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ON DOUBLE COVERS OF GRAPHS
BOHDAN ZELINKA

In [1] D. A. Waller has proposed the following problem :

Characterization problem for covering graphs.

A graph D with 2n vertices is a double cover graph if it admits a vertex-labelling
such that '

(i) each integer re {1, ..., n} occurs exactly twice (as r and r'),
(ii) adjacencies occur in pairs, in the form (r~sandr' ~s') or (r ~s' andr' ~s).

Such a labelling of D determines a quotient graph G and a 2:1 projection
morphism p: D— G, given by p(r) = p(r')=r.

Problem 1. Characterize double cover graphs.

Problem 2. Characterize graphs uniquely expressible as a double cover.

From the definition of a double cover graph quoted above it is not clear, whether
it is possible that r might be adjacent to both s and s’ or that r might be adjacent to
r'. But the following definition from paper [2] by M. Farzan clearly excludes these

cases:
~ Given amap f: E(G)— Z,, the graph D = dc(G, f) is a double cover of G when
V(D) = V(G)X Z, and [(u, x), (v, y)] € E(D) if and only if [u, v] € E(G) and
f([u, v])=xy.

Here Z, denotes a group of the order 2.

If we therefore consider undirected graphs without loops and multiple edges, in
the double cover of a graph the subgraph induced by the set {r, s, r’, s'}, where
r# s, contains either only edges rs and r's’, or only edges rs’ and r's, or no edges.

We shall prove some theorems concerning double covers of graphs. We consider
finite undirected graphs without loops and multiple edges. ‘

Theorem 1. Let H be a finite undirected graph. The following two assertions are
equivalent: ‘
(a) There exists an automorphism a of H such that a(a(x))=x and d(x, a(x))=3
holds for each vertex x of H.

(b) H is a double cover graph. _
Remark. The symbol d(x, y) denotes the distance of x and y in H.
Proof. (a) = (b). The sets {x, a(x)} for all x € V(H), where V(H) denotes
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the vertex set of H, form a partition of V(H) in which each class has exactly two
elements. We choose an element from each class and denote the set of the chosen
elementy by W. Further we put W' = V(H) — W. We denote the elements of W by
1, ..., n, where n is the cardinality of W-. For each element r e W the image
a(r)e W'; we denote it by r’. Now let r, s be two elements of W. The vertices r
and r’ are not adjacent, because by the assumption d(r, r')=3. If r and s are
adjacent, so are their images r'=a(r), s’ =a(s). The vertices r and s’ are not
adjacent, because otherwise there would exist a path of the length 2 connecting r-
and r' with the inner vertex s’; analogously r’ and s are not adjacent. If r and s’
are adjacent, so are their images r' = a(r), s = a(s’) and neither r and s, nor r’ and
s' are adjacent. Therefore H is a double cover graph.

(b) => (a). Let H be a double cover graph. Define a so that a(r)=r', a(r')=r
for each re{1, ..., n}. Then obviously a(a(x))=x for each xe V(H). The
adjacency between r and s is equivalent to the adjacency of r’ and s’ and the
adjacency between r and s’ is equivalent to the adjacency of r’ and s, therefore a
is an automorphism of H. Now let re{l,...,n}. As always r#r’, we have
d(r,r')=1. If d(r,r')=1, then r and r’ would be adjacent, which was
excluded. If d(r, r') =2, then there would exist a vertex of H adjacent to both r
and r’. If this vertex were s for some se{1,...,n} — {r}, then there would
be an adjacency between r and s and between r’ and s, which was excluded;
analogously if the mentioned vertex would be s'. Therefore d(r, r')=3 for each
fe{l, ..., n},ie. d(x, a(x))=3 for each x e V(H).

Now we shall study graphs uniquely expressible as double covers. Two ex-
pressions of a given graph as a double cover will be considered as different if the
corresponding partitions into two-element classes {r,r'} for re{l,...,n} are
distinct. Evidently two such expressions are different if and only if different
automorphisms a from Theorem 1 correspond to them. A graph H will be called
uniquely expressible as a double cover if it is a double cover graph and any two
expressions of H as a double cover determine the same partition of the vertex set of
H into two-element classes {r, r'} for re{1, ..., n}. :

The following result follows immediately from Theorem 1.

Corollary 1. Let H be a finite undirected graph. The following two assertions are
equivalent:

(c) There exists exactly one automorphism o« of H such that a(a(x))=x and
d(x, a(x))=3 holds for each vertex x of H.
(d) H is uniquely expressible as a double cover graph.

Exemples of such graphs are the circuit of the length 6 and the graph of the
3-dimensional cube. Both these graphs have the diameter 3 and in each of them
there exists to each vertex exactly one vertex which has the distance 3 from it and is

_its image in an involutory automorphism.
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Corollary 2. Let H be a graph consisting of two isomorphic connected com-
ponents. The graph H is uniquely expressible as a double cover graph if and only if
none of its connected components has a non-identical automorphism.
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Fig. 1

Now we shall consider graphs which can be expressed as double covers by means
of two distinct automorphisms a, 3, which are commutative. We shall use the
concept of a pseudograph. A pseudograph is a graph in which loops and multiple
edges are admitted.

Theorem 2. Let H be a finite undirected graph, let o, be two distinct
automorphisms of H such that a(a(x)) = BB(x))=x, d(x, a(x))=3,
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d(x, B(x))=3, a(B(x)) = B(a(x)) for each vertex x of H. Let G, (or G,) be the
quotient graph for the expression of H as a double cover by means of a (or 8
respectively). Then for i€ {1, 2} the graph G; has an automorphism ¥y, such that
Y:(v:(x))=x for each vertex x of G; and this automorphism has the following
property: The mappings v:, Y. have the same number of fixed vertices and if we
identify x with y:(x) for each vertex x of G; so that all edges remain, we obtain
isomorphic pseudographs for both i=1 and i =2.

Proof. As a,  are commutative in the group Aut H of all automorphisms of
H, the set {¢, a, B, o/}, where ¢ is the identical mapping of the vertex set of H, is
a subgroup of Aut H; denote it by &. Each orbit of & has either two or four
elements, because a(x)# x, B(x) # x for each x € V(H). From each orbit of & we
choose one element and the set of the chosen elements will be denoted by W.
Further we put W' = {a(x)|xe W}, W = {B(x)|xe W}, W’ = {af(x)|x e W}.
At least one orbit of & has four elements ; otherwise there would be a =f. Let p
be the number of orbits of & with four elements, let g be the number of all orbits of
&. We label the vertices of W by 1, ..., q so that the elements which were chosen
from the orbits with four elements might have the labels 1, ..., p. For each
re{l, ..., q) denote r'=a(r), F=B(r), 7' =af(r). Evidently r'e W’, Fe W,
7'e W'. For 1=r=p the elements r, r’, 7, 7’ are pairwise different. For p + 1=
r=q we have r=r'#r'=r. Now the quotient graph G, has the vertex set
{1,...,q,1, ..., p} and two vertices r, s of this set are adjacent in it if and only if in
H either the pairs {r, s}, {r’, s’} or the pairs {r, s}, {r’, s} are adjacent. The
quotient graph G, has the vertex set {1, ..., q, 1, ..., p'} and two vertices r, s of
this set are adjacent in it if and only if in H either the pairs {r, s}. {F, §}, or the
pairs {r, 5}, {F, s} are adjacent. Now we define a pseudograph G,. The vertex set
of G, will be the set {1, ..., q}. If re {1, ..., q}, then in H the vertex r is adjacent
neither to r' nor to 7, but it may be adjacent to 7’ (if 7' # r). In this case there is the
edge r7 in G, and the edge rr’ in G,. In Gy at r there will be a loop. Now let r, s be
two distinct elements of {1, ..., p}. If in H the vertex r is adjacent to s and to none
of the vertices s’, §, §', also the pairs {r', s'}, {7, 5}, {F', §'} are adjacent in H. In
G, the pairs {r, s}, {F, §} and in G, the pairs {r, s}, {r', s’} are adjacent. In G,
there will be one edge joining r and s. The cases where r is adjacent to exactly one
of the vertices s', §, §' are anaiogous. If r is adjacent to s, then it cannot be adjacent
to s’ or to 5, but it may be adjacent to §'. If this occurs and s # §', then in H also the
pairs {r',s'}, {r', §}, {F, 5}, {F,s'}, {F', §'}, {#', s} are adjacent. In G, the pairs
{r,s}, {r, s}, {F, s}, {F, s}, in G, the pairs {r, s}, {r,s’}, {r',s}, {r', s’} are
adjacent. In G, there will be two edges joining r and s. Newletre{p+1, ..., q},
se{l, ..., p},ie. r=7'.1If ris adjacent to s, then it is adjacent to 5§’ and it cannot
be adjacent to s’ .and s. Then in G, the pairs {r, s}, {r, s} and in G, the pairs
{r,s}, {r,s’'} are adjacent. In G, there will be two edges joining r ands.
Analogously if r is adjacent to s or s’. Finally, if {r,s} < {p+1,...,q} and r is
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adjacent to s in H, then the pair {r, s} is adjacent in both G,, G, and it will be
joined by one edge in G,; analogously if r is adjacent to s’ or 5. Now define v, so
that y,(r)=7, v.(F)=r for re{l,...,p} and y,(r)=r for re{p+1,q}. The
mapping v, will be defined so that v,(r)=r', v.(r')=rforre{l, ..., p}, v.(r)=r
forre{p+1, ..., q}. We see that the pseudograph G, is obtained from both G,
and G, in the described way.

The author of the problem presents an example of a graph which can be
expressed as a double cover graph in two ways such that the quotient graphs are not
isomorphic. It is the graph of the 6-sided prism. The quotient graphs are the graph
of the 3-sided prism and the graph K;,. The corresponding automorphisms are
commutative. In Fig. 1 we see the labelling of this graph H by 1, 2, 3, 1, 2’, 3',
1,2,3, 1,2, 3, the quotient graphs G,, G, and the pseudograph G..

Theorem 3. Let G,, G, be two finite undirected graphs, which are expressible as
double covers of the same graph G. Then there exists a graph D which can be
expressed as a double cover of G, and simultaneously as a double cover of G,.

Proof. Let the number of vertices of G be n. Let the vertices of G, be labelled
by r and r’' for re {1, ..., n} and let the vertices of G, be labelled by r and 7 for
re{l, ..., n} so that both these labellings might fulfil the conditions from the
definition of a double cover graph. Let the vertices of D be 1,...,n, 1', ..., n’,
1,...,n,1', .., 7" The vertices r, s for {r, s} < {1, ..., n} are adjacent in D if and
only if they are adjacent in both G, and G, ; then also the pairs {r', s'}, {F, 5},
{r', s'} are adjacent in D. Two vertices r, s’ are adjacent if and only if r, s’ are
adjacent in G, and r, s are adjacent in G,; then also the pairs {r', s}, {F,s§'},
{r', s} are adjacent in D. The vertices r, § are adjacent in D if and only if the
vertices r, s are adjacent in G, and the vertices r, § are adjacent in G, ; then also
the pairs {r',§'}, {F, s}, {F', s'} are adjacent in D. The vertices r, §' are adjacent
in D if and only if the vertices r, s’ are adjacent in G, and r, § are adjacent in G, ;
then also the pairs {r', 5}, {F,s'}, {F’, s} are adjacent. No other edges than the
described ones are in D. The graph D is a double cover of both G, and G,.

The last theorem will show that the situation described in Theorem 2 is not too
rare. Before statinig it, we shall prove a lemma.

Lemma. Let H be an undirected graph, let a., B be two automorphisms of H such
that a(a(x)) = B(B(x)) = x,d(x, a(x)) =3, d(x, B(x)) = 3 for each vertex x of
H. Then the mapping @ = afa has also these properties.

Proof. In the group Aut H we have a’=¢, B>=¢, where ¢ is the identical
mapping of H. Hence

@*=ofa’fa=of’a=a*=¢.
As d(x, B(x))=3 for each vertex x of H, this holds also for the vertex a(x), where
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x is an arbitrary vertex of H and we have d(a(x), Ba(x)=3 for each vertex x of H.
As a is an automorphism of H, it preserves the distance and we have

d(x, aa(x))=d(a*(x), afa(x))=d(a(x), Pa(x))=3.

Theorem 4. Let H be a finite undirected graph, let a, y be two automorphisms
of H such that a(a(x)) = y(y(x))=x, d(x, a(x))=3, d(x, y(x))=3 for each
vertex x of H. Let the order of ay in Aut H be even. Then there exists an
automorphism B of H such that B(B(x))=x, d(x, B(x))=3, a(B(x)) = B(a(x))
for each vertex x of H.

Proof. Let the order of ay in Aut H be 2k, where k is a positive integer. Put
B=v(ay)“”". Then

af = ay(ay)~' = (ay)* = (av)™ = (ya) = y(ay)* "' = Ba,

hence B(a(x))=a(B(x)) for each vertex x of H. Further properties can be proved
by induction from Lemma.
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O IBOVHBIX IMMOKPBITUSX 'PA®OB
Borgan 3enuHka

Pesome

I'padp D ¢ 2n BepmmnHaMu gBisercs rpadoM JBOHHOTO MOKPLITHA, €CJIH OH AONYCKAET MOMEYeHHE
BEPLIMH TAKOE, YTO KaXf0e YUcio r € {1, ..., n} MOABIAETCA TOYHO JiBa pa3a (Kak r U r') ¥ CMEXHOCTH
MOSIBNAIOTCA napaMu Bo ¢opMe (r~s u r’'~s') unu (r ~s', n r’'~s). 310 onpeneneune Been [1. A.
Yonnep. B cratbe fOKa3aHbl HEKOTOPbIE TEOPeMbI O rpacax ABOMHOIO NMOKPBLITHS.
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