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INTERNAL, EXTERNAL BOUNDARIES
AND CONTINUOUS MAPPINGS

JINGCHENG TONG

ABSTRACT. The notions of internal and external boundaries are introduced.
Four weak forms of continuity are defined: internal, external continuities and in-
ternal, external boundary continuities. They compose two related decompositions
of continuity: a mapping is continuous if and only if it is internally and externally
continuous; a mapping is continuous if and only if it is internally and externally
boundary continuous.

1. Introduction

In [6], the present author introduced the notions of B-set and B-continuous
mapping. Together with the known notions of pre-open set and pre-continuous
mapping [3] we obtained interesting decompositions: a set is open if and only
if it is pre-open and is a B-set; a mapping is continuous if and only if it is
both pre-continuous and B-continuous. In this paper, we first introduce the
notions of internal and ezternal boundaries of a set in a topological space, which
describe the intrinsic properties of the pre-open set and the B-set, then we prove
an improvement of the above mentioned decompositions, in which the B-set
and B-continuity can be replaced by weaker notions. In the last section, we
prove a new decomposition theorem of continuity involving internal and external
boundaries, which is closely related with the previous one.

2. Internal and external boundaries

We start from a very simple observation. Let § = {(z,y) | 0 < z? +y? < 1}
be the punctured unit disc in the Euclidean plane. Let I = {(0,0)}, E =
{(z,y) | = +y® =1}. It is easily seen that the boundary of S, FrS=TUE.
Apparently there is some difference between set I and set E. To characterize
the difference, we notice that I =Int C1.S\Int S and E = C1S\Int C1S, where

Int S and ClS denote the interior and the closure of the set S, respectively.
The following definitions are suggested.
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DEFINITION 1. Let S be a set in a topological space. The internal boundary
setof S, I —FrS s defined by

I-FrS=IntClS\IntS.

DEFINITION 2. Let S be a set in a topological space. The external boundary
set of S, E—FrS is defined by

E~FrS=ClS\IntClS.

The propositions below are immediate.
PROPOSITION 1. E —FrS s a closed set.
PROPOSITION 2. (I —-FrS)N(E-FrS)=90.

Since Fr S =Cl1S\ Int S, we have:
PROPOSITION 3. FrS=(I-FrS)U(E -FrS).

The definitions of internal and external boundaries are quite reasonable. See
the propositions below.

PROPOSITION 4. ([2]). A convez set A in a topological vector space has no
internal boundary.

An open set U is a regular open set [4] if IntClU = U .

PROPOSITION 5. An open set U in a topological space 1s a reqular open set
if and only if I —FrU =9. '

A set A issaid to be a t-set [6]if IntClA =1IntA.

PROPOSITION 6. A set S in a topological space is a t-set if and only if
I-FrS=40.

A set S is said to be a pre-open set [3]if S C IntClS.

PROPOSITION 7. A set S in a topological space 1s a pre-open set if and only
of
SN(E—-FrS)=0.
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Proof.

Necessity. S C IntClS implies SN(E —FrS) = SN ((Cl1S\ IntClS) C
SN(CIS\S)=40.

Sutliciency. SN (E — FrS) = @ implies SN (C1S\ Int C1S) = §#. Since
ScClS,wehave SCIntClS.

Proposition 7 suggests the following definitions.

DEFINITION 3. A set S in a topological space 13 said to be cxternal boundary
free if SN(E —-FrS)=40.

DEFINITION 4. A set S in a topological space 18 said to be internal boundary
free if SN(I—FrS)=40.

Definition 3 does not give a new concept, bhecause a set is external houndary
free if and only if it is pre-open by Proposition 7. But we will see in Proposition
8 that an internal boundary free set is a new concept including t-set and B-set |
where a B-set B is defined by B =U NS with an open set U7 and a t-set S

We need a lemma to prove Proposition 8.

LEMMA 1. ([1, p. 53, Prob. 48}). Let S be a set in a topological space, U be
an open set. Then Int CLHLU N S) = (Int ClU)N (Int C15).

PROPOSITION 8. A B-set in a topological space s internal boundary free.
Proof. Let B=UNS, where U is open and IntCl1S =Int S.
N(I-FrB)
=BN (It CYU N S)\ Int(UNS))
=BN ((Int CLUNInt C1.5)\ (Int U N Int S))
=BN((Int ClUNIntS)\ (U NInt S))
=(UNS)N ((IntC1U \U)N1Iut S))
=(Un(IntClIU\U)) N (SNt S)
=pNIntS=90.

The converse is not correct, see the example below.

Example 1. Let X = {a,b} with topology {#,{a},X}. Then I —
Fr{a} = IntCl{a} \ Int{a} = Int X \ {a} = {b}. Hence {a} is an internal
boundary free set. It is easily seen that {a} is not a B-set since Int Cl{a} =
X # {a} = Int{a}.

The following proposition shows the importance of internal and external
boundary free sets.
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PROPOSITION 9. A set S in a topological space i3 open if and only if it s
both internal and external boundary free.

Proof.

Necessity. If S is open, then S = Int(Int S) C Int(ClS). Hence SN (E —
FrS)=SN(ClS\IntClS) =0, while SN (I —FrS)=SN(IntC1S\ IntS) =
SN(IntClS\S)=90.

Sufficiency. Assume SN(E—-FrS) = SN(C1S\IntClS)=0. Then S c ClS
implies S C IntC1S. Assume SN (I —FrS) =0. Then S C IntClS implies
S C IntS. Hence S is an open set.

Now the following definitions are natural.

DEFINITION 5. A mapping f: X — Y 13 said to be internally continuous if
FY(V) 1is an internal boundary free set in X for each open set V in Y .

DEFINITION 6. A mapping f: X — Y 1s said to be externally continuous if
F~Y(V) 1s an external boundary free set in X for each open set V in Y .

A mapping f: X — Y is said to be pre-continuous if f~!(V) is a pre-open
set for each open set V in Y.

By Proposition 7, a mapping f is externally continuous if and only if it is
pre-continuous. Therefore external continuity is not a new concept. But internal
continuity is new.

A mapping f is said to be B-continuous if f~!(V) is a B-set for each open
set V in Y.

By Proposition 8, a B-continuous mapping is internally continuous. The
converse is not true, see example below.

Example 2. Let X = {z,y} with topology {0,{z},X}, Y = {a,b}
with discrete topology. Define f: X — Y by f(z) =a, f(y) =b. Then f is
internally continuous but not B-continuous.

By Proposition 9, the following decomposition theorem is correct.

THEOREM 1. A mapping f: X — Y 13 continuous if and only if 1t 1s both
internally and ezternally continuous.

The decomposition in [6] states that a mapping f is continuous if and only

if it is pre-continuous and B-continuous. Theorem 1 improves it by replacing
B -continuity with the weaker internal continuity.
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3. Decomposition of continuity involving
internal and external boundaries

Internal and external boundaries can be used to characterize continuity di-
rectly. It is not always necessary to use the notions of internal and external
boundary free sets.

Let f: X - Y be a continuous mapping, S CY be an arbitrary set. Then
FYFrS) = f1(ClS\Int S) = f~1(CI1S)\f~'(Int S). Since f~1(ClS) is closed
and f~1(S) C f~1(C1S), we have Clf~!(S) C f~'(C1S). Since f~!(IntS) is
open and f~1(S) D f~1(IntS), we have Int f~1(S) O f~!(IntS). Therefore
Frf~1(S)=Clf~1(S)\Int f~1(S) C f1(C1S)\ f'(Int S) = f~1(FrS). This

simple fact suggests the following definitions.

DEFINITION 7. A mapping f: X — Y 13 said to be internally boundary con-
tinuous if I — Fr f~1(S) C f~Y(FrS) for any set SCY.

DEFINITION 8. A mapping f: X — Y i3 said to be externally boundary con-
tinuous if E —Fr f~1(S) C f~1(Fr S) for any set SCY.

In the sequel we will discuss the relations among the four weak forms of
continuity.

Example 3. Internal continuity == external continuity, internal bound-
ary continuity or external boundary continuity.

Let X = {z,y} with topology {0,{z},X}, ¥ = {a,b} with topology
{0,{b},Y}. Define f: X - Y by f(z) =a, f(y) =b. Then f is internally
continuous but not externally continuous, not internally or externally boundary
continuous.

Example 4. External continuity =% internal continuity, internal bound-
ary continuity or external boundary continuity.

Let X = {z,y,z} with topology {0,{z},X}, Y = {a,b,c} with topology
{0,{a},{a,b},Y} . Define f: X > Y by f(z) =a, f(y)=b, f(z) =c.Then f
is externally continuous but not internally continuous, not internally boundary
continuous or externally boundary continuous.

Example 5. Internal boundary continuity =% external continuity or ex-
ternal boundary continuity.

Let X = {z,y,2} with topology {0,{z},{z},{z,2z},X}, Y = (a,b,¢c) with
topology {@,{a},{a,b},Y}. Define f: X — Y by f(z) = a, f(y) = b,
f(z) = c¢. Then f is internally boundary continuous but not externally con-
tinuous or externally boundary continuous.
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Example 6. External boundary continuity == internal continuity or
internal boundary continuity.

Let X = {z,y} with topology {0, X}, Y = {a,b} with discrete topology.
Define f: X — Y by f(z) = a, f(y) = b. Then f is externally boundary

continuous but not internally continuous or internally boundary continuous.

The following two propositions give the relations between internal continuity
and internal boundary continuity, and between external continuity and external
boundary continuity.

PROPOSITION 10. An internally boundary continuous mapping 18 internally
continuous. .

Proof. Let U C Y be an open set. Then I — Fr f~Y(U) C f~Y(FrU).
Hence

fFUYNI=Fef7HU) C f7HU) N fTH(FRD)
= fTHU)N (FTHCIO)\ f (It 1)) = fHU) N (fTHCIU)\ f7HU)) = 0.

PROPOSITION 11. An externally boundary continuous mapping s externally
continuous.

Proof. For an openset U in Y we have

fFAUNE-Frf7Y(U) = 71 (U)n (fFTHCLU)\ f71(U)) = 0.

By Theorem 1, the following decomposition is immediate.

THEOREM 2. A mapping f: X — Y 1is continuous if and only if it is internally
boundary continuous and externally boundary continuous.

By Proposition 3, we have a characterization of continuity.

COROLLARY 1. A mapping f: X — Y 13 continuous if and only if
Frf=(S) C f~'(Fr S)
for each set S CY.

Acknowledgement

The author thanks the referee sincerely for his valuable help.

220



REFERENCES
[1] ARHANGELSKII, A. V.--PONOMAREV, V. I.:  Fundamentals of General Topology.

Problems and Ezxercises, D. Reidel Publ. Co., Dordrecht, 19841.

[2] BERBERIAN, K.: Lectures in Functional Analysis and Operator Theory, Springer-Verlag,
New York Inc., 1974.

[3] JANKOVIC, D. S.: Mappings of extremally disconnected spaces, Acta Math. Hungar. 46
(1985), 83-92.

[4] NAGATA, J.: Modern General Topology, 2nd revised ed., Elsevier Sci. Publ. B. V.,
Amsterdani, 1985.

[5] TONG, J.: A decomposition of continuity, Acta Math. Hungar. 48 (1986), 11-15.

[6] TONG, J.: On decomposition of continuity in topological spaces, Acta Math. Hungar. 54
(1989), 51-55.

[7) TONG, J.: Classification of weak continuities and decomposition of continuity, J. of Math.
& Math. Sci. (To appear).

Received June 20, 1990

Department of Mathematics and Statistics
Unwversity of North Florida

Jacksonuille, FIL 32216

U.S.A.

221



		webmaster@dml.cz
	2012-08-01T07:27:51+0200
	CZ
	DML-CZ attests to the accuracy and integrity of this document




