there is an T-open neighbourhood N, of x such that

(G°)> No, where ( )° denotes the T-interior.
Proof: The proof is based on the following characterisation of the set D4 for
any set AcX:
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Di={peX: p¢ A and for every neighbourhood N of p, (m) + P}

This characterization has been obtained by C. Banerjee in her Ph. D. Thesis [1].
Its analogue in the classical setting of the space (R, ll) can be found in [3]. For
necessity part, let Ge 3(%). So X— G is §(I)-closed. Put F=X— G. Clearly
cF=F and Dr= ®. Take a point x € G. Clearly x ¢ F and since Dr= @, it follows
that there exists a T-operenieghbourhood N, of x, such that (Im)°= &. So for
T-opern subset V< N, there is a point € V such that £ ¢ NonF. This shows that
there exists a T-openneighbourhood N: of & such that

(1.1) NN (NonF)= .
Put W= VnN;. Clearly W s a T-open neighbourhood of & and
(1.2) EeWc VeN.

From (1.1) it follows that Wn(NonF)= @. This implies that WnF=a i.e.

WcG.
Hence § € G°, and from (1.2) we VN G°+# &. This shows that G° is everywhere

dense in Ny i.e. (G°)> N, For sufficiency part let G< X and suppose that
condition of Theorem 1.1 holds for G. We show that G 1s §(¥)-open by showing
F=X~-G to be §(I)-closed. It suffices to show that De= . If possible, let
Ee Dr. Then £¢F and for every neighbourhood N of & we have (NNnF)°# &.
Clearly &€ G and let N, be a T-open neighbourhood of & such that G°is T-every
where dense in No. Hence by the above argument, we have (NonF)°# @. Let V be
a nonempty ¥-open set such that

(1.3) Ve (NonF)

Clearly VANy # @. Putting V' VAN, V' is a non-empty T-open set such that
V'nG° = @, for otherwise let € V'nG°. So there exists a T-open set W such that
Be Wc G. This implies that WnF= @ i.e. B¢ F, which is a contradiction of
(1.3), since V'= V. Hence V' nG°= .

Now this contradicts the fact that G°is T-everywhere dense in No. Thus we have
shown D= & and the proof is now complete.

Corollary 1.1. Let Ge §(2) then for each x € G, there is a T-open neighbour-
hood N, of x such that G is I-everywhere dense in No.

We now recall the following definition as in [5].

Definition 1.1. If (X, ¥) and (Y, ¥') are topological spaces, then a function
f: (X, T)—(Y, T') is said to be quasi-continuous(q-continuous) at §e X if for
every T-open set U containing & and every I'-open set V containing f(&), we have

(F (VN # .

f is said to be g-continuous whenever f is g-continuous everywhere in X.
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Theorem 1.2. Every real-valued continuous function in (X, ¥(2)) js continuous
in (X, 3).

To prove this theorem we need a lemma.

Lemma 1.1. Every real-valued continuous function in (X, (%)) is g-continuo-
us in (X, 3).

Proof: Let f be a real-valued continuous function on (X, #(T)). Let £e X and
let N be an IY-open neighbourhood of & and let £€>0. Then we have
N:nf'(f(E)—¢, f(§)+€)=A as F(T)-open set containing & (since N; is also
&(T)-open). By Theorem 1.1 there exists a T-open neighbourhood N, of £ such
that A°A N, # @. i. €., there is an non-empty T-open set B such that B< A°ANb.

So Bc A, and consequently (N:nf'(f(&) — €, f(§) + £))° # ®. This shows that
f is g-continuous at &. Since & is any point in X, f is g-continuous.

Proof of the theorem 1.2. Suppose theorem 1.2 is false. We seek a contradic-
tion. Let there exist a point £ € X where f is §(Z)-continuous but I-discontinuous.
So, there exists a § >0 such that for every T-open set V containing &, there exists
a point ne V such that f(n) ¢ (f(§)— 6, f(§)+ 8). Choose &' >0 such that

(1.4) [£(8)— &', f(E) +8']=(f(§) - 6, f(§) + 5)

It follows that f7'(f(§)— &', f(&)+ 8') is an F(T)-open set containing £. So by
Corollary 1.1 there is a T-open set G containing & such that f'(f(§)—d’,
f(§)+6') is T-every where dense in G. Clearly f'(f(§)—6', f(E)+ ') is
T-everywhere dense in GN'V, which is a T-open set containing &. So, there is
a point ' € GN 'V such that by (1.4) f(n') é[f(§)—d', f(§)+ 6']. Choose 6">0
such that (f(n')— 6", f(n')+ 8") n (f(§)— &', f(§)+ 6') = ®@. Now by Lemma 1.1,
f is g-continuous. So f is g-continuous at n’. Therefore, there exists a non-empty
T-openset O such that O = Gn Vand f(O) = (f(n') — 6", f(n') + 8"). Clearly then
f(O)N(f(§)— &', f(§)+8')= . This contradicts the fact that f'(f(§)—4¢’,
f(8)+ &') is T-cverywhere dense in Gn V. This is the desired contradiction, and
we have proved the theorem.

Theorem 1.3. Every T-nowhere dense set A in (X, T) is closed in (X, §(%)).
Proof: Let A be a T-nowhere dense set in (X, T). Then (A)° = . It suffices
to show that D4 = @. If possible, let £ € Da, then for every T-open neighbourhood

N of &, we have (NNnA)°+ &. i. e. (A)°+ @, a contradiction. Hence Da = ®.

Corollary 1.2. Every I-1st category set in (X, T) is an F,-set of 1st category
relative to ¥(%).

We close this section with the following remark.

Remark 1.1. The closed interval [0, 1] is not compact in (R, F(11)).

Proof. Suppose the contrary. Then every F(ll)-closed subset in [0, 1] is
11

&(11)-compact in [0, 1]. Let us consider the subset B = {1, 33

] By theorem 1.3
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it follows that B is §(11)-closed in [0, 1]. But B is not A(1l)-compact in [0, 1]. In
1 1

fact let for each 1 A; = {7, T } Then arguing as above A,’s are F(11)-closed

subsets of B with finite intersection property, but (| A, = @. Thus B fails to be
&(11)-compact and hence [0, 1] is not §F(1I)-compact.

§2. Theorem 2.1. Let f: (R, ll)> (R, ) be a continuous function such that f
does not remain constant over any non-degenerate subinterval of R then
(R, (1))— (R, §(I1)) is continuous.

Proof: If possible, let f be (§(11) — F(11)) discontinuous at a point £ € R. Then
there exists an §(11)-open set G containing f(§) such that for every §(1l)-open set
V containing &, we have (V)& G. Since f(§) is an §(11)-interior point of G, it
follows that there exists an ll-open neighbourhood Ny of f(§) such that G° is
ll-everywhere dense in No. Since f: (R, lI)— (R, 11) is continuous, it follows that
F'(No) is an ll-open set containing the point &. Clearly (f '(No) is an ll-open set
containing the point &. Clearly (f'(G))° is not ll-everywhere dense In f '(No),
otherwise it follows from Theorem 1.1 that £ is a F(11)-interior point of f '(G) —a
contradiction. Since (f~'(G)) is not ll-everywhere dense in f '(Ny), there is an
open interval (non-degenerate) /cf '(No) such that /n(f'(G)) =®. So
R|f'(G) is ll-everywhere dense in /. Since f does not remain constant over any
subinterval of R, it follows that there are two points a, €/ such that a<f and
f(a) # f(B). Without loss of gererality, we take f(a)< f(B). Since f(a), f(8) € No
and Ny is open and since G° is ll-everywhere dense in Ny, we find a v e G° such that
ve(f(a), f(B)). Since f: (R, ll)> (R, ll) is continuous, it satisfies the Dabroux
Property. So find x' € (a, B) such that f(x')=v. Choose £>0 such that (v—g¢,
v+e)aG. As fis (I -11) continuous at x’, we can find 6 >0 such that f(x' — 9§,
®' +d0)c(v—¢,v+e)c G without loss of generality, take & such that (&' —
S, x'+8)=(a, B). Clearly (x' =8, x'+ 8)nR|f '(G)= ®. This contradicts the
fact that R| f'(G) is ll-dense in /. Hence f: (R, F(11))— (R, ¥(11)) is shown to be
continuous.

Theorem 2.2. Let (X, ¥) and (Y, I') are topological spaces. If f: (X, §(I))—
(Y, §(3)) is continuous and if (Y, §(I')) is regular then f: (X, T)— (Y, §(I'))
IS continuous.

Proof: If possible, let f: (X, T)— (Y, §(I')) be not continuous at a point
xo€ X. Then there is a §(3')-neighbourhood G of f(xo) in Y such that for any
T-open neighbourhood U of x, in X, there is a point a € U such that f(a) ¢ G.
Since (Y, §(T')) is regular, we can find a §(I')-open set V such that

(2.1) f(xo)e Ve F(T)—clVeG.

Clearly, f '(V) is a 8()-open set containing xo. So by Theorem 1.1, there is
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a T-open neighbourhood O of x, such that (f '(V))° is T-everywhere dense in O.
Now there exists a point B € O such that f(B) ¢ G. From (2.1) f(B) ¢ (') — c/V.
There exists a F(I')-open neighbourhood V' of f(B) in Y such that V'n V= &.
As f: (X, §(2))— (Y, F(T')) is continuous, it follows that f (V') is an F(I)-
open set containing f3. Put

(2.2) W=0nf'(V).

Clearly W is a non-empty §(¥)-open set containing 8. So by Theorem 1.1 there is
a T-open neighbourhood No of 8 such that W° is T-every where dense in N,. Put
O’ = NynW°. Clearly O’ is T-open set = O. Clearly O'nf"'( V)= &. Otherwise
V'AaV#®. Thus O'n(f'(V))°=d. This is impossible since (f'(V))° is
T-everywhere dense in O. This is the desired contradiction and we have proved the
theorem.

Acknowledgement: The first named author wishes to thank Dr. N. D. Chak-
rabarti, University of Burdwan, for discussion.
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[MOJIY3AMKHYTBIE MHOXECTBA U COOTBETCTBYIOLIAS
TOIMOJIOI'uA

N.D.Banerjee—Chhanda Bandyopadhyay

Pesiome

B TOMONMOrMYecKOM MPOCTPAHCTBE KAACC MOJNY3AMKHYTBIX MHOXECTB OmpefensieT Gojee TOHKYIO
Tononoruio. B 3roit paboTte M3y4arOTCs KBa3u-HENpepbiBHble (YHKLUMM M3 TOUKH 3PEHHS 3TOH
tononorun. OKa3pIBaeTcs, YTO Gojiee TOHKas TOMOJIOTMS 3TOrY MPOCTPAHCTBA HHUKAK HE CBS3aHa
C IeACTBHTE/IbHBIMH HENPEPbIBHLIMH (PYHKUMAMHM HaJl 3TUM MPOCTPAHCTBOM.
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