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DIGRAPHS MAXIMAL WITH RESPECIT
TO CONNECITIVITY

PETER HORAK

The digraphs considered in this paper are finite without loops and multiple arcs.

The strong (unilateral, weak) connectivity #° = »*(G) (x* = %*(G), ®' = x'(G)) of
a digraph G is the minimum number of points whose removal results in a not strong
(unilateral, weak) or trivial digraph.

We shall describe constructively and determine the number of digraphs maximal
with respect to the strong or unilateral or weak connectivity, respectively.

Maximal graphs with a given vertex (edge) connectivity have been studied in [1].

Let digraphs G, and G, have disjoint sets V, and V, of points and disjoint arc
sets E, and E,, respectively.

Their union is the digraph G = G,UG,;, which has the point set V= V,0uV, and
the arc set E =E,UE,.

Their join G, + G, consists of G,UG; and all arcs joining V, with V,.

Their directional join G,@G; consists of G,UG, and all arcs going from V,

to V.. :
It is clear that the directional join is not a commutative operation.

Definition 1. Let G be a not complete digraph and n a nonnegative integer.
Then G is called »,;-maximal if »'(G)=n and »'(G +x) > x»'(G) holds for every

arcx e E(G) (fori=1,2, 3).
All notions not defined here will be used in the sense of [2]. The symbol K,

denotes here the complete diagraph on n points.
Theorem 1. Let G be a diagraph and n be a natural number. Then G is

»:-maximal if and only if G =K, + D, where D is a »x;-maximal digraph (fori =1,
2, 3).

Proof. Let G=K, +D and be »}-maximal. Let us denote V(G) = AUB,
where A =V(k,), B= V(D).

Since #'(G —A)=x'(D) =0, we have »'(G)<n.If CcV(G), |C|<n, C#A,
then by G—C=K.,. +D’ it follows that the digraph G —C is strong. Thus
»*'(G)=n.
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Let x € E(G). Then %' ((G +x)— A)=1x'(D +x) >0, because the digraph D is
»4-maximal. Now % ((G +x) — C) = %'(G — C)>0 implies #'(G + x)>n, i.e. the
digraph G is »/-maximal.

Let G be x,-maximal. Then there exists a set A of points of G such that |A|=n
and %'(G — A)=0. We denote by D the digraph G —A. From the x,-maximality
of G it follows that G =K, + D. To finish our proof we must show that the digraph
D is xs-maximal. We shall prove it indirectly.

Let x e E(G) and %'(D +x)=0. Then »'(G +x)=n and this is a conradiction
because G is »,-maximal. Q.E.D.

Theorem 2. Let G be a digraph. Then G is

a) xg-maximal if and only if G=K,UK,,

b) xi-maximal if and only if either G=K,UK,, or G=K ®(K,UK,) or
G=(K,UK,)®K. or G=K, ® ((K,UK,) ® K.),

¢) xo-maximal if and only if G=K,®K,.

Proof. One can easily verify that the sufficient condition in all three assertions
holds.

Let G be xi-maximal. If S is a strong component of the diagraph G, then the
xy-maximality of G implies S =K,.

Let S, S,, ..., S, be the strong components of G.

a) If i =1, then the digraph G is disconnected and from the »,\-maximality of G
it follows that G consists of exactly two strong components. Thus G =K, UK,.

b) If i =2, then the digraph G is not unilateral, hence there exist two points

ues,, ves, such that u cannot be reached from v and v cannot be reached
from u.

Let us put
M={S;, j¥r,j#t,S; can be reached from S, or from S, }
N={S,,j#r, j+t,S;¢M}.
The xj-maximality of G implies that /# (and analogously ) is empty or it

contains exactly one strong component.
We have to consider only four cases.

Let M =0, N=0. Then G=K,UK,.

Let M =@, N+ 0. Then G=K D (K,UK,).

Let M+ @, N=0. Then G =(K,UK,)DK..

Let #M# 0, N+@. Then G=K,D(K.UK,)PK.).

el S

We can prove 1—4 by the xg-maximality of G.

c) If i=3, then the diagraph G is unilateral. The strong components of
a unilateral diagraph G can be denoted in such a way that S. can be reached from
S, if and only if ¢ =d (see [2], p. 200). Let n =3, then the digraph G + x (where
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xeE(G), x=uv, v¢S,) is not strong. This is a contradiction, because G is
%xo- maximal. Hence n=2 and from the x3-maximality of G it follows that
G=K,®K,. QE.D. :

By using Theorem 1 and 2 we prove the following inequalities.

Theorem 3. Let G be a digraph with p points and q arcs. Let »'(G)=n. Then
we have:

a) q(G)s(p-1)(p—-2)+2n (fori=1,2),

b) q(G)s(p—1)*+n (for i =3).

Proof. Let x'(G)=n. Then there exists an »/.-maximal diagraph H such that G
is a factor of H.

By Theorem 1 we have H=K, + D, where D is »x}-maximal. Then

(1) q(G)sqH)=n(n-1)+2n(p —n)+q(D).

a) Let D be xj-maximal. According to Theorem 2 D =K,UK,. Then q(D)
=a(a—1) + b(b—1), where a+b = p—n.

The maximum of the function q(D) (for 1<a<p —n—1) is reached in the
digraph K,UK,_,_;. We have

() q(D)s(p—n—-1)(p —n-2).
If x'(G)=n, then from (1) and (2) it follows that
q(G)<(p-1)(p—-2)+2n.

b) Let D be xj-maximal. According to Theorem 2 either D =K,UK, or
D=(K,uK,) @ K. or D=K, ® (K,UK.) or D=K, @ ((K,uUK.) ® K.,).
Without loss of generality we can suppose that b <c. One can easily verify that

3 q (K. ® (Ko VK ) DKa)) <q (K, K ) DKara) =
= q(K"+d®(KbUKC)) sq(1<b UKa+c+d) .

If x*(G)=n, from (1), (2), (3) it follows that
q9G)<(p-1)(p—2)+2n.

c) Let D be x3-maximal. According to Theorem 2 D =K, ®K,. Then q(D)
=a(a—1) + b(b—1) + ab,where a+b = p —n. The maximum of the function
q(D) (for 1=a<p —n —1) is reached in the digraph K,®K,_._;. We have

C)) q(D)<(p—n—1)".
If ¥*(G)=n, then (1) and (4) imply
q(G)<s(p—1)+n Q.E.D.

By using Theorem 1 and 2 we determine the number of maximal digraphs with
respect to the connectivity.
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Theorem 4. The number of nonisomorphic x,-maximal digraphs with p points is

a) [%] if i=1, m=2,
l 4 2 m o

b) 55 (2m +3m 5m+6[2]), if i=2,m=2,

) m—1 i i=3,m=>2,

where m=p —n.
Proof. One can easily verify that parts a) and c) hold. Let |V(G)| =p. There

are

[%} nonisomorphic x*Z-maximal digraphs of the form K,UK,,
m—1

[%] :% (m*—m—2 [%]) nonisomorphic x2-maximal digraphs of the form
m—1 T

K.®(K,UK.) and of the form (K,UK,) ® K., too, and >, %(jz—j—Z[%])
i=3 <l

= 21—4 Cm® — Im®> + Tm +6[§]) nonisomorphic x2-maximal digraphs of the

form K, @ ((K,UK.) ® K.), where m =p —n. Thus there are 515 (2m" + 3m?

— S5m +6[§]) nonisomorphic x2-maximal digraphs with p=m +n points.
Q.E.D.
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OPI'PA®BbI MAKCUMAIJIBHBIE OTHOCHUTEJIbHO CBSI3HOCTHU
Iletrep T'opak

Pe3iome

CunbHOM (OZHOCTOPOHHEH, cla6oil) cea3HocTbio ¥°=x*(K) x*=x*K), »'=x"'(K) oprpacda K
Ha3bIBAETC HAMMEHDLIEE YHC/IO BEPIINH, YAAJIEHNE KOTOPBIX MPUBOJUT K HE CHIILHOMY (OHOCTOPOH-
HeMy, cllaboMy), WM XKe TpUBMANbHOMY oprpady.

KOHCTPYKTHBHO ONMCAHO ¥ ONPERESCHO YUCN0 OprpadoB MAKCHMALUHBIX OTHOCHTENbHO CHIILHOM
WJIM OHOCTOPOHHEH WM cnaboil CBA3HOCTH.
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